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Introduction

In the realm of partial differential equations (PDEs), solving complex
equations often involves transforming the original problem into a more
manageable form. The process of formulating a PDE by eliminating arbitrary
functions or constants is fundamental in advanced mathematical analysis. In
this article, we explore the solution to the differential equation:

\[ T72 \frac{\partial”2 x}{\partial t72} + 4t + 2x = 0 \]

and demonstrate how to eliminate arbitrary functions to derive a canonical

PDE. We will systematically analyze the problem, apply suitable methods, and
provide step-by-step guidance to formulate the PDE effectively.

Understanding the Given Differential Equation

Analyzing the Equation Structure

The given equation appears as:

\[ T*2 \frac{\partial”2 x}{\partial t"2} + 4t + 2x = 0 \]

where:

\N( T*2 \) is likely a notation for the second derivative with respect to \ (
t \), or possibly a parameter squared.

\( x \) 1s the dependent variable, a function of \( t \).

— The terms involve both derivatives and explicit dependence on \( t \).

Note: The notation \( Dt \) and \( Dx \) suggests differentiation with
respect to \( t \) and \( x \), respectively. However, in this context, it
appears that the primary concern is a second-order PDE involving \( t \) and
possibly \( x \).

Clarifying Notation and Assumptions

Given the notation, we interpret:

- \( T*2 \frac{\partial”2 x}{\partial t"2} \) as the second derivative of \(
x \) with respect to \( t \), possibly scaled by \( T"2 \).

— The term \( 4t \) indicates explicit dependence on \( t \), which may
suggest a nonhomogeneous PDE.

— The term \( 2x \) involves the function \( x \) itself.

Assuming that the equation is:



\[ T*2 \frac{\partial~2 x}{\partial t"2} + 4t + 2x = 0 \]

and considering \( T \) as a constant parameter.

Step 1: Recognizing the Type of Differential Equation

The equation is second-order, linear, and nonhomogeneous due to the \( 4t \)
term.

Classification:

— Homogeneous part:

\[ T2 \frac{\partial”2 x}{\partial t*2} + 2x = 0 \]
— Nonhomogeneous part:

N[ 4t \]

Our goal is to solve this differential equation, find the general solution,
and then formulate a PDE by eliminating arbitrary functions.

Step 2: Solving the Homogeneous Equation

Homogeneous Equation

\[ T*2 \frac{\partial”2 x}{\partial t"2} + 2x = 0 \]

which simplifies to:

\[ \frac{\partial”2 x}{\partial t*2} + \frac{2}{T"2} x = 0 \]

This is a standard second-order linear homogeneous differential equation with
constant coefficients.

Characteristic Equation

Let’s assume solutions of the form:

N[ x(t) = e{rt} \]

Plugging into the homogeneous equation:

\N[ "2 e™{rt} + \frac{2}{T"2} e™{rt} = 0 \]
N[ e{rt} (r*2 + \frac{2}{T"2}) = 0 \]

Since \( e”{rt} \neqg 0 \), the characteristic equation is:
\[ r*2 + \frac{2}{T"2} = 0 \]
which yields:

\ [
\

A2 = — \frac{2}{T"2} \]
[ -

r
r \pm i1 \sqgrt{\frac{2}{T"2}} = \pm i \frac{\sqgrt{2}}{T} \]



Homogeneous Solution
Thus, the general solution to the homogeneous equation is:

N[ x_h(t) = C_1 \cos \left( \frac{\sgrt{2}}{T} t \right) + C_2 \sin \left(
\frac{\sqrt{2}}{T} t \right) \]

where \( C_1, C_2 \) are arbitrary constants.

Step 3: Finding a Particular Solution

Since the nonhomogeneous term is \( 4t \), we seek a particular solution \ (
x_p(t) \).

Method: Undetermined Coefficients

Because the nonhomogeneous term is a polynomial \( 4t \), we try a polynomial
form:

\[ x_p(t) = At + B \]

Substitute into the original nonhomogeneous equation:

\N[ T*2 \frac{d"2}{dt"2} (A t + B) + 4t + 2(A t + B) = 0 \]
Compute derivatives:

N[ \frac{d"2}{dt"2} (A t + B) = 0 \]

So, the equation reduces to:

A

\[ T2 \times 0 + 4t + 2A t + 2B = 0 \]
N[ (4t + 2A t) + 2B = 0 \]
N[ £t (4 + 27) + 2B = 0 \]

For this to hold for all \( t \), the coefficients of \( t \) and the
constant term must individually be zero:

1. Coefficient of \( t \):

\[ 4 + 2A = 0 \Rightarrow A = -2 \]
2. Constant term:

\[ 2B = 0 \Rightarrow B = 0 \]
Particular Solution

N[ x_p(t) = -2 t \]

Step 4: General Solution
Combining homogeneous and particular solutions:

N[ x(t) = C_1 \cos \left( \frac{\sgrt{2}}{T} t \right) + C_2 \sin \left (



\frac{\sqrt{2}}{T} t \right) - 2 t \]

This is the complete general solution to the differential equation.

Step 5: Formulating the PDE by Eliminating Arbitrary Functions
Understanding Arbitrary Constants and Functions

In the solution above, \( C_1 \) and \( C_2 \) are arbitrary constants. To
formulate a PDE that eliminates these arbitrary constants or functions, we
consider derivatives of the solution to remove dependence on arbitrary
constants.

Step 5.1: Deriving the PDE

Differentiate the general solution with respect to \( t \):

\[ \frac{\partial x}{\partial t} = - C_1 \frac{\sqrt{2}}{T} \sin \left (
\frac{\sqgrt{2}}{T} t \right) + C_2 \frac{\sqrt{2}}{T} \cos \left (
\frac{\sqrt{2}}{T} t \right) - 2 \]

Differentiate again:

\[ \frac{\partial”2 x}{\partial t72} = - C_1 \left ( \frac{\sqrt{2}}{T}
\right) "2 \cos \left ( \frac{\sqgrt{2}}{T} t \right) - C_2 \left(
\frac{\sqrt{2}}{T} \right)”2 \sin \left ( \frac{\sgrt{2}}{T} t \right) \]

), the derivatives involve the arbitrary

Expressed in terms of \( x \),
( C_1 \) and \( C_2 \), observe that:

constants. To eliminate \

\[ x + 2 t = C_1 \cos \left( \frac{\sgqrt{2}}{T} t \right) + C_2 \sin \left (
\frac{\sqrt{2}}{T} t \right) \]

From the derivatives, we can derive relations that involve only \( x \) and
its derivatives, eliminating constants.

Step 5.2: Constructing the PDE
Using the derivatives, the following relation holds:

\[ \frac{\partial”2 x}{\partial t*2} + \left( \frac{\sqrt{2}}{T} \right)"2 (x
+ 2 t) = 0 \]

which simplifies to:
\[ \frac{\partial”2 x}{\partial t”*2} + \frac{2}{T"2} (x + 2 t) = 0 \]
Since \( x + 2 t \) is known from the particular solution, and the

derivatives involve arbitrary constants, this relation effectively eliminates
the arbitrary functions/constants, leading to a PDE:

\[ \boxed{
\frac{\partial”2 x}{\partial t"2} + \frac{2}{T"2} x = - \frac{4}{T"2} t
FoN]

This is a second-order PDE involving \( x(t) \), explicitly eliminating
arbitrary constants.



Conclusion
In this comprehensive analysis, we addressed the differential equation:
\[ T72 \frac{\partial”2 x}{\partial t"2} + 4t + 2x = 0 \]

by

Frequently Asked Questions

What is the given differential equation to solve and
eliminate the arbitrary function?

The given differential equation is T? Dx Dx + 4t + 2x = 0, and the goal is to
formulate a partial differential equation by eliminating the arbitrary
function.

How do you interpret the notation T? Dx Dx in the
context of partial differential equations?

T? Dx Dx represents the second derivative of the arbitrary function with
respect to the independent variables, typically indicating a second-order
partial differential operator in the PDE.

What general method can be used to eliminate the
arbitrary function from the given differential
equation?

The method involves differentiating the given equation with respect to the

independent variables to generate additional relations, then eliminating the
arbitrary function by combining these equations.

What are the steps to formulate the PDE after
differentiating the original equation?

First, differentiate the original equation with respect to the independent
variables, then use these derivatives to set up a system of equations. Next,
eliminate the arbitrary function to arrive at a PDE involving only known
functions and derivatives.

Can you provide the explicit partial differential
equation obtained after eliminating the arbitrary
function?

Yes, after differentiating and eliminating the arbitrary function, the
resulting PDE is: (specific form depends on the differentiation steps,
typically involving second derivatives of x and t). For example, it might
reduce to a relation like D?x / Dt? + some terms = 0.



What are common challenges faced when eliminating
arbitrary functions in PDEs, and how are they
addressed?

Challenges include managing complex derivatives and ensuring proper
elimination without losing generality. These are addressed by systematic
differentiation, substitution, and using compatibility conditions to ensure
the resulting PDE is consistent.

How is the concept of arbitrary functions relevant in
solving PDEs, and why is their elimination important?

Arbitrary functions often appear in the general solution of PDEs,
representing initial or boundary conditions. Eliminating them enables the
formulation of a specific PDE that governs the behavior of the system without
dependence on arbitrary functions.

What is the significance of formulating a PDE by
eliminating arbitrary functions in mathematical
modeling?

Formulating a PDE without arbitrary functions allows for a more precise
description of physical phenomena, facilitates solution methods, and helps in
deriving particular solutions relevant to specific boundary or initial
conditions.

Additional Resources
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Introduction

In the realm of mathematical physics and differential equations, the process
of solving complex partial differential equations (PDEs) often involves
identifying strategies to eliminate arbitrary functions, thereby arriving at
explicit or implicit solutions that describe physical phenomena. The problem
statement, "Solve T2 Dx Dx + 4t + 2x = 0. Dt Dt 3. Formulate A Partial
Differential Equation By Eliminating The Arbitrary", encapsulates a classical
approach involving the elimination of arbitrary functions within the solution
process.

This article aims to provide a comprehensive investigation into this problem,
elucidating the underlying principles, solution methodologies, and the
significance of eliminating arbitrary functions to formulate a well-defined
PDE. We will explore the theoretical foundations, step-by-step solution
strategies, and practical implications relevant to scientists and
mathematicians working with PDEs.

Understanding the Problem Statement

Before delving into solution techniques, it is crucial to interpret and



analyze the given differential relations:

- "Solve T2 Dx Dx + 4t + 2x = Q0"
"Dt Dt 3"
— "Formulate A Partial Differential Equation By Eliminating The Arbitrary"

At first glance, the statements appear somewhat fragmented, possibly due to
transcription or translation nuances. However, they suggest a problem
involving:

- A second-order differential relation involving derivatives with respect to
the variable x (denoted as Dx) and possibly t (denoted as Dt).

— The presence of terms like 4t + 2x, implying explicit dependence on t and
X.

— The goal of eliminating arbitrary functions that naturally emerge during
integration or solution processes, to derive a PDE that explicitly relates x
and t.

Clarifying the Notation

- Dx and Dt likely represent derivatives with respect to x and t,
respectively.

- T2 could denote a second derivative with respect to t or a specific
operator; contextually, it probably refers to second derivatives.

— The phrase "Dt Dt 3" may imply the third derivative with respect to t, or
perhaps a second derivative operator with an exponent of 3 (e.g., third
derivative) .

Given the above, a plausible interpretation of the core relation is:
Hypothesized Differential Equation

\ [
T72 \frac{\partial”2 x}{\partial x"2} + 4t + 2x = 0
\]

or, perhaps,

\ [
\frac{\partial”2 x}{\partial t~2} = 3
\]

which aligns with the phrase "Dt Dt 3".

Similarly, the phrase involving \( T_2 Dx Dx \) could refer to applying a
second derivative operator to x with respect to x, scaled by some operator
\(T_2\). Alternatively, the entire expression might relate to a PDE involving
second derivatives in x and t.

Given the ambiguities, the most logical reconstruction, consistent with
standard PDE formulations, is to interpret the problem as seeking a PDE
involving second derivatives with respect to x and t, with known source
terms, and to eliminate arbitrary functions that may appear during
integration.

Theoretical Foundations



The Role of Arbitrary Functions in PDE Solutions

When solving PDEs via methods such as the method of characteristics,
separation of variables, or integrating factor techniques, solutions often
contain arbitrary functions. These functions embody the generality of
solutions, reflecting initial or boundary conditions.

Elimination of arbitrary functions is a process by which these functions are
removed or expressed explicitly to arrive at a specific PDE or a solution
that is fully determined by given data or physical constraints.

Common Methods for Eliminating Arbitrary Functions

— Compatibility Conditions: Ensuring that mixed derivatives are consistent
(Clairaut's theorem).

- Using Boundary/Initial Conditions: To determine arbitrary functions.

— Differentiation of the General Solution: To eliminate arbitrary function
dependencies.

— Constructing Compatibility PDEs: By differentiating and combining
solutions, leading to an explicit PDE with no arbitrary elements.

Step-by-Step Approach to the Solution

To systematically address the problem, we will proceed with the following
steps:

1. Interpret and Formalize the Given Relations

Assuming the key relation involves second derivatives in x and t, and source
terms, we posit the PDE:

\ [

a \frac{\partial”2 x}{\partial t"2} + b \frac{\partial”2 x}{\partial x"2} +
c(t, x) =0

\]

where \( a, b \) are constants, and \( c(t, x) \) encapsulates the source
terms \( 4t + 2x \).

2. General Solution Incorporating Arbitrary Functions
Suppose the general solution involves arbitrary functions of characteristic

variables. For example, the homogeneous part of the PDE might have solutions
of the form:

(t, x) = f£(\eta) + g(\xi)

where \( \eta, \xi \) are characteristic variables determined by the PDE's
form.

3. Identify Arbitrary Functions and Their Role

Arbitrary functions emerge during integration, representing the generality of

the solution. Their presence indicates the solution space's breadth, but for
physical or boundary conditions, these functions must be eliminated or



specified.

4. Derive Compatibility Conditions

By differentiating the general solution and applying compatibility conditions
(e.g., equality of mixed partial derivatives), we generate PDEs that relate
the arbitrary functions, ultimately eliminating them.

5. Formulate the PDE Without Arbitrary Functions

Through systematic differentiation and substitution, we derive a PDE

involving only derivatives of \( x(t, x) \), with explicit dependence on \( t
\) and \( x \), thus eliminating arbitrary functions.

Application: Explicit Solution and Elimination Process
Suppose, for demonstration purposes, that the PDE takes the form:

\ [
\frac{\partial”2 x}{\partial t"2} = 3
\1

which is suggested by the phrase "Dt Dt 3". The general solution to this is:

(t, x) = \frac{3}{2} t"2 + A(x) t + B(x)

where \( A(x) \) and \( B(x) \) are arbitrary functions of \( x \).
Similarly, if the spatial component satisfies:

\ [
\frac{\partial”2 x}{\partial x"2} + 4t + 2x = 0

\]

then integrating with respect to x and t introduces arbitrary functions, say

N( C(t) \) and \( D(t) \).

To eliminate these functions:

— Differentiate the general solution with respect to x or t.

— Use compatibility conditions like mixed derivatives \( \frac{\partial”2
x}{\partial t \partial x} \).

— Combine the resulting equations to derive a PDE involving only \( x(t, x)
\) and its derivatives, with no arbitrary functions remaining.

Significance and Practical Implications
Formulating a Well-Defined PDE

Eliminating arbitrary functions is essential for deriving explicit PDEs that
model real-world phenomena without ambiguity. For example:

- In wave edquations, eliminating arbitrary functions yields the classical



form that directly relates wave displacement to space and time.

— In heat conduction or diffusion problems, eliminating arbitrary functions
ensures the solution conforms to physical boundary conditions like fixed
temperature or insulated boundaries.

Applications Across Disciplines

— Physics: Deriving wave, heat, or Schrddinger equations.
- Engineering: Modeling vibrations, thermal processes, and fluid flow.
— Mathematics: Theoretical analysis of solution spaces and stability.

Theoretical Contributions

This process deepens understanding of the structure of PDEs, the role of
initial/boundary conditions, and the methods to extract explicit
relationships from general solutions containing arbitrary functions.

Challenges and Considerations

— Ambiguity in Notation: As seen, the initial problem statement can be
ambiguous, requiring careful interpretation.

— Complexity of Compatibility Conditions: Ensuring the elimination of
arbitrary functions often involves solving coupled PDEs.

- Boundary/Initial Data Dependence: Full elimination of arbitrary functions
hinges on specified boundary or initial conditions.

Conclusion

The process of solving the PDE problem encapsulated by "Solve T2 Dx Dx + 4t +
2x = 0. Dt Dt 3. Formulate A Partial Differential Equation By Eliminating The
Arbitrary" exemplifies fundamental techniques in the theory of PDEs. By
understanding the origin of arbitrary functions in general solutions,
applying compatibility conditions, and differentiating appropriately, one can
formulate explicit PDEs that precisely describe physical phenomena.

This investigation underscores the importance of systematic elimination of
arbitrary functions for deriving precise, applicable models in science and
engineering. It also highlights the necessity of clear notation and careful
interpretation in tackling complex differential problems.

Future work may involve applying these principles to specific boundary wvalue
problems or exploring numerical methods to approximate solutions once
arbitrary functions are eliminated and the PDE is explicitly formulated.
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