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Understanding how to solve a triangle is an essential skill in geometry,
trigonometry, and many applied sciences such as engineering, physics, and
navigation. When given specific information about a triangle, such as side
lengths or angles, you can determine unknown parts of the triangle-be it the
remaining sides or angles—using various methods. One of the most powerful
tools in this process is the Law of Cosines, especially when dealing with
non-right triangles. This article provides a comprehensive guide to solving
triangles, emphasizing the application of the Law of Cosines, all while using
the standard notation for triangle ABC.

Understanding Triangle Notation and Terminology

Before diving into solving triangles, it’s crucial to establish clear
notation and terminology.

Standard Notation for Triangle ABC

- Vertices: The corners of the triangle are labeled as A, B, and C.
- Sides: The sides are labeled opposite their respective vertices:
- Side a is opposite vertex A.

- Side b is opposite vertex B.

- Side c is opposite vertex C.

- Angles: The angles are labeled corresponding to their vertices:

- Angle A is at vertex A.

- Angle B is at vertex B.

- Angle C is at vertex C.

This notation is consistent and widely used in geometry and trigonometry
problems.



Types of Triangle Problems

When solving triangles, problems generally fall into three categories based
on the given information:

1. Side-Side-Side (SSS): All three sides are known.

2. Side-Angle-Side (SAS): Two sides and the included angle are known.

3. Angle-Side-Angle (ASA) or Angle-Angle-Side (AAS): Two angles and a side
are known.

Each case may require different methods to find missing parts of the
triangle. The Law of Cosines becomes particularly useful in SSS and SAS
cases.

Introduction to the Law of Cosines

The Law of Cosines relates the lengths of sides of a triangle to the cosine
of one of its angles. It generalizes the Pythagorean theorem for non-right
triangles.

Law of Cosines Formula:

\ [
c"2
\1
\ [
b*2 = a”2 + ¢c™2 - 2ac \cos B
\1]
\ [
a2
\1

a™2 + b™2 - 2ab \cos C

b2 + ¢™2 - 2bc \cos A

Each formula relates the length of a side to the other two sides and the
cosine of the included angle.

When to Use the Law of Cosines

The Law of Cosines is especially helpful in these situations:

- Given all three sides (SSS): To find an angle.
- Given two sides and the included angle (SAS): To find the third side.



- When other methods (like the Law of Sines) are not applicable.

Step-by-Step Guide to Solving Triangles

The process of solving a triangle involves systematically applying known
formulas based on the given data.

1. Solving a Triangle with SSS (A1l Sides Known)

Objective: Find all angles and remaining sides.
Method:
- Use the Law of Cosines to find one angle, for example, angle C:

\ [
\cos C = \frac{a™2 + b2 - c"2}{2ab}
\1]

- Calculate C:

\ [
C = \arccos \left( \frac{a”2 + b”2 - c”2}{2ab} \right)
\1]

- Then, find other angles using the Law of Cosines or Law of Sines if
appropriate, ensuring that the sum of the angles is 180°:

\ [
A = \arccos \left( \frac{b™2 + ¢c*2 - a”2}{2bc} \right)

B = 180™\circ - A - C
\]

- Finally, verify all sides and angles.

2. Solving a Triangle with SAS (Two Sides and
Included Angle Known)

Objective: Find the unknown side and remaining angles.



Method:
- Use the Law of Cosines to find the third side, for example, side c:

\ [
c™2 = a™2 + b2 - 2ab \cos C
\]

- Solve for c:

\ [
c = \sqrt{a®2 + b*2 - 2ab \cos C}
\1

- Then, use the Law of Sines to find other angles:

\ [

\frac{\sin A}{a} = \frac{\sin C}{c}

\1

\ [

A = \arcsin \left( \frac{a \sin C}{c} \right)
\1

- Find B:
\ [

B = 180™\circ - A - C
\]

3. Solving a Triangle with ASA or AAS

Objective: Find all sides and remaining angles.
Method:
- Use the Law of Sines:

\ [
\frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C}
\1

- Find the unknown angles:

\ [
A = \text{given or calculated}
\1]
\ [



B = \arcsin \left( \frac{b \sin A}{a} \right)

C = 180™\circ - A - B
\]

- Then, find remaining sides using the Law of Sines:

\ [
b = \frac{a \sin B}{\sin A}

\1]
\ [
c = \frac{a \sin C}{\sin A}
\1]

Examples of Solving Triangles

Example 1: SSS Case

Suppose a =7, b =10, ¢ = 5. Find angles A, B, and C.
Solution:
- Find C:

\ [

\cos C = \frac{a™2 + b2 - c™2}{2ab} = \frac{772 + 10"2 - 572}{2 \times 7
\times 10} = \frac{49 + 100 - 25}{140} = \frac{124}{140} \approx 0.8857
\1]

\ [
C = \arccos(0.8857) \approx 27.21"\circ

\1]
- Find A:

\ [

\cos A = \frac{b™2 + c™2 - a™2}{2bc} = \frac{10”2 + 572 - 772}{2 \times 10
\times 5} = \frac{100 + 25 - 49}{100} = \frac{76}{100} = 0.76

\1]

\ [
A = \arccos(0.76) \approx 40.54"\circ

\1]



- Find B:

\ [
B = 180™\circ - A - C = 180"\circ - 40.54"\circ - 27.21"\circ \approx
112.25"\circ

\]

Result:

- A = 40.54°
- B = 112.25°
- C = 27.21°

Example 2: SAS Case

Given a =8, b =6, and C = 60°, find side ¢ and angles A and B.
Solution:
- Find c using Law of Cosines:

\ [

c™2 = a2 + b”2 - 2ab \cos C = 82 + 672 - 2 \times 8 \times 6 \times \cos
60™\circ

\]

\ [
c™2 =64 + 36 - 96 \times 0.5 = 100 - 48 = 52
\]

\ [
c = \sqrt{52} \approx 7.21
\1]

- Find A using Law of Sines:

\ [
\frac{\sin A}{a} = \frac{\sin C}{c}
\]

\ [

\sin A = \frac{a \sin C}{c} = \frac{8 \times \sin 60"\circ}{7.21} \approx
\frac{8 \times 0.8660}{7.21} \approx \frac{6.928}{7.21} \approx 0.9608

\1

\ [
A = \arcsin(0.9608) \approx 73.66"\circ



Frequently Asked Questions

What is the primary purpose of solving a triangle
using the Law of Cosines?

The primary purpose is to find missing side lengths or angles when given two
sides and the included angle or all three sides of a triangle, especially
when it is not a right triangle.

How do you apply the Law of Cosines to find an
unknown side in triangle ABC?

If you know two sides and the included angle, for example, sides b and c and
angle A, you can find side a using the formula: a2 = b2 + c2? - 2bc cos(A).

When is it necessary to use the Law of Cosines
instead of the Law of Sines?

The Law of Cosines is necessary when you have two sides and the included
angle (SAS) or all three sides (SSS), especially when the Law of Sines cannot
be used directly due to ambiguous cases.

How can you find an angle in triangle ABC if all
three sides are known?

Use the Law of Cosines rearranged to solve for the angle, such as cos(A) =
(b2 + c2 - a%) / (2bc), then take the inverse cosine to find angle A.

What are common mistakes to avoid when applying the
Law of Cosines?

Common mistakes include confusing the order of sides and angles, neglecting
to convert between degrees and radians, and forgetting to square the side
lengths or to take the inverse cosine properly.

Can the Law of Cosines be used to find the area of a
triangle? If so, how?

Yes, once you know two sides and the included angle, the area can be found
using the formula: Area =% b ¢ sin(A), or by first finding a side with the
Law of Cosines and then applying Heron's formula.



Additional Resources
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Understanding how to solve a triangle is a fundamental skill in geometry,
trigonometry, and various applied sciences such as engineering, navigation,
and physics. Whether you're working with a triangle's sides and angles in a
classroom setting or applying these concepts to real-world problems,
mastering the methods to find missing parts of a triangle is essential. This
article provides an in-depth exploration of solving triangles, emphasizing
when and how the Law of Cosines becomes a necessary tool, all while employing
the standard notation for clarity.

Introduction to Triangle Solving

Solving a triangle involves determining all its unknown sides and angles
based on given information. Typically, the known data can be:

- Side-Side-Side (SSS): All three sides are known.

- Side-Angle-Side (SAS): Two sides and the included angle are known.

- Angle-Side-Angle (ASA): Two angles and the included side are known.

- Angle-Angle-Side (AAS): Two angles and a non-included side are known.
- Side-Angle-Angle (SAA): Similar to AAS; two angles and a side.

However, situations often arise where the known data isn't sufficient to

solve for all unknowns directly, prompting the use of specific laws—most
notably, the Law of Cosines.

Understanding the Standard Notation

Before delving into solving methods, it’s crucial to clarify the standard
notation used throughout:

Triangle ABC with vertices labeled A, B, C.

Opposite each vertex, the side is labeled with the lowercase letter:
a is opposite A (side BC).

b is opposite B (side AC).

c is opposite C (side AB).

Angles are labeled with their corresponding uppercase letters:

- A at vertex A, B at vertex B, C at vertex C.



This notation streamlines communication and calculations, ensuring clarity
when applying formulas and solving for unknowns.

Basic Tools for Solving Triangles

Several foundational formulas exist for solving triangles, including:

- Law of Sines:

\[

\frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C}

\1]

Useful when given ASA, AAS, or SSS, especially when angles are known.

- Law of Cosines:

\ [

c™2 = a™2 + b”2 - 2ab \cos C

\1]

This law is especially powerful when dealing with SAS, SSS, or when angles
are unknown but sides are known.

While the Law of Sines suffices for many cases, the Law of Cosines becomes
indispensable in specific scenarios, particularly when two sides and the

included angle are known or when all three sides are known and the angles
need to be found.

The Law of Cosines: An Essential Tool

What Is the Law of Cosines?

The Law of Cosines relates the lengths of sides of a triangle to the cosine
of one of its angles. It generalizes the Pythagorean theorem to non-right
triangles, accommodating oblique triangles (acute or obtuse).

For triangle ABC, the Law of Cosines states:

\ [

\boxed{

c™2 = a™2 + b”2 - 2ab \cos C
}

\1



and similarly for the other sides:

\ [
a™2 = b"2 + ¢™2 - 2bc \cos A
\1
\ [
b”2 = a”2 + ¢”2 - 2ac \cos B
\1

This symmetry allows us to solve for any side or angle when the appropriate
data is available.

When Is the Law of Cosines Needed?

The Law of Cosines is particularly helpful or necessary in the following
cases:

- Given SAS (Side-Angle-Side): To find the third side, since the included
angle and two sides are known.

- Given SSS (Side-Side-Side): To find an angle, since all sides are known.

- Given two sides and a non-included angle (AAS or ASA): When Law of Sines is
insufficient, or when the configuration requires it.

- When the problem involves obtuse angles: The Law of Cosines directly
accounts for angles greater than 90°, which Law of Sines can sometimes
struggle with.

Advantages of the Law of Cosines

- Flexible application: It handles all types of triangles, including obtuse
and acute.

- Direct calculation: Allows straightforward computation of missing sides or
angles with minimal data.

- Solving for angles from sides: When all sides are known, the Law of Cosines
enables calculation of angles directly.

Step-by-Step Approach to Solving Triangles

Depending on the known data, different methods are applied. Here's a
systematic approach:



1. Known SSS (all three sides)

- Goal: Find all angles.
- Method: Use the Law of Cosines to find each angle.

Example:
Suppose sides are \( a=7 \), \( b=9 \), \( c=10 \).
Calculate angle \( C \):

\ [

\cos C = \frac{a™2 + b2 - c™2}{2ab} = \frac{772 + 972 - 1072}{2 \times 7
\times 9} = \frac{49 + 81 - 100}{126} = \frac{30}{126} \approx 0.2381

\1]

\ [

C = \arccos(0.2381) \approx 76.2"\circ

\1

Repeat for other angles using similar formulas.

2. Known SAS (two sides and included angle)

- Goal: Find the third side.
- Method: Use the Law of Cosines directly.

Example:
Given \( a=8 \), \( b=6 \), and \( C=60"\circ \):

\ [

c™2 =a™2 + b™2 - 2ab \cos C = 82 + 672 - 2 \times 8 \times 6 \times \cos
60™\circ

\1

\ [

=64 + 36 - 2 \times 8 \times 6 \times 0.5 = 100 - 48 = 52

\1]

\ [

c = \sqrt{52} \approx 7.21

\1

3. Known ASA or AAS

- Goal: Find remaining sides and angles.



- Method: Use Law of Sines to find missing angles, then Law of Cosines if
necessary.

Example:
Given \( A=40"\circ \), \( B=60"\circ \), and side \( a=10 \):
- Find \( C \):

\ [
C=180"\circ - A - B = 80™\circ
\]

- Use Law of Sines to find side \( b \):

\ [

\frac{a}{\sin A} = \frac{b}{\sin B} \Rightarrow b = \frac{a \sin B}{\sin A} =
\frac{10 \times \sin 60"\circ}{\sin 40™\circ}

\1]

\ [

b \approx \frac{1l0 \times 0.8660}{0.6428} \approx \frac{8.660}{0.6428}
\approx 13.46

\1

- Use Law of Cosines if needed to verify or find other sides.

Handling Special Cases and Ambiguous Situations

While the above methods are straightforward, solving triangles can sometimes
involve ambiguous cases, especially with SSA data, which may lead to:

- No solution: The given data does not form a valid triangle.

- One solution: A unique triangle.

- Two solutions: The "ambiguous case," where two different triangles satisfy
the given data.

Dealing with ambiguous cases involves:
- Calculating the possible angles with inverse sine or cosine.

- Checking if the sum of angles exceeds 180°, which invalidates the solution.
- Using the Law of Cosines to verify the feasibility.



Practical Applications and Tips

- Always start with the given data and identify which law or combination of
laws applies best.

- For acute triangles, Law of Sines often suffices, but Law of Cosines
provides a robust backup.

- For obtuse triangles, Law of Cosines provides a clearer pathway to find
angles directly.

- Be cautious with inverse functions—ensure your calculator is in the correct
mode (degrees or radians).

- When multiple solutions are possible, carefully analyze the geometric
constraints to identify the valid solution.

Conclusion: Mastering Triangle Solving with the
Law of Cosines

Solving triangles is an essential skill that bridges theoretical mathematics
and practical problem-solving

Solve The Triangle The Law Of Cosines May Be Needed
Standard Notation For Triangle Abc Is Used Throughout

Solve The Triangle The Law Of Cosines May Be Needed Standard Notation For Triangle Abc Is Used
Throughout

Related Articles

e A Boat Sails 285 Miles South Andthen 132 Miles West.What Is The Direction Of Theboat's
Resultant Vector?Hint:

e Executive Summary It Will Be Maximum Half Page. You Are Expecting To Summarize The
Research. 2. Macroeconomic

e Which Of The Following Quantities Are
Vectors?DistanceDisplacementVelocitySpeedForceForesOHeightAcceleration

Back to Home


https://sip.evo9x.com/ma44/solve-the-triangle-the-law-of-cosines-may-be-needed-standard-notation-for-triangle-abc-is-used-throughout.pdf
https://sip.evo9x.com/ma44/solve-the-triangle-the-law-of-cosines-may-be-needed-standard-notation-for-triangle-abc-is-used-throughout.pdf
https://sip.evo9x.com/ma44/a-boat-sails-285-miles-south-andthen-132-miles-west-what-is-the-direction-of-theboat-s-resultant-vector-hint.pdf
https://sip.evo9x.com/ma44/a-boat-sails-285-miles-south-andthen-132-miles-west-what-is-the-direction-of-theboat-s-resultant-vector-hint.pdf
https://sip.evo9x.com/ma44/executive-summary-it-will-be-maximum-half-page-you-are-expecting-to-summarize-the-research-2-macroeconomic.pdf
https://sip.evo9x.com/ma44/executive-summary-it-will-be-maximum-half-page-you-are-expecting-to-summarize-the-research-2-macroeconomic.pdf
https://sip.evo9x.com/ma44/which-of-the-following-quantities-are-vectors-distancedisplacementvelocityspeedforceforesoheightacceleration.pdf
https://sip.evo9x.com/ma44/which-of-the-following-quantities-are-vectors-distancedisplacementvelocityspeedforceforesoheightacceleration.pdf
https://sip.evo9x.com

