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Propositional logic is a fundamental tool in the realm of formal logic and mathematical
reasoning. It allows us to analyze and validate arguments by translating natural language
statements into symbolic form and then applying logical rules to determine their validity. In
this article, we will explore how to use propositional logic to prove the validity of three
specific arguments:

- 13. (AB)(BC)(AC)
- 14. A(BA)B
- 15. (AB)[A(BC)](AC)

Our goal is to demonstrate, through systematic logical analysis, whether these arguments
are valid—that is, whether their conclusions necessarily follow from their premises. We will
introduce the necessary concepts, demonstrate the symbolic representations, and walk
through the proofs step-by-step.

Understanding Propositional Logic and Validity

What is Propositional Logic?

Propositional logic, also known as propositional calculus, is a branch of logic that deals with
propositions—statements that are either true or false—and their connectives (such as AND,
OR, NOT, IMPLIES). Each proposition is represented by a symbol (like A, B, C), and complex
statements are formed by combining these symbols with logical operators.

Why Use Propositional Logic to Prove Validity?

Using propositional logic allows us to:

- Formalize arguments precisely

- Use truth tables, logical equivalences, and inference rules

- Determine whether an argument is valid by checking if the conclusion logically follows
from the premises in all possible cases

Translating the Arguments into Propositional



Logic

Let's analyze each argument by first translating its statements into symbolic form.

Argument 13: (AB)(BC)(AC)

This appears to be a set of three conjunctive statements involving pairs of propositions:
- AB
- BC
- AC

In propositional logic, these might be read as:
-AAND B
-BAND C
-AAND C

Assuming the conclusion is a statement derived from these premises, the goal is to check if
the conjunction of these three statements is valid or if it leads to a particular conclusion.

Argument 14: A(BA)B

This notation suggests a structure like:
- A implies (B implies A), and B

Expressed in propositional logic:
-A->(B-A)
-B

The famous logical tautology A = (B = A) is well-known, so analyzing whether from these
premises the conclusion B follows is our goal.

Argument 15: (AB)[A(BC)]1(AC)

This involves nested brackets, indicating a more complex structure:
- (A AND B)

- [A AND (B OR ()]

- (A AND Q)

Interpreted as:
- (A AB)
-(AA(BvV(Q)
-(AAC)

The question is whether from the premises involving these statements, the conclusion
follows.



Applying Logical Methods to Evaluate Validity

To assess whether each argument is valid, we will employ the following methods:

e Truth Tables: Systematically evaluate all possible truth values of the propositions to
see if the conclusion holds in every case where premises are true.

e Logical Equivalences: Use known equivalences to simplify statements and analyze
implications.

¢ Inference Rules: Apply rules like Modus Ponens, Modus Tollens, Hypothetical
Syllogism, etc., to derive conclusions from premises.

Let's proceed with each argument individually.

Analyzing Argument 13: (AB)(BC)(AC)

Step 1: Formal Representation

Assuming the premises are:
- (A A B)
-(BAC)
-(AAC)

The combined premise is:
M(AAB)A(BAC)A(AAC)\]

Suppose we're asked whether these premises imply a certain conclusion, such as A, B, or C
individually, or a conjunction.

Step 2: Constructing the Truth Table

Create a truth table for propositions A, B, C with all possible combinations.

|A|B|C|(AAB)|(BAC)|(AAC)]|Premises All True? |
e el B |---mme |---mmem |-mmmmm - |

| T|T|IT|T|T|T]|Yes|

| TIT|F|T|F[F|No|

| TIFITIFIF|T[No|

| TIFIF|F|F]|F|No|

|FITITIFIT|F[No|

|FITIF|F[F|F|No|

|FIFITIF[F]F|No|



|FIFIFIF|F[F]|No|

From the table, the premises are all true only when A=T, B=T, C=T. Therefore, in the only
case where all premises are true, A, B, and C are all true.

Conclusion: The premises collectively imply that A, B, and C are true in that case, so the
argument is valid if the conclusion is A, B, and C.

Final assessment for Argument 13:

Since the premises guarantee the truth of A, B, and C together, the argument is valid if the
conclusion is that all three are true.

Analyzing Argument 14: A(BA)B

Step 1: Formal Representation

Assuming:
- Premise 1: \(A \rightarrow (B \rightarrow A)\)
- Premise 2: \(B\)

We want to see if these premises entail B or some other conclusion.

Step 2: Logical Reasoning

Recall that \(A \rightarrow (B \rightarrow A)\) is a tautology—it's always true regardless of A
and B.

Given B is true, does that imply A?

- Since \(A \rightarrow (B \rightarrow A)\) is always true, and B is true.
From the premises, can we conclude A?

Let's analyze:

1. Premise: \(A \rightarrow (B \rightarrow A)\) (tautology)
2. Premise: B (true)

Is A necessarily true?

- Not necessarily. B being true does not imply A—since the premises do not specify A's truth
value.

Conclusion: The premises do not guarantee A; thus, B is true, but nothing about A
necessarily follows.



Result: The argument is valid if the conclusion is B, which is given as a premise.

Analyzing Argument 15: (AB)[A(BC)](AC)

Step 1: Formal Representation

Interpreted as:

- Premise 1: \(A \land B\)

- Premise 2: \(A \land (B \lor C)\)
- Premise 3: \(A \land C\)

Suppose the conclusion is that \(A \land C\), which directly corresponds to the third
statement.

Step 2: Logical Deduction

From the premises:

- Premise 1: \(A \land B\) implies A is true and B is true.
- Premise 2: \(A\land (B \lor C)\) implies A is true, and at least one of B or C is true.
- Premise 3: \(A\land C\) implies A is true and C is true.

Given the premises, does the conclusion \(A \land C\) necessarily follow?

- From premise 3, we already have \(A \land C\).
- Premises 1 and 2 support that A is true; premise 2 suggests that either B or C is true, but
premise 3 explicitly states C is true.

Conclusion: The premises collectively support that \(A \land C\) is true, thus the argument is
valid for that conclusion.

Summary of Validity Assessments

| Argument | Validity | Reasoning Summary |

- oo R — |

| 13. (AB)(BC)(AC) | Valid | Premises imply A, B, C are all true together |

| 14. A(BA)B | Valid (if conclusion is B) | B is given as premise; the tautology doesn't affect
validity |

| 15. (AB)[A(BC)](AC) | Valid | Premises lead to \(A \land C\) being true |

Conclusion: Using Propositional Logic to Validate



Arguments

Propositional logic provides a rigorous framework to test the validity of arguments by

Frequently Asked Questions

How can propositional logic be used to determine the
validity of the argument (AB)(BC)(AC)?

By translating the argument into propositional formulas and using truth tables or logical
equivalences to verify if the conclusion logically follows from the premises, confirming the
argument's validity.

What does the notation (AB)(BC)(AC) represent in
propositional logic, and how is it used to prove validity?

It represents the conjunction of three compound statements: AB, BC, and AC. To prove
validity, we check if the combined premises always lead to a true conclusion using logical
inference rules or truth tables.

Can you explain how to prove the validity of the
argument A(BA)B using propositional logic?

Yes. By expressing A(BA)B in propositional form and constructing a truth table, we verify
whether the premises necessarily lead to the conclusion, establishing its validity.

What is the significance of the brackets in the
argument (AB)[A(BC)](AC), and how do they affect the
proof process?

Brackets indicate the order of operations in propositional expressions. Recognizing their
placement helps correctly parse the formula and apply logical rules accurately during the
proof process.

How do you use truth tables to verify the validity of
complex propositional arguments like (AB)[A(BC)](AC)?

Construct a truth table for all variables involved, evaluate the premises and conclusion for
each case, and confirm that whenever the premises are true, the conclusion is also true,
establishing validity.



What are common pitfalls when using propositional
logic to prove argument validity, especially with
compound statements like these?

Common pitfalls include misinterpreting the logical connectives, neglecting the order of
operations indicated by brackets, and making errors in truth table construction or logical
equivalence application.

Are there alternative methods besides truth tables to
prove the validity of these propositional arguments?

Yes, methods such as logical equivalences, natural deduction, or semantic tableaux can
also be employed to prove argument validity efficiently.

Why is propositional logic a powerful tool for evaluating
the validity of arguments like (AB)(BC)(AC)?

Because it provides a systematic and formal framework to analyze logical relationships,
ensuring rigorous verification regardless of the complexity of the statements involved.

How does understanding the structure of propositional
formulas help in proving their validity?

Understanding the structure allows you to identify logical connections and apply
appropriate inference rules or transformations, simplifying the proof process and ensuring
accurate conclusions.

Additional Resources

Mastering Propositional Logic to Validate Arguments: An In-Depth Analysis of Logical
Validity

Propositional logic, also known as propositional calculus or sentential logic, serves as a
foundational framework for formal reasoning. Its primary goal is to determine whether
certain arguments are valid—that is, whether the conclusion necessarily follows from the
premises. When analyzing complex logical structures, especially those involving multiple
connectives and propositions, propositional logic provides systematic tools such as truth
tables, logical equivalences, and inference rules to assess validity rigorously.

This detailed review explores how propositional logic can be employed to prove the validity
of specific arguments, focusing on three illustrative examples:

- 13. (AB)(BC)(AC)
- 14. A(BA)B
- 15. (AB)[A(BC)](AC)

We will dissect each argument step-by-step, explain the underlying logical principles, and



demonstrate the application of propositional logic techniques to establish their validity or
invalidity.

Understanding the Fundamentals of Propositional Logic

Before diving into the specific arguments, it's essential to review core concepts and tools in
propositional logic:

Propositions and Connectives

- Propositions are declarative statements that are either true or false.
- Logical connectives combine propositions:

- Negation (—): Not

- Conjunction (A): And

- Disjunction (v): Or

- Implication (=): If ... then ...

- Biconditional (e): If and only if

Logical Equivalences

These are identities that allow transforming logical expressions while preserving truth
value. Some key equivalences include:

- De Morgan's Laws
- Associativity, Commutativity, Distributivity
- Implication and biconditional definitions

Methods for Validity Testing

- Truth Tables: Exhaustively listing all truth value combinations of propositions to verify if
the conclusion is always true whenever the premises are true.

- Logical Equivalences and Algebraic Manipulations: Transforming statements into
equivalent forms to assess logical relationships.

- Inference Rules: Using formal rules such as modus ponens, modus tollens, hypothetical
syllogism, etc.

Analyzing the Arguments: Structure and Notation Clarification

The provided arguments seem to involve propositional variables like A, B, and C, combined
with parentheses indicating logical connectives. However, the notation appears somewhat
abbreviated or symbolic, possibly representing compound statements.

Assuming standard propositional logic notation:
- AB might denote a conjunction A A B.

- (AB) then is (A A B).
- Similarly, (BC) = (B A C), and so on.



Given this, the arguments may be read as:

- 13. (AB)(BC)(AC) - likely representing the conjunction (A AB) A (B AC) A (AAC)

- 14. A(BA)B - possibly A A (B A A) A B, which simplifiesto AAB A A A B.

- 15. (AB)[A(BC)I(AC) = perhaps (AAB) A[AA(BAC)] A(AAC).

However, these expressions might be incomplete or symbolic representations of more

complex arguments. For the sake of clarity, we will interpret each as a compound
statement involving conjunctions and implications, analyzing their validity accordingly.

Argument 13: (AB)(BC)(AC)
Interpreting the Argument

Assuming the notation:

-(AB)=ANAB
-(BC)=BAC
-(AC)=AnC

Thus, the statement might be a conjunction of these three:
(AANB)A(BAC)A(ANC)

This expression asserts that all three conjuncts are true simultaneously.

Goal: Is this statement valid? Or, more precisely, does the conjunction imply certain logical
consequences?

Key question: Does the conjunction (A A B) A (B A C) A (A A C) entail any particular
conclusion? Or, perhaps more fundamentally, is it a tautology? Or does it imply some other
statement?

Logical Analysis

- Step 1: Break down the conjunction

Given:
(AAB)A(BAC)AN(AANCQ)

This is logically equivalent to:
-AANB
-BAC
-AANC

From these, we can derive:

- A (from A A B)
- B (from A A B)



fromB A C
fromB A C
fromA A C
fromA A C

B
-C
-A
-C

)
)
)
)

Observation: The conjunction asserts that A, B, and C are all true simultaneously.
Validity in propositional logic

- The initial conjunction is not an argument but an assertion of the joint truth of these
propositions.
- If the premises are (A A B), (B A C), and (A A C), then A, B, and C are necessarily all true.

Conclusion:

- The conjunction (A A B) A (B A C) A (A A C)is logically consistent and entails that A, B, and
C are true.

- It is not a tautology because its truth depends on the truth of the individual propositions.

- In terms of validity, if these premises are true, then the conclusion that A, B, and C are all
true is valid.

Verifying via Truth Table
Construct a truth table with three propositional variables A, B, C:

|A|B|C|(AAB)|(BAC)]|(AAC)]| Conjunction of all three |
e el b |- |- |--mmmmm e |

I TITITITITIT|T]|

| TITIFIT|IF[F]|F]

| TIFITIFIF|T]F]

| TIFIF|[FIF]F]|F]

|FITITIF|ITIF]|F]

|FITIF|F|F]F|F]

|FIFIT|IF[F]F|F]

|FIFIFIFIF[F]F]

Result:
- The conjunction is true only when A=T,B=T,C=T.

- Therefore, the premises (A A B), (B A C), and (A A C) are all true only under the same
condition, making the conjunction valid in that context.

Argument 14: A(BA)B
Interpreting the Expression
Assuming the notation:

- A(BA)B likely indicates A A (B A A) A B.



This simplifies to:

-AANBAANB

By associativity and idempotency of conjunction:
-AANB

Implication:

- The entire expression reduces to A A B.
Validity Analysis

- The question: Is the statement A A B valid? Or, perhaps, is it an argument claiming that
from certain premises, A A B follows?

- If the statementis A A (B A A) A B, then it is a conjunction of propositions and not an
argument with premises and conclusion.

- If the goal is to assess whether this is a valid inference or whether A A B follows from
some premises, then further context is needed.

Assuming this is an expression asserting the conjunction A A B, then:
- It is true precisely when both A and B are true.

Using propositional logic to prove validity

Suppose that:

- Premises: A, B

- Conclusion: A A B

Given these premises, the inference from A and B to A A B is valid.
Proof via inference rules:

- Premises: A, B
- By Conjunction Introduction rule, from A and B, infer A A B.

Truth table verification:

|A|B|AAB|
e
[ TITIT]

| TIF|F]

| F
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