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When solving linear differential equations, especially nonhomogeneous ones, the method of variation
of parameters is a powerful and versatile technique. Unlike methods such as undetermined
coefficients, which often require the right-hand side to have specific forms, variation of parameters
can be applied to a broad class of equations. In this article, we delve into the process of employing
variation of parameters to find the general solution of a differential equation, given the associated
homogeneous solutions. We will explore the theoretical foundation, step-by-step procedures, and
practical considerations involved in this method.

Understanding the Foundations of Variation of
Parameters

Linear Differential Equations of Second Order

Consider the general second-order linear differential equation:

a(x) y'" + b(x) y' + c(x) y = f(x)

where:

¢ a(x), b(x), c(x) are continuous functions on an interval I.

e f(x) is a known function representing the nonhomogeneous part.

The associated homogeneous equation is:

a(x) y'" + b(x) y' + c(x) y=20

The general solution to the homogeneous equation is typically denoted as:



yh=Cly1l(x)+C2y 2(x)

where y1(x) and y2(x) are linearly independent solutions, and C1, C2 are arbitrary constants.

Motivation for Variation of Parameters

While the homogeneous solution provides the general solution to the associated homogeneous
equation, the complete solution to the nonhomogeneous equation requires a particular solution. The
variation of parameters method seeks to determine this particular solution by allowing the constants
C, and C, to become functions of x:

y p=ul(x)y 1l(x) + u2(x)y 2(x)

where ul(x) and u2(x) are functions to be determined.

Step-by-Step Procedure for Variation of Parameters

Step 1: Write Down the Homogeneous Solutions

Find two linearly independent solutions y,(x) and y,(x) to the homogeneous differential equation:

a(x) y'" + b(x) y' +c(x) y=20

This step often involves solving the homogeneous equation through characteristic equations (for
constant coefficients) or other methods suitable for the form of the differential equation.

Step 2: Set Up the Variation of Parameters Form

Assume the particular solution has the form:

y p =u_1(x) y 1(x) + u_2(x) y_2(x)

and impose the condition:

ul'(x) y I(x) + u2'(x) y2(x) =0

to simplify calculations and avoid redundancy.

Step 3: Derive the System of Equations for \( u_1'\) and \( u_2'



\)

Differentiate the assumed particular solution:

yp'=ul'"yl+ulyl +u2'y2+u2y?

Using the imposed condition, the derivative simplifies to:

yp'=ulyl +u2y?2'

Next, differentiate again to find \( y_p"\), and substitute into the original nonhomogeneous
differential equation, leading to a system of equations for \( u_1'\) and \( u_2'\):

\begin{cases}
ul'yl+u2'y2=20
"= \frac{f(x)}{a(x)}

Step 4: Solve the System for \(u_1'\) and \( u_2'\)

The system can be written in matrix form:

\ [
\begin{bmatrix}
y 1 &y 21\\

y 1l &y 2!
\end{bmatrix}
\begin{bmatrix}
u 1" \\

u?2'
\end{bmatrix}

\begin{bmatrix}

0 \\
\frac{f(x)}{a(x)}
\end{bmatrix}

\1

The determinant of the coefficient matrix, known as the Wronskian \( W(x) \), is essential here:
W(x) =y ly?2'" -y2yl'

Solutions for the derivatives are:

ul' = -\frac{y 2 \cdot \frac{f(x)}{a(x)}}{W(x)} , \quad u 2' = \frac{y 1
\cdot \frac{f(x)}{a(x)}}{W(x)}



Step 5: Integrate to Find \( u_1(x) \) and \( u_2(x) \)

Integrate each derivative:

u 1(x) = -\int \frac{y 2(x) f(x)}{a(x) W(x)} dx , \quad u 2(x) = \int
\frac{y 1(x) f(x)}{a(x) W(x)} dx

These integrals often involve standard techniques or special functions, depending on the form of \(
f(x)\), \(y_1\), and \(y_2\).

Step 6: Form the General Solution

Substitute \( u_1(x) \) and \( u_2(x) \) back into the particular solution form:

y p =u_1(x) y 1(x) + u_2(x) y_2(x)

The general solution to the nonhomogeneous differential equation is then:

y(X) = y_h +yp= C_l y_l(X) + C_2 y_z(x) +yp

Practical Considerations and Special Cases

Computing the Wronskian

The Wronskian plays a critical role in the variation of parameters method. For many equations,
especially those with constant coefficients, \( W(x) \) can be computed explicitly. When \( W(x) \neq 0
\), the solutions \(y_1\) and \(y_2\) are linearly independent, ensuring the method's validity.

Handling Complex Integrals

In some cases, the integrals for \( u_1(x) \) and \( u_2(x) \) may be challenging or impossible to
evaluate explicitly. Numerical methods or special functions may be employed to approximate the
particular solution.

Extension to Higher-Order Equations

While this discussion focuses on second-order equations, the principle of variation of parameters
extends to higher-order linear differential equations, involving more complex systems and



Wronskians.

Applications and Examples

Example: Nonhomogeneous Equation with Known
Homogeneous Solutions

Suppose we have the differential equation:

y''" +y = \sin Xx

The homogeneous solutions are:

y 1 = \sin x, \quad y 2 = \cos X

Calculating the Wronskian:

W(x) = \sin x \cdot (-\sin x) - \cos x \cdot \cos x = -\sin”™2 x - \cos™2 x =
-1

Applying variation of parameters:

ul' = -\frac{y 2 \cdot \sin x}{W} = -\frac{\cos x \cdot \sin x}{-1

Frequently Asked Questions

What is the method of variation of parameters used
for in solving differential equations?

The method of variation of parameters is used to find a particular solution
to nonhomogeneous differential equations by allowing the constants in the
homogeneous solution to vary as functions, which are then determined to
satisfy the original equation.

How do you determine the functions to use in the
variation of parameters method?

You determine the functions by solving a system of equations derived from



substituting the general form of the particular solution into the original
differential equation, typically involving the Wronskian of the homogeneous
solutions.

What are the main steps involved in applying the
variation of parameters?

The main steps include: 1) Find the general solution to the homogeneous
equation, 2) Assume the particular solution has variable functions instead of
constants, 3) Set up and solve the system for these functions using the
Wronskian, and 4) Write the general solution as the sum of homogeneous and
particular solutions.

In which types of differential equations is
variation of parameters particularly useful?

Variation of parameters is especially useful for solving second-order linear
nonhomogeneous differential equations where the method of undetermined
coefficients is not applicable, such as when the nonhomogeneous term is not
of a standard form.

What role does the Wronskian play in the variation
of parameters method?

The Wronskian helps in solving for the unknown functions by providing a
determinant used to set up the system of equations for these functions,
ensuring the solutions are linearly independent and valid.

Can you briefly explain how to compute the
particular solution using variation of parameters?

Yes, you compute the particular solution by first finding two linearly
independent solutions to the homogeneous equation, then calculating the
functions ul(x) and u2(x) using integrals involving the nonhomogeneous term
and the Wronskian, and finally constructing the particular solution as
ul(x)yl(x) + u2(x)y2(x).



What are common difficulties encountered when
applying variation of parameters?

Common difficulties include computing the integrals for the variable
functions, especially when the integrals are complicated or don't have
elementary antiderivatives, and ensuring the correct setup of the system for
the functions ul and u2.

How does the general solution obtained via variation
of parameters differ from the homogeneous solution?

The general solution combines the homogeneous solution, which solves the
associated homogeneous equation, with a particular solution found through
variation of parameters that accounts for the nonhomogeneous part, resulting
in a complete solution to the original differential equation.

Are there specific conditions under which variation
of parameters is preferred over other methods?

Yes, variation of parameters is preferred when the nonhomogeneous term is not
suitable for the method of undetermined coefficients, such as when it is a
complex function or does not match standard forms, making this method more
flexible.

What is the significance of the functions being
'given' 1in the context of variation of parameters?

The phrase 'given that the functions' typically refers to having specific
functions or conditions provided in the problem that influence the particular
solution process, such as known homogeneous solutions or particular
nonhomogeneous terms, guiding the application of the method.

Additional Resources

Variation of Parameters: A Comprehensive Guide to Solving Differential
Equations

In the realm of differential equations, finding solutions that accurately



describe real-world phenomena is both an art and a science. One of the most
elegant and versatile methods in the mathematician's toolkit is Variation of
Parameters. This technique provides a systematic way to find particular
solutions to nonhomogeneous linear differential equations, especially when
the methods of undetermined coefficients fall short. In this article, we
delve deep into the concept of Variation of Parameters, exploring its
theoretical foundations, step-by-step procedures, and practical applications,
all presented with clarity and precision.

Understanding the Foundations of Variation of
Parameters

The Nature of Differential Equations

Differential equations are equations involving derivatives of functions,
serving as mathematical models for systems in physics, engineering, biology,
and beyond. They can be broadly classified into:

- Homogeneous equations: where the right-hand side (forcing term) is zero.
- Nonhomogeneous equations: where the forcing term is non-zero.

For linear differential equations, the general solution is typically composed
of the complementary (homogeneous) solution plus a particular solution that
accounts for the nonhomogeneous part.

The Challenge of Nonhomogeneous Equations

While homogeneous equations are straightforward to solve, nonhomogeneous
equations often pose a greater challenge. The method of undetermined
coefficients works well when the nonhomogeneous term is of a specific form
(like polynomials, exponentials, or sines and cosines). However, for more
complicated functions, this method becomes cumbersome or infeasible. This is
where Variation of Parameters shines, offering a more general approach.

Historical Context and Significance



Developed in the 19th century by mathematicians like Joseph-Louis Lagrange,
the variation of parameters method extends the idea of solving linear
equations by allowing the constants in the homogeneous solution to become
functions, thus "varying" with the independent variable. This technique
provides a powerful, systematic framework applicable to a wide class of
differential equations.

The Theoretical Framework of Variation of
Parameters

The General Form of the Differential Equation

Consider the second-order linear differential equation:

\ [
a(x) y'" + b(x) y'" + c(x) y = f(x)
\1

where:

- \(a(x)\), \(b(x)\), and \(c(x)\) are continuous functions on an interval
\(I\),
- \(f(x)\) is a given nonhomogeneous term.

The associated homogeneous equation is:

\ [
a(x) vy
\1

+ b(x) y'" + ¢c(x) y =0

Suppose the general solution to this homogeneous equation is known:
\ [

y h(x) =C1ly 1(x) + C2y 2(x)

\1]

where \(y 1\) and \(y 2\) are linearly independent solutions.

Core Idea of Variation of Parameters



Instead of treating the constants \(C 1\) and \(C 2\) as fixed, Variation of
Parameters promotes them to functions of \(x\):

\ [
y_p(x) = u_1(x) y_1(x) + u_2(x) y_2(x)
\1

The goal is to determine \(u 1(x)\) and \(u 2(x)\) such that \(y p\) is a
particular solution to the nonhomogeneous equation.

Step-by-Step Procedure for Applying Variation
of Parameters

Step 1: Find the Homogeneous Solutions

Identify the solutions \(y 1(x)\) and \(y 2(x)\) to the homogeneous
differential equation:

\ [
a(x) y'" + b(x) y'" + c(x) y =0
\1

This can involve characteristic equations (for constant coefficients) or
other methods like reduction of order.

Step 2: Set Up the Form of the Particular Solution

Assume:

\ [
y_p(x) = u_1(x) y_1(x) + u_2(x) y_2(x)
\1

To simplify calculations, impose the auxiliary condition:

\ [
ul'(x) y I(x) +u2'(x) y2(x) =0
\1]



This reduces the second derivative of \(y p\) to manageable terms,
facilitating the solution.

Step 3: Derive the System of Equations for \(u_1'\)
and \(u_2"\)

Differentiate \(y p\):

\ [
yp'=ul'"yl+ulyl +u2' y2+u2y?2
\1

Applying the auxiliary condition simplifies the derivative:

\ [
yp'=ulyl +u2y?2'
\1

Differentiating again:

\ [
yp''=ul' yl +ulyl'"' +u2 y2 +u2y2"
\]

Substituting into the original differential equation and applying the
auxiliary condition leads to a system of equations:

\ [

\begin{cases}
ul'"yl+u?2'y?2-=
ul'"y1l" +u?2'"y?2'
\end{cases}

\1

I ©

\\
\frac{f(x)}{a(x)}

which can be written in matrix form:

\ [
\begin{bmatrix}
y 1 &y 2\\

y 1l &y 2'
\end{bmatrix}
\begin{bmatrix}
u 1' \\

u 2’
\end{bmatrix}

\begin{bmatrix}
0 \\



\frac{f(x)}{a(x)}
\end{bmatrix}
\]

Step 4: Solve for \(u_1'\) and \(u_2"\)

Calculate the Wronskian:

\ [
W(x) =y ly?2 -y2yl
\1]

Then, solve:

\ [

ul' = - \frac{y 2 \cdot \frac{f(x)}{a(x)}}{W(x)}, \quad
u 2' = \frac{y_1 \cdot \frac{f(x)}{a(x)}}{w(x)}

\1]

Integrate to find \(u 1(x)\) and \(u 2(x)\):

\ [

u 1(x) = - \int \frac{y 2(x) f(x)}{a(x) W(x)} dx, \quad
u 2(x) = \int \frac{y 1(x) f(x)}{a(x) W(x)} dx

\1

Step 5: Write the General Solution

The general solution is:

\ [

y(x) =y h(x) +yp(x) =C1ly 1(x) +C2y 2(x) +ul(x)y1l(x) + u 2(x)
y_2(x)

\1]

where \(u 1(x)\) and \(u 2(x)\) are the integrals computed above.

Practical Considerations and Tips

- Choosing homogeneous solutions: Select solutions that are linearly



independent and simplify calculations.

- Computing the Wronskian: For constant coefficient equations, it simplifies
to a constant. For variable coefficients, compute carefully.

- Integral evaluation: Be prepared for integrals that may be complex;
sometimes, numerical methods are necessary.

- Special cases: If the nonhomogeneous term \(f(x)\) is similar to the
homogeneous solutions, the method still works, but the integrals may involve
logarithmic terms or require modification.

Applications and Examples

Example 1: Nonhomogeneous Equation with Polynomial
Forcing

Solve:

\ [
y'' - 3y'" +2y=x e x}
\1]

Solution Steps:

1. Homogeneous solutions:

\ [
r~2 - 3r + 2
\1

0 \Rightarrow r=1, 2

So,

\ [
y 1 = e~{x}, \quad y 2 = e™{2x}
\1

2. Wronskian:

\ [
W=y 1ly?2' -y2y1l" =e™x} \cdot 2 e™{2x} - e”~{2x} \cdot e™{x} = 2
e™{3x} - e™{3x} = e™{3x}



\1]
3. Compute \(u 1'\):

\ [

ul'" = - \frac{y 2 \cdot f(x)}{W} = - \frac{e™{2x} \cdot x e~{x}}{e”{3x}} = -
\frac{x e™{3x}}{e™{3x}} = -x

\1

Integrate:

\ [
u_1(x) = - \frac{x"{2}}{
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