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INTRODUCTION

IN THE STUDY OF LINEAR ALGEBRA, UNDERSTANDING HOW VECTORS RELATE TO EACH OTHER IS FUNDAMENTAL. ONE COMMON
QUESTION INVOLVES EXPRESSING A VECTOR P AS A LINEAR COMBINATION OF OTHER VECTORS, SUCH AS U, \/, AND ANOTHER
VECTOR V (POSSIBLY A TYPO OR A REPEATED VECTOR). THIS LEADS TO THE BROADER CONCEPT OF LINEAR INDEPENDENCE AND
DEPENDENCE, WHICH DETERMINES WHETHER SUCH A COMBINATION EXISTS. THIS ARTICLE EXPLORES WHETHER P CAN BE WRITTEN
AS A LINEAR COMBINATION OF U, \/, AND \/, AND IF NOT, WHY SUCH A COMBINATION MIGHT BE IMPOSSIBLE. WE WILL DELVE
INTO THE MATHEMATICAL PRINCIPLES UNDERPINNING THESE CONCEPTS, PROVIDE DETAILED EXPLANATIONS, AND CLARIFY COMMON
MISCONCEPTIONS.

UNDERSTANDING LINEAR COMBINATIONS

DeriNITION OF A LINEAR COMBINATION

A VECTOR P IS SAID TO BE A LINEAR COMBINATION OF VECTORS U, V, AND W IF THERE EXIST SCALARS A, B, AND C SUCH
THAT:

\[
P=aAU+8V +cW
\]

WHERE U, V, AND W ARE VECTORS IN A VECTOR SPACE (LIke \(\MATHBB{R}"N\)). THE SCALARS A, B, AND C ARE REAL
NUMBERS (OR ELEMENTS OF THE UNDERLYING FIELD).

LINEAR INDEPENDENCE AND DEPENDENCE

- LINEARLY INDEPENDENT VECTORS: VECTORS U, V, W ARE INDEPENDENT IF THE ONLY SOLUTION TO:

\[
AU+BV +cW =0
\]

IS \(A =B=C*= O\) THIS MEANS NONE OF THE VECTORS CAN BE WRITTEN AS A LINEAR COMBINATION OF THE OTHERS.

- LINEARLY DEPENDENT VECTORS: |F THERE EXISTS A NON-TRIVIAL SOLUTION (SCALARS NOT ALL ZERO) TO THE ABOVE, THE
VECTORS ARE DEPENDENT.



UNDERSTANDING WHETHER VECTORS ARE INDEPENDENT OR DEPENDENT IS KEY TO DETERMINING IF A PARTICULAR VECTOR P CAN BE
EXPRESSED AS THEIR LINEAR COMBINATION.

ANALYZING THE EXPRESSION OF P AS A LINEAR COMBINATION oF U, V, AND
\Y

THe RoLE ofF RePeATED VECTORS IN LINEAR COMBINATIONS

IN THE GIVEN PROBLEM, THE QUESTION INVOLVES EXPRESSING P AS A LINEAR COMBINATION OF U, V, AND V. NOTICE THAT V
APPEARS TWICE. MATHEMATICALLY, THIS SIMPLIFIES THE PROBLEM BECAUSE:

\[
AU+BV +cV=aU+GB+c)V
\]

THIS INDICATES THAT THE TWO V VECTORS ARE ESSENTIALLY COMBINED INTO A SINGLE TERM WITH A SCALAR \(B + C\)
THEREFORE, THE PROBLEM REDUCES TO:

\(
P=aU+0V
\]

wHere \(p =8 + c\).

IMPLICATION: SINCE V' APPEARS TWICE WITH DIFFERENT SCALARS, THE COMBINATION SIMPLIFIES TO A LINEAR COMBINATION OF
ONLY U AND V.

CAN P BE EXPRESSED AS A COMBINATION oF U AND V?

GIVEN THE ABOVE, THE QUESTION BECOMES:
- Is P IN THE sPAN oF U AND V?
OR EQUIVALENTLY,

- Does THere ExIST SCALARS \(A\) anD \(D\) SUCH THAT

\(
P=aU+0V
\]

IF YES, THEN P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U AND V (AND HENCE ofF U, V, anD V).

CoNDITIONS FOR EXPRESSING P AS A LINEAR COMBINATION



Case 1: P i1s IN THE sPAN oF U aND V

IF P LIES IN THE SPAN OF U AND V, THEN THERE EXIST SCALARS \(A\) AND \(D\) SATISFYING:

\[
P=aU+pV
\]

THIS DEPENDS ON THE LINEAR INDEPENDENCE OF U AND V:

- IF U AND V ARE LINEARLY INDEPENDENT, THEN THE SPAN IS A PLANE (OR HIGHER-DIMENSIONAL SPACE)I AND P’s posITION
RELATIVE TO THIS PLANE DETERMINES WHETHER SUCH SCALARS EXIST.

- |IF U AND V ARE DEPENDENT (I.E./ ONE IS A SCALAR MULTIPLE OF THE OTHER), THEN THEIR SPAN IS A LINE, AND P MUST LIE ON
THAT LINE TO BE EXPRESSIBLE AS THEIR LINEAR COMBINATION.

DETERMINING WHETHER P CAN BE EXPRESSED AS A LINEAR COMBINATION INVOLVES SOLVING THE SYSTEM:

\[
P =aU+0V
\]

WHICH, IN COORDINATE FORM, BECOMES A SYSTEM OF EQUATIONS.

CAsSE 2: P IS NOT IN THE sPAN oF U AND V

IF P 1s oUTSIDE THE SPAN OF U AND V, THEN NO SCALARS \(A, D\) ExiST SUcH THAT \(P = AU + bV\). IN THAT cASE, P
CANNOT BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND V.

WHy DoEes ExPRESSING P AS A LINEAR CoMBINATION OF U, V, AnD V
MATTER?

UNDERSTANDING WHETHER P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, \/, AND V IS ESSENTIAL IN VARIOUS
APPLICATIONS:

- SOLVING SYSTEMS OF LINEAR EQUATIONS: DETERMINING SOLUTIONS FOR VECTOR EQUATIONS.
- SPAN AND BASIS ANALYSIS: ESTABLISHING WHETHER P CAN BE GENERATED FROM A SET OF VECTORS.
- DIMENSIONALITY AND DEPENDENCE: UUNDERSTANDING THE STRUCTURE OF THE VECTOR SPACE.

- APPLICATIONS IN COMPUTER GRAPHICS, DATA ANALYSIS/ AND ENGINEERING: W/ HERE EXPRESSING COMPLEX VECTORS IN TERMS
OF BASIS VECTORS SIMPLIFIES CALCULATIONS.

WHEN Is IT IMPossIBLE To ExPRESS P As A LINEAR COMBINATION?

THERE ARE SPECIFIC SCENARIOS WHERE EXPRESSING P AS A LINEAR COMBINATION OF U, V, AND V IS IMPOSSIBLE:



1. P 1S NOT IN THE SPAN OF U AND V

IF P DOES NOT LIE IN THE SUBSPACE SPANNED BY U AND V, THEN NO MATTER HOW YOU CHOOSE SCALARS, P CANNOT BE
EXPRESSED AS THEIR COMBINATION.

2. U AND V ARE LINEARLY DEPENDENT, AND P IS OUTSIDE THEIR SPAN

IF U AND V ARE DEPENDENT, FORMING A LINE, AND P DOES NOT LIE ON THIS LINE, THEN EXPRESSING P AS THEIR COMBINATION IS
IMPOSSIBLE.

3. THE SYSTEM OF EQUATIONS HAS NO SOLUTION

\W/HEN ATTEMPTING TO FIND SCALARS \(a\) anp \(D\) sucH THAT:

\[
P=aAU+0DV
\]

THE RESULTING SYSTEM MAY BE INCONSISTENT, INDICATING NO SUCH COMBINATION EXISTS.

SuMMARY AND CONCLUSION

- SINCE V' APPEARS TWICE IN THE LINEAR COMBINATION, THE PROBLEM REDUCES TO EXPRESSING P AS A LINEAR COMBINATION OF
U AnD V.

- THE KEY QUESTION IS WHETHER P LIES IN THE SPAN OF U AND V. |F IT DOES, THEN P CAN BE EXPRESSED AS:

\(
P=aU+0V
\]

FOR SOME SCALARS \(A, D\).

- |IF U AND V ARE LINEARLY INDEPENDENT, THE SPAN IS A PLANE, AND P MUST BE IN THAT PLANE FOR THE COMBINATION TO
EXIST.

- IF U AND V' ARE DEPENDENT, THE SPAN IS A LINE, AND P MUST LIE ON THAT LINE.
- IF P 1S OUTSIDE THE SPAN, THEN NO SUCH LINEAR COMBINATION EXISTS.

- THEREFORE, IN THE MAJORITY OF CASES, WHETHER P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND V DEPENDS
SOLELY ON THE POSITION OF P RELATIVE TO THE SPAN OF U AND V.

THIS ANALYSIS UNDERSCORES THE IMPORTANCE OF UNDERSTANDING THE CONCEPTS OF SPAN, LINEAR INDEPENDENCE, AND THE
SOLUTION OF LINEAR SYSTEMS IN VECTOR SPACES. RECOGNIZING THE STRUCTURE OF THE VECTORS INVOLVED ENABLES EFFICIENT
DETERMINATION OF THE POSSIBILITY OF EXPRESSING A VECTOR AS THEIR LINEAR COMBINATION.



ADDITIONAL TIPS FOR SOLVING SUCH PROBLEMS

- CHECK THE LINEAR INDEPENDENCE OF U AND V: COMPUTE THEIR DETERMINANTS OR CHECK IF ONE IS A SCALAR MULTIPLE OF THE
OTHER.

- SET UP THE EQUATIONS EXPLICITLY: W/RITE P/ U, AND V IN COORDINATE FORM AND SOLVE THE RESULTING SYSTEM.
- USE MATRIX METHODS: EMPLOY MATRIX RANK OR GAUSSIAN ELIMINATION TO DETERMINE SOLVABILITY.

- VisuALIze IN Low DIMensIONS: For \(\MATHEB{R}"2\) or \(\MATHBE{R}"3\), GRAPHICAL VISUALIZATION CAN AID
UNDERSTANDING.
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IN CONCLUSION, WHETHER P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND V—WHICH SIMPLIFIES TO U AND
\/—DEPENDS ENTIRELY ON THE RELATIONSHIP BETWEEN THESE VECTORS. UNDERSTANDING THE UNDERLYING PRINCIPLES OF SPAN,
LINEAR INDEPENDENCE, AND SOLVING

FREQUENTLY ASkeD QUESTIONS

\WHAT DOES IT MEAN TO EXPRESS A VECTOR P AS A LINEAR COMBINATION OF VECTORS
U, V, anp V?

EXPRESSING P AS A LINEAR COMBINATION OF U, V, AND V MEANS FINDING SCALARS A, B, AND C SUCH THAT P = AU + BV +
cV, WHICH SIMPLIFIES TO P = AU + (B + C)V. IT INVOLVES REPRESENTING P AS A SUM OF SCALED VERSIONS OF U AND V.

UNDER WHAT CONDITIONS CAN A VECTOR P BE EXPRESSED AS A LINEAR COMBINATION
ofFU, V, anD V?

A VECTOR P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND V IF P LIES IN THE SPAN OF U AND V, MEANING P CAN
BE WRITTEN AS P = AU + BV FOR SOME SCALARS A AND B. SINCE VV APPEARS TWICE, THE COMBINED COEFFICIENT FOR V CAN BE
ADJUSTED ACCORDINGLY.

\WHY IS EXPRESSING P AS A LINEAR COMBINATION OF U, V, AND V OFTEN CONSIDERED
REDUNDANT?

BECAUSE V APPEARS TWICE, EXPRESSING P AS A COMBINATION OoF U, V, AND V SIMPLIFIES TO A COMBINATION OF U AND V
WITH ADJUSTED COEFFICIENTS, MAKING THE THIRD VECTOR \V REDUNDANT. ESSENTIALLY, IT DOESN'T ADD NEW INFORMATION
BEYOND U AND V.



CAN YOU ALWAYS EXPRESS ANY VECTOR P AS A LINEAR COMBINATION OF U, V, AND
\s

No, oNLY IF P 1S IN THE SPAN OF U AND V. IF P LIES OUTSIDE THIS SPAN, THEN IT CANNOT BE REPRESENTED AS A LINEAR
COMBINATION OF JUST U AND V (OR THEIR DUPLICATES).

EXPLAIN WHY THERE IS NO NEED TO INCLUDE MULTIPLE COPIES OF THE SAME VECTOR IN
A LINEAR COMBINATION.

INCLUDING MULTIPLE COPIES OF THE SAME VECTOR IS UNNECESSARY BECAUSE THEIR EFFECTS CAN BE COMBINED INTO A SINGLE
SCALAR COEFFICIENT. LINEAR COMBINATIONS ARE BASED ON SCALAR MULTIPLICATION, SO DUPLICATES DO NOT EXPAND THE
SPAN BEYOND WHAT A SINGLE COPY PROVIDES.

ADDITIONAL RESOURCES

ExPress P As A LiNear CoMBINATION OF U, V, AND W: A COMPREHENSIVE GUIDE

UNDERSTANDING WHETHER A VECTOR P CAN BE EXPRESSED AS A LINEAR COMBINATION OF OTHER VECTORS SUCH AS U, V, AND
W IS A FUNDAMENTAL CONCEPT IN LINEAR ALGEBRA. THIS ANALYSIS NOT ONLY HELPS IN SOLVING SYSTEMS OF EQUATIONS BUT
ALSO PROVIDES INSIGHT INTO THE SPAN OF A SET OF VECTORS AND THE STRUCTURE OF VECTOR SPACES. IN THIS ARTICLE, WE
WILL EXPLORE THE CONDITIONS UNDER WHICH P CAN BE WRITTEN AS A LINEAR COMBINATION OF U, \/, AND \X// AND DISCUSS
METHODS TO DETERMINE THIS, ALONG WITH PRACTICAL EXAMPLES.

INTRODUCTION TO LINEAR COMBINATIONS

A LINEAR COMBINATION OF VECTORS INVOLVES SCALING EACH VECTOR BY A CORRESPONDING SCALAR AND THEN ADDING THE
RESULTS. FORMALLY, GIVEN VECTORS U, V, AND W/, AND SCALARS A, B, AND C, THE LINEAR COMBINATION IS:

AU +8V + cW
IF P CAN BE EXPRESSED IN THIS FORM, THEN P LIES WITHIN THE SPAN OF U, V, AND W/. THE KEY QUESTIONS ARE:
- DOES SUCH A SET OF SCALARS A, B, C EXIST?

- IF YES, HOW CAN WE FIND THEM?
- IF NO, WHY IS THIS IMPOSSIBLE?

\WHeEN CAN P Be ExPreSSED AS A LINEAR COMBINATION?
1. THe MATHEMATICAL CRITERION

TO DETERMINE IF P CAN BE WRITTEN AS A LINEAR COMBINATION OF U, V/ AND \X/, \WE NEED TO SOLVE THE FOLLOWING VECTOR
EQUATION:

AU+8V +cW =P

THIS TRANSLATES INTO A SYSTEM OF LINEAR EQUATIONS DEPENDING ON THE COMPONENTS OF THE VECTORS INVOLVED. FOR
EXAMPLE, IN THREE-DIMENSIONAL SPACE:

LeT

U = (u,, Uy, Ug)

V = (v, Vp, V3)
W = (w,, Wy, W3)



P = (P1/ P2/ PS)

THEN, THE SYSTEM BECOMES:

-AUtBV,FC W, =P,

“AU, TBV, T CWy =Py
_AU3+BV3+C\X/3=P3

2. FORMULATING THE SYSTEM AS A MATRIX EQUATION
THIS SYSTEM CAN BE WRITTEN IN MATRIX FORM AS:
UV W][A; B c]=P

WHere [U V W] IS THE MATRIX FORMED BY PLACING VECTORS U, V, AND W AS COLUMNS:
ISRVAA

| Uy vy Wy |

| Us Vg Wy |

AND [A: B; €] IS THE COLUMN VECTOR OF UNKNOWN SCALARS.

SOLVING THE SYSTEM

1. UsING GAUSSIAN ELIMINATION

THE MOST STRAIGHTFORW ARD METHOD IS TO PERFORM GAUSSIAN ELIMINATION ON THE AUGMENTED MATRIX:
| Uy vy W | Pyl

| Uy vo Wy Py |

| Uz Vs Wq | Ps

BY ROW OPERATIONS, WE CAN DETERMINE WHETHER A SOLUTION EXISTS. |F THE SYSTEM IS CONSISTENT, THEN P CAN BE
EXPRESSED AS A LINEAR COMBINATION OF U, V, AND W/.

2. DETERMINING THE EXISTENCE AND UNIQUENESS OF SOLUTIONS
- UNIQUE SOLUTION: WHEN THE MATRIX [U V W] HAS FULL RANK (1.E., RANK 3 IN 3D), AND THE SYSTEM IS CONSISTENT.

- INFINITE SOLUTIONS: W/HEN THE RANK IS LESS THAN 3 BUT THE SYSTEM REMAINS CONSISTENT.
- No SoLUTION: WHEN THE SYSTEM IS INCONSISTENT; MEANING P CANNOT BE EXPRESSED AS SUCH A COMBINATION.

GEOMETRIC INTERPRETATION

1.1IFU, V, AND W ARE LINEARLY INDEPENDENT

THey sPAN A 3D SPACE, AND ANY VECTOR P IN THAT SPACE CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND W/.
2.1FU, V, aND W ARE LINEARLY DEPENDENT

THEY SPAN A SUBSPACE OF LOWER DIMENSION:

- IF THEY ARE COPLANAR (TWO ARE LINEARLY INDEPENDENT), THEN THE SPAN IS A PLANE.

- |IF THEY ARE COLINEAR (ALL LIE ON A LINE)/ THE SPAN IS A LINE.
- |F THEY ARE ZERO VECTORS, THE SPAN IS JUST THE ZERO VECTOR.



IN THESE CASES, P CAN ONLY BE EXPRESSED AS A LINEAR COMBINATION IF IT LIES WITHIN THAT SUBSPACE.

PrACTICAL EXAMPLE
SUPPOSE:
-U=(1,0,0)
-Vv=(0,1,0)
-w=(0,0,1)
“P=(2,3, 4)

THE MATRIX:

THE SYSTEM SIMPLIFIES DIRECTLY:
A=2,8=3,c=4
THUS, P CAN BE EXPRESSED AS:

2U + 3V + 4W

\WHEN No SucH LINear COMBINATION EXISTS
IF THE SYSTEM IS INCONSISTENT, IT INDICATES THAT P DOES NOT LIE IN THE SPAN OF U, V, AND W. THIS COULD HAPPEN IF:

- THe vECTOrs U, V, AND W ARE LINEARLY DEPENDENT, AND P IS OUTSIDE THE SUBSPACE THEY SPAN.
- THE VecTors U, V, AND W/ SPAN A SUBSPACE THAT DOES NOT INCLUDE P.

ExXAMPLE:
SupPosE IN 3D SPACE:

-U=(1,0,0)
-v=(0,1,0)
-W=(0,0,0)

THESE VECTORS SPAN A PLANE (THE XY-PLANE). [F P = (0, O, 1), THEN TRYING TO EXPRESS P AS A LINEAR COMBINATION:

A(1,0,0)+&(0,1,0)+c(0,0,00=(0,0,1)

RESULTS IN:
A=0
=0

O c =1, WHICH IS IMPOSSIBLE.

THEREFORE, P CANNOT BE EXPRESSED AS A LINEAR COMBINATION oF U, V, AND W/.

SUMMARY: KeYy STePs To DETERMINE IF P Is A LINeAR COMBINATION



1. FORMULATE THE SYSTEM: WRITE THE EQUATIONS BASED ON COMPONENTS.

2. CONSTRUCT THE MATRIX: CREATE THE COEFFICIENT MATRIX WITH VECTORS U, V, AND W/ AS COLUMNS.
3. SoLVE THE SYSTEM: USE GAUSSIAN ELIMINATION OR MATRIX METHODS TO FIND A, B, AND C.

4. CHECK FOR CONSISTENCY:

- IF A SOLUTION EXISTS, P IS A LINEAR COMBINATION.

- IF NOT, P CANNOT BE EXPRESSED AS SUCH.

FINAL THOUGHTS

UNDERSTANDING WHETHER P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND W/ IS CRUCIAL IN MANY
APPLICATIONS, FROM COMPUTER GRAPHICS TO ENGINEERING SYSTEMS. |T HINGES ON THE CONCEPTS OF LINEAR INDEPENDENCE,
SPAN, AND THE SOLVABILITY OF LINEAR SYSTEMS. BY SYSTEMATICALLY TRANSLATING THE PROBLEM INTO A MATRIX EQUATION
AND SOLVING IT, ONE CAN DETERMINE THE EXISTENCE AND EXPLICIT FORM OF SUCH A LINEAR COMBINATION.

IN CONCLUSION, WHETHER P CAN BE EXPRESSED AS A LINEAR COMBINATION OF U, V, AND W/ DEPENDS ON THE LINEAR
INDEPENDENCE OF THOSE VECTORS AND THE POSITION OF P RELATIVE TO THEIR SPAN. W/ ITH THE TOOLS PROVIDED—MATRIX
FORMULATION, GAUSSIAN ELIMINATION, AND GEOMETRIC INTERPRETATION—YOU CAN CONFIDENTLY ANALYZE SUCH PROBLEMS IN
VARIOUS CONTEXTS.
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