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LINEAR PROGRAMMING (LP) IS A VITAL MATHEMATICAL TECHNIQUE USED IN VARIOUS FIELDS SUCH AS OPERATIONS RESEARCH,
ECONOMICS, AND ENGINEERING TO DETERMINE THE BEST POSSIBLE OUTCOME IN A MATHEMATICAL MODEL WITH LINEAR
RELATIONSHIPS. \W/HEN DEALING WITH OPTIMIZATION PROBLEMS, ESPECIALLY THOSE INVOLVING MAXIMIZATION OR MINIMIZATION
OF A LINEAR OBJECTIVE FUNCTION SUBJECT TO LINEAR CONSTRAINTS, GRAPHICAL METHODS SERVE AS AN INTUITIVE APPROACH
FOR SOLUTIONS WITH TWO DECISION VARIABLES. THIS ARTICLE FOCUSES ON A SPECIFIC LP PROBLEM, PROVIDING A
COMPREHENSIVE STEP-BY-STEP GUIDE TO SOLVE IT GRAPHICALLY, AND EXPLAINS THE UNDERLYING CONCEPTS FOR BETTER
UNDERSTANDING.

UNDERSTANDING THE LP PROBLEM

THE PROBLEM STATEMENT IS AS FOLLOWS:

e MAXIMIZE THE OBJECTIVE FUNCTION: Z = 2%; + 3X,
® SUBJECT TO THE CONSTRAINTS:

o x;+ 2%, < 30

o X;+ X,< 20

0 Xq, X 20

THIS LP PROBLEM AIMS TO FIND THE VALUES OF DECISION VARIABLES X7 AND X, THAT MAXIMIZE THE PROFIT OR OBJECTIVE Z,
WHILE SATISFYING THE GIVEN CONSTRAINTS. THE CONSTRAINTS DEFINE THE FEASIBLE REGION WITHIN THE COORDINATE PLANE
\WHERE SOLUTIONS ARE VALID.

RELEVANCE OF GRAPHICAL SOLUTION METHOD

GRAPHICAL METHODS ARE PARTICULARLY USEFUL WHEN DEALING WITH TWO VARIABLES BECAUSE THEY ALLOW VISUAL
IDENTIFICATION OF THE FEASIBLE REGION AND THE OPTIMAL POINT. THEY ARE IDEAL FOR EDUCATIONAL PURPOSES, INITIAL
PROBLEM ANALYSIS, AND SMALL-SCALE PROBLEMS. ALTHOUGH THEY BECOME IMPRACTICAL FOR PROBLEMS WITH MORE THAN
TWO VARIABLES, UNDERSTANDING THE GRAPHICAL APPROACH LAYS A SOLID FOUNDATION FOR MASTERING MORE COMPLEX LP
TECHNIQUES LIKE THE SIMPLEX METHOD.



STeEP-BY-STEP GUIDE TO SOLVE THE LP GRAPHICALLY

STeP 1: PLoT THE CONSTRAINTS

THE FIRST STEP INVOLVES CONVERTING THE INEQUALITIES INTO EQUATIONS AND PLOTTING THEM ON A GRAPH:

X7+ 2%, < 30

X, + X, <20

For EACH INEQUALITY, REPLACE THE INEQUALITY SIGN WITH AN EQUALITY TO FIND THE BOUNDARY LINES!

1. Xy + 2%, = 30

2. X3+ %,=20

ST1ep 2: DRAW THE BOUNDARY LINES

To PLOT THESE LINES, FIND THEIR INTERCEPTS:

* X, + 2%, =30
o SeT x,=0: 2x,=30 X,=156

o SET X,=0: x,=30

* X+ %X, =20
o SET x,=0: x,=20

o SET X,=0: x,=20

PLOT THESE POINTS ON THE GRAPH AND DRAW STRAIGHT LINES THROUGH THEM:

- For %, + 2%, = 30, connecT poinTs (0,15) anp (30,0).
- For %, + %, = 20, connecT poinTs (0,20) anp (20,0).



STeP 3: IDENTIFY THE FEASIBLE REGION

DETERMINE THE SIDE OF EACH BOUNDARY LINE THAT SATISFIES THE INEQUALITIES:

- For X; + 2%, < 30, pick A TEST POINT (LIkE THE orIGIN (0,0)):
-0+20=0<30 SATISFIES

- SO, THE FEASIBLE SIDE IS THE REGION INCLUDING (O,0) AND BELOW/INSIDE THE LINE.
- For x; + x, < 20:

-0+0=0<20 SATISFIES

- THE FEASIBLE SIDE IS THE REGION INCLUDING (O,0) AND BELOW/INSIDE THE LINE.

SINCE X7 AND X5, ARE NON-NEGATIVE, ONLY THE FIRST QUADRANT IS CONSIDERED.

THE FEASIBLE REGION IS THE INTERSECTION OF ALL THESE INEQUALITIES, WHICH APPEARS AS A POLYGON BOUNDED BY THE AXES
AND THE TWO LINES.

Step 4: FiND THE CorNER PoINTS (VERTICES) OF THE FEASIBLE REGION

VERTICES ARE THE POTENTIAL POINTS WHERE THE OBJECTIVE FUNCTION COULD ACHIEVE ITS MAXIMUM. THESE INCLUDE:

1. Oriain: (0,0)
2. INTERSECTION OF X; + 2%, = 30 AND X; + X, = 20

3. INTERCEPT POINTS WITH AXES: (30,0) anp (0,20)

STEP 5: FIND THE INTERSECTION POINT OF THE CONSTRAINTS

TO FIND THE INTERSECTION OF THE TWO LINES:

- Xyt 2%, =30
-X1+X2=20

SUBTRACT THE SECOND FROM THE FIRST:
(X'| + 2)(2) - (X'I + Xz) = 30 - 20
2X2 - X2 = -|O

X, =10

SUBSTITUTE X,= 10 INTO X; + X,=20:

x,+ 10=20
x;=10

THEREFORE, THE INTERSECTION POINT 1S (X5, X,) = (10, 10).



STeP 6: EVALUATE THE OBJECTIVE FUNCTION AT EACH CORNER POINT

CALCULATE Z = 2X, + 3X, AT EACH VERTEX:

e (0,0):7= 20+ 30=0
e (30,0): Z= 230 + 30 = 40
« (0,20): Z= 20 + 320= 60

* (10,10): Z= 210 + 310= 20+30=50

STeP 7: IDENTIFY THE MAXIMUM Z AND CORRESPONDING SOLUTION

FROM THE CALCULATIONS:
- THE MAXIMUM Z VALUE IS 60, occurring AT (30,0) anp (0,20).
THEREFORE, THE OPTIMAL SOLUTIONS ARE AT THESE TWO POINTS:

- x,=30, X,=0 wITH Z=60
- %,=0, x,=20 wiTH Z=60

ConNcLusIoN: OPTIMAL SOLUTION AND INTERPRETATION

IN THIS LP PROBLEM, THE GRAPHICAL SOLUTION REVEALS THAT THE MAXIMUM VALUE OF THE OBJECTIVE FUNCTION Z=2X;+3X,
IS 60. THE OPTIMAL SOLUTIONS OCCUR AT TWO POINTS ON THE BOUNDARY:

e PoinT 1: (30, 0), WHere X,;=30 AND X,=0

e Point 2: (0, 20), wHere x,=0 AND X,=20

BOTH POINTS SATISFY ALL THE CONSTRAINTS AND PRODUCE THE SAME MAXIMUM OBJECTIVE VALUE, INDICATING A SITUATION
OF MULTIPLE OPTIMAL SOLUTIONS. DECISION-MAKERS CAN CHOOSE EITHER BASED ON OTHER CONSIDERATIONS SUCH AS
RESOURCE AVAILABILITY OR STRATEGIC PREFERENCES.

ADDITIONAL INSIGHTS AND PRACTICAL APPLICATIONS

(UNDERSTANDING HOW TO SOLVE LP PROBLEMS GRAPHICALLY ENABLES MANAGERS, ENGINEERS, AND ANALYSTS TO VISUALIZE
FEASIBLE REGIONS AND ANALYZE TRADE-OFFS EFFECTIVELY. THIS APPROACH IS ESPECIALLY USEFUL IN SCENARIOS SUCH AS:

e PRODUCTION PLANNING WITH TWO PRODUCTS OR RESOURCES



o DIET PROBLEMS WHERE NUTRITIONAL CONSTRAINTS ARE INVOLVED

® TRANSPORTATION AND LOGISTICS OPTIMIZATION WITH TWO ROUTES OR MODES

W/HILE THE GRAPHICAL METHOD IS LIMITED TO PROBLEMS WITH TWO VARIABLES, IT PROVIDES FOUNDATIONAL KNOWLEDGE FOR
MORE ADVANCED TECHNIQUES LIKE THE SIMPLEX METHOD, WHICH HANDLES HIGHER-DIMENSIONAL PROBLEMS EFFICIENTLY.

FINAL REMARKS

LINEAR PROGRAMMING IS AN ESSENTIAL TOOL FOR OPTIMIZING RESOURCE ALLOCATION AND DECISION-MAKING. THE GRAPHICAL
APPROACH, AS DEMONSTRATED IN THIS PROBLEM, OFFERS AN INTUITIVE AND VISUAL WAY TO FIND OPTIMAL SOLUTIONS
QUICKLY. MASTERY OF THIS METHOD ENHANCES ANALYTICAL SKILLS AND PROVIDES A SOLID FOUNDATION FOR TACKLING
COMPLEX OPTIMIZATION PROBLEMS IN VARIOUS INDUSTRIES.

ALWAYS REMEMBER TO VERIFY THE FEASIBILITY OF SOLUTIONS AND CONSIDER MULTIPLE OPTIMAL POINTS WHEN APPLICABLE.
THE GRAPHICAL METHOD NOT ONLY HELPS IN SOLVING PROBLEMS BUT ALSO IN UNDERSTANDING THE STRUCTURE AND NATURE

FREQUENTLY AsSkeD QUESTIONS

WHAT IS THE OBJECTIVE FUNCTION IN THE GIVEN LP PROBLEM?

THE OBJECTIVE FUNCTION IS Z = 2X; + 3X,, WHICH WE AIM TO MAXIMIZE.

\WHAT ARE THE CONSTRAINTS SPECIFIED IN THE LP PROBLEM?

THE CONSTRAINTS ARE: X3 + 2X, < 30 AND X; + X, £ 20, WITH X;, X, > 0.

How DO YOU APPROACH SOLVING THIS LP PROBLEM GRAPHICALLY?

PLOT THE CONSTRAINT LINES ON A GRAPH, IDENTIFY THE FEASIBLE REGION FORMED BY THEIR INTERSECTION, AND THEN FIND THE
POINT WITHIN THIS REGION THAT MAXIMIZES THE OBJECTIVE FUNCTION.

\WHAT ARE THE KEY STEPS TO FIND THE OPTIMAL SOLUTION GRAPHICALLY?

FIRST, PLOT THE CONSTRAINTS, DETERMINE THE FEASIBLE REGION, IDENTIFY CORNER POINTS (VERTICES), EVALUATE THE
OBJECTIVE FUNCTION AT EACH VERTEX, AND SELECT THE POINT WITH THE HIGHEST Z VALUE.

How DO THE CONSTRAINTS AFFECT THE FEASIBLE REGION IN THIS LP PROBLEM?

THE CONSTRAINTS LIMIT THE VALUES OF X7 AND X5, CREATING A FEASIBLE REGION THAT IS THE INTERSECTION OF THE AREAS
SATISFYING ALL INEQUALITIES, WHICH IS TYPICALLY A POLYGON ON THE GRAPH.

\WHAT IS THE SIGNIFICANCE OF THE CORNER POINTS IN SOLVING LP GRAPHICALLY?

ACCORDING TO THE FUNDAMENTAL THEOREM OF LINEAR PROGRAMMING, THE MAXIMUM OR MINIMUM VALUE OF THE OBJECTIVE
FUNCTION OCCURS AT ONE OF THE VERTICES (CORNER POINTS) OF THE FEASIBLE REGION.



CAN THIS LP PROBLEM BE SOLVED ANALYTICALLY, AND HOW DOES THE GRAPHICAL
METHOD COMPARE?

YES, IT CAN BE SOLVED ANALYTICALLY USING METHODS LIKE THE SIMPLEX ALGORITHM. THE GRAPHICAL METHOD PROVIDES A
VISUAL UNDERSTANDING BUT IS PRACTICAL ONLY FOR PROBLEMS WITH TWO VARIABLES, IT COMPLEMENTS ANALYTICAL
SOLUTIONS.

ADDITIONAL RESOURCES

LINEAR PROGRAMMING PROBLEM: GRAPHICAL SOLUTION APPROACH

LINEAR PROGRAMMING (LP) IS A FUNDAMENTAL MATHEMATICAL METHOD USED FOR OPTIMIZING A LINEAR OBJECTIVE FUNCTION,
SUBJECT TO A SET OF LINEAR CONSTRAINTS. |T FINDS WIDESPREAD APPLICATIONS ACROSS INDUSTRIES—RANGING FROM
MANUFACTURING AND LOGISTICS TO FINANCE AND HEALTHCARE— WHERE DECISION-MAKERS AIM TO MAXIMIZE PROFITS OR MINIMIZE
COSTS UNDER RESOURCE LIMITATIONS. THE PROBLEM AT HAND PRESENTS AN EXCELLENT OPPORTUNITY TO EXPLORE THE
GRAPHICAL SOLUTION TECHNIQUE, A VISUAL APPROACH THAT PROVIDES CLEAR INSIGHTS INTO THE FEASIBLE REGION AND THE
OPTIMAL SOLUTION.

UNDERSTANDING THE LP PROBLEM

BEFORE DIVING INTO SOLVING THE PROBLEM GRAPHICALLY, IT’S ESSENTIAL TO UNDERSTAND THE STRUCTURE AND COMPONENTS
OF THE LP MODEL.

PROBLEM STATEMENT

THE LP PROBLEM IS FORMULATED AS FOLLOWS:
- OBJECTIVE FUNCTION: MAXIMIZE Z = 2% + 3X,

- CONSTRAINTS:
1. %+ 2x, < 30
2.%,+%,<20
3. %, X, 20

THIS MEANS WE WANT TO FIND THE NON-NEGATIVE VALUES OF X7 AND X, THAT MAXIMIZE THE OBJECTIVE FUNCTION Z, \WHILE
SATISFYING ALL THE CONSTRAINTS.

V ARIABLES AND CONSTRAINTS

- DECISION V ARIABLES:
- X;: FIRST DECISION VARIABLE (E.G., UNITS OF PRODUCT 1)
- X,: SECOND DECISION VARIABLE (E.G., UNITS OF PRODUCT 2)

- CONSTRAINTS:

- THE FIRST CONSTRAINT LIMITS A COMBINATION OF X; AND X, TO 30.

- THE SECOND CONSTRAINT RESTRICTS THEIR SuUM To 20.

- NON-NEGATIVITY CONSTRAINTS ENSURE SOLUTIONS ARE IN THE FIRST QUADRANT.



GRAPHICAL SoLUTION MeTHOD: STEP-BY-STEP APPROACH

THE GRAPHICAL METHOD IS PARTICULARLY EFFECTIVE FOR PROBLEMS INVOLVING TWO DECISION VARIABLES BECAUSE IT ALLOWS
US TO VISUALIZE THE FEASIBLE REGION AND IDENTIFY THE OPTIMAL SOLUTION GRAPHICALLY.

STEP 1: PLOTTING THE CONSTRAINTS

TO VISUALIZE THE FEASIBLE REGION, PLOT EACH CONSTRAINT LINE ON A COORDINATE SYSTEM WITH X5 ON THE HORIZONTAL
AXIS AND X, ON THE VERTICAL AXIS.

- CoNSTRAINT 1: X, + 2x, < 30

- REWRITE AS X, = (30 - x,)/2
- INTERCEPTS:
-WHEN X, =0, x, =15

- WHeN X, = 0, X, = 30

- CONSTRAINT 2: X; + X, < 20
- REWRITE AS X, = 20 - X,

- INTERCEPTS:

- WHen X, =0, x, = 20

- WHen X, =0, X, = 20

PLOT BOTH LINES ON THE SAME GRAPH:

- DRAW THE LINE X, + 2%, = 30 PAssING THRouaH (0, 15) anp (30,0).
- DRAW THE LINE X5 + X5 = 20 PASSING THROUGH (0,20) anp (20,0).

STEP 2: IDENTIFYING THE FEASIBLE REGION

THE FEASIBLE REGION IS THE SET OF ALL POINTS SATISFYING ALL CONSTRAINTS SIMULTANEOUSLY, INCLUDING NON-NEGATIVITY
CONSTRAINTS (X, > 0, X, > 0). BECAUSE THE INEQUALITIES ARE ‘LESS THAN OR EQUAL TO’ TYPES, THE FEASIBLE REGION LIES
BELOW OR ON THE CONSTRAINT LINES IN THE FIRST QUADRANT.

- SHADE THE REGION BELOW BOTH LINES, BOUNDED BY THE AXES.

THE FEASIBLE REGION W/ILL BE THE INTERSECTION OF:

- THE AREA UNDER THE LINE X; + 2%, = 30

- THE AREA UNDER THE LINE X; + X, = 20

- THE POSITIVE AXES (X2 0, X, > 0)

THIS INTERSECTION FORMS A POLYGON—LIKELY A TRIANGLE OR QUADRILATERAL—THAT CONTAINS ALL FEASIBLE SOLUTIONS.

STeP 3: FINDING THE CORNER POINTS

INLP PROBLEMS, THE OPTIMAL SOLUTION, WHETHER MAXIMUM OR MINIMUM, OCCURS AT A VERTEX (CORNER POINT) OF THE
FEASIBLE REGION.



IDENTIFY THE VERTICES BY CALCULATING:

- INTERCEPTS OF THE CONSTRAINT LINES
- POINTS OF INTERSECTION BETWEEN THE CONSTRAINT LINES
- INTERSECTIONS WITH AXES

CORNERS TO EVALUATE:

1. OriGIN (0,0): BOTH X; AND X, ARE ZERO.

2. POINT ON X;-AXIS WHERE X,=0:

- For x; + 2%, = 30, x,=0 x,=30

- For X, + x, = 20, x,=0 x,=20

- FeasigLe: (20, 0) SINCE IT SATISFIES BOTH CONSTRAINTS.
3. POINT ON X,-AXIS WHERE X,=0:

- For x; + 2%, = 30, x,=0 X,=15

- For X, + x, = 20, x=0 x,=20

- FeasigLe: (0, 15) SINCE IT SATISFIES BOTH CONSTRAINTS.
4. INTERSECTION POINT OF THE TWO LINES:

SOLVE THE SYSTEM:

X, + 2%, = 30
X, + Xy = 20

SUBTRACT THE SECOND FROM THE FIRST:

(X'|+ 2X2)_(X1+X2): 30_ 20
X, =10

PLUG X,=10 INTO X, + X,=20:

x,+ 10=20
x;=10

So, THE INTERSECTION POINT 1S (10,10).
SUMMARY OF CORNER POINTS:

-(0,0)

-(20,0)

-(0,15)
-(10,10)

STeP 4: EVALUATING THE OBJECTIVE FUNCTION AT EACH CORNER

CALCULATE Z = 2%, + 3X, AT EACH VERTEX:

| POINT | X | %o | Z = 2% + 3%, |

|(0,0)|0]0]0]

1(20,0)120|0]220+ 30 =40

1(0,15) |01 15|20+ 315=45]|
| 1

1(10,70)110]110[210+310=20+30=50]|

THE MAXIMUM VALUE OF Z AMONG THESE POINTS IS 50 AT (10,10).



INTERPRETING THE RESULTS

THE GRAPHICAL SOLUTION REVEALS THAT THE OPTIMAL DECISION VARIABLES ARE:

-x,=10
_X2=-]O

WITH AN OBJECTIVE FUNCTION VALUE:
-72=50

THIS INDICATES THAT PRODUCING 10 UNITS oF PRODUCT 1 AND 10 UNITS OF PRODUCT 2 MAXIMIZES THE PROFIT OR
OBJECTIVE MEASURE, GIVEN THE CONSTRAINTS.

Key INSIGHTS AND ANALYTICAL REFLECTION

THE GRAPHICAL SOLUTION OFFERS SEVERAL BENEFITS:

- VISUALIZATION: |IT PROVIDES AN IMMEDIATE VISUAL UNDERSTANDING OF FEASIBLE SOLUTIONS AND THE IMPACT OF
CONSTRAINTS.

- IDENTIFICATION OF THE OPTIMAL POINT: THE INTERSECTION POINTS (VERTICES) ARE CRITICAL BECAUSE LP SOLUTIONS occur
AT THESE POINTS.

- CONSTRAINT INTERACTIONS: THE GRAPHICAL METHOD CLEARLY SHOWS HOW CONSTRAINTS INTERSECT AND RESTRICT THE
FEASIBLE REGION.

HO\X/EVER, THE APPROACH ALSO HAS LIMITATIONS!

- SCALABILITY: |T BECOMES IMPRACTICAL WITH MORE THAN TWO VARIABLES.
- PRECISION: SLIGHT INACCURACIES IN PLOTTING CAN LEAD TO ERRORS, THOUGH MODERN GRAPHING TOOLS MITIGATE THIS.

ConcrLusioN: THE POWER oF GRAPHICAL SOLUTIONS IN LP

THE PROBLEM EXEMPLIFIES HOW THE GRAPHICAL METHOD EFFECTIVELY SOLVES SIMPLE LP MODELS, PROVIDING CLARITY AND
INSIGHTFUL UNDERSTANDING OF THE SOLUTION LANDSCAPE. BY PLOTTING CONSTRAINTS, IDENTIFYING THE FEASIBLE REGION,
EVALUATING CORNER POINTS, AND SELECTING THE MAXIMUM (OR MINIMUM), DECISION-MAKERS CAN INTUITIVELY GRASP THE

EFFECTS OF RESOURCE LIMITATIONS AND CONSTRAINTS ON OPTIMAL SOLUTIONS.

W/HILE GRAPHICAL TECHNIQUES ARE INVALUABLE FOR SMALL PROBLEMS, LARGER AND MORE COMPLEX LP MODELS REQUIRE
ALGEBRAIC OR COMPUTATIONAL METHODS LIKE THE SIMPLEX ALGORITHM. NONETHELESSI MASTERING THE GRAPHICAL APPROACH
REMAINS A FOUNDATIONAL SKILL, ENRICHING ONE’S UNDERSTANDING OF LINEAR OPTIMIZATION PRINCIPLES AND FOSTERING BETTER
DECISION-MAKING IN PRACTICAL SCENARIOS.

IN ESSENCE, THE GRAPHICAL SOLUTION NOT ONLY SOLVES THE PROBLEM BUT ALSO ILLUMINATES THE INTERPLAY BET\WEEN
CONSTRAINTS AND OBJECTIVES—A VITAL PERSPECTIVE FOR EFFECTIVE RESOURCE MANAGEMENT AND STRATEGIC PLANNING.
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