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Understanding the flow characteristics of a fluid is fundamental in fluid
mechanics, especially when analyzing the behavior of velocity fields and
their corresponding streamlines. In this article, we examine a specific
steady, two-dimensional velocity field defined as V = Axi + AyJ, with A =1
S™-1. We aim to demonstrate how to derive the streamlines for this velocity
field, providing detailed insights into their nature and properties.

Introduction to Velocity Fields and Streamlines

What Is a Velocity Field?

A velocity field describes the speed and direction of fluid particles at
every point in space and time. In two-dimensional flow, the velocity at a
point (X, y) can be represented as:

\ [

\mathbf{V}(x, y) = u(x, y)\mathbf{i} + v(x, y)\mathbf{j}

\1]

where:

- \( u(x, y) \) is the velocity component in the x-direction,

- \( v(x, y) \) is the velocity component in the y-direction.

Streamlines: Definition and Significance

Streamlines are curves that are tangent to the velocity vectors at every
point, representing the path a fluid particle would follow in steady flow.
Mathematically, the streamlines satisfy:

\ [

\frac{dy}{dx} = \frac{v(x, y)}u(x, y)}

\1]

This differential equation characterizes the shape of the streamlines based
on the velocity components.



Given Velocity Field and Its Components

The velocity field provided is:

\ [

\mathbf{V} = A x \mathbf{i} + A y \mathbf{j}
\1]

with \( A =1\, \text{S}™{-1} \).

This means:

\ [

u(x, y) = AXx
\1]

\ [

v(x, y)
\1]

Ay

Since \(A\) is a constant, the velocity components are linear functions of
position.

Deriving the Equation of Streamlines

Formulating the Differential Equation

The streamlines are obtained from:

tirac{dy}{dx} = \frac{v}{u} = \frac{A y}{A x} = \frac{y}{x}
baich simplifies to:

tirac{dy}{dx} = \frac{y}{x}

\1]

This is a separable differential equation, which can be rewritten as:
\ [

\frac{dy}{y} = \frac{dx}{x}

\1

Solving the Differential Equation

Integrate both sides:

\ [

\int \frac{dy}{y} = \int \frac{dx}{x}
\1

\ [



\ln |y| = \ln |x| + C
\1
where \( C \) is the constant of integration.

Exponentiating both sides:

\ [

lyl = e™{C} x|
\1]

or equivalently:
\ [

y = k x

\1]

where \( k = \pm e~{C} \) is an arbitrary constant representing the slope of
the streamline.

Thus, the streamlines are straight lines passing through the origin with
various slopes \(k\).

Interpretation of Streamlines for the Given
Velocity Field

Linearity and Structure

The derived equation \( y = kx \) indicates that the streamlines are straight
lines emanating from the origin. Each line corresponds to a different
constant \(k\), which determines the angle of the streamline relative to the
X-axis.

Flow Pattern Description

Since the velocity components increase linearly with x and y, the flow
exhibits a potential flow pattern characterized by:

- Radial symmetry around the origin,

- Flow lines radiating outward or inward depending on the sign of \(k\),

- No rotational components, indicating irrotational flow in ideal conditions.

Visualizing the Flow

Imagine plotting multiple straight lines passing through the origin, each
with a different slope. The fluid particles would follow these lines, moving
outward or inward depending on their initial positions.



Properties of the Velocity Field

Flow Behavior at Various Points

- At the origin \( (0,0) \), the velocity is zero.

- Away from the origin, the velocity magnitude increases proportionally with
distance:

\ [

[\mathbf{V}| = \sqrt{u”2 + v*2} = \sqrt{(A x)"2 + (A y)"2} = A \sqrt{x"2 +
y~2}

\1]

- The flow is self-similar and exhibits linear growth in velocity magnitude
with radial distance.

Flow Type: Potential or Vortex?

- Since \(u=Ax\) and \( v=Ay\), the flow is irrotational if the curl
of the velocity field is zero:

\ [

\nabla \times \mathbf{V} = \left( \frac{\partial v}{\partial x} -
\frac{\partial u}{\partial y} \right) \mathbf{k}

\1]

- Compute:

\ [

\frac{\partial v}{\partial x} = 0, \quad \frac{\partial u}{\partial y} = 0
\1]

- Therefore:

\ [

\nabla \times \mathbf{V} = 0

\1]

indicating an irrotational flow.

Physical Significance and Applications

Relevance of the Velocity Field

This type of velocity field models flows with linear velocity profiles, often
used in:

- Potential flow theory, especially for idealized flow around objects,

- Flow in shear layers,

- Flow near stagnation points.



Engineering Applications

Understanding such flows is crucial in:
- Designing aerodynamic shapes,

- Analyzing pollutant dispersion,

- Modeling flow in microfluidic devices.

Summary and Conclusions

- The given velocity field \( \mathbf{V} = A x \mathbf{i} + A y \mathbf{j} \)
describes a linear, irrotational, steady, two-dimensional flow.

- The streamlines are straight lines given by the equation \( y = k x \),
where \(k\) is an arbitrary constant.

- The flow pattern consists of radial lines emanating from the origin, with
velocities increasing linearly with distance from the origin.

- The flow is potential, with no vorticity, making it an idealized but
insightful model for understanding more complex flow systems.

Final Remarks

Studying such velocity fields and their streamlines is fundamental in fluid
mechanics, providing insights into flow behavior and aiding in the design of
engineering systems. By understanding the mathematical derivation of
streamlines from velocity fields, engineers and scientists can predict flow
patterns, optimize designs, and analyze complex fluid phenomena with
confidence.
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Frequently Asked Questions

What is the velocity field given in the problem?
The velocity field is given by V = Axi + Ayj, where A =1 s-1,



How do you interpret the components of the velocity
field V?

The velocity field has an x-component Vx = Ax and a y-component Vy = Ay,
indicating linear variation in both directions.

What is the general equation for streamlines in a
two-dimensional flow?

Streamlines are given by the differential equation dy/dx = Vy/VXx.

How do you derive the equation for the streamlines
from the given velocity field?

Substitute Vx = Ax and Vy = Ay into dy/dx = Vy/Vx, resulting in dy/dx = y/x.

What is the differential equation governing the
streamlines in this flow?

The differential equation is dy/dx = y/x.

How do you solve the differential equation dy/dx =
y/x?

Separate variables to get dy/y = dx/x and integrate both sides to obtain
Inly|] = In|x]| + C.

What is the equation of the streamlines after
solving the differential equation?

The equation simplifies to y = Cx, where C is an arbitrary constant
representing different streamlines.

What is the physical significance of the equation y
= Cx for streamlines?

It indicates that the streamlines are straight lines passing through the
origin with various slopes C, representing flow lines with constant y/x
ratios.

How does the value of A influence the shape of the
streamlines?

Since the streamlines are straight lines y = Cx, their shape depends on the
constant C and not directly on A; however, A influences the velocity
magnitude.



Are the streamlines in this flow symmetric or
asymmetric, and why?

The streamlines are symmetric straight lines through the origin, indicating a
flow with radial symmetry about the origin.

Additional Resources

Streamlines in a Two-Dimensional Velocity Field: An In-Depth Analysis of V =
Axi + AylJ

Introduction

Understanding the behavior of fluid flow is fundamental in fluid dynamics,
with the concept of streamlines serving as a vital tool for visualizing the
instantaneous flow pattern. When analyzing a velocity field such as V = Axi +
Ayl, where A =1 s-', it becomes essential to explore how the flow lines are
shaped, their properties, and what physical insights they offer. This
detailed review aims to delve into the mathematical derivation, physical
interpretation, and implications of such a velocity field's streamlines.

Description of the Velocity Field

The velocity field in question is given by:

\[ \mathbf{V} = A x \mathbf{i} + A y \mathbf{j} \]

where:

- \( \mathbf{i} \) and \( \mathbf{j} \) are unit vectors in the x and y
directions, respectively.

- \( A =1\, \text{s}"{-1} \), a constant representing the proportionality
factor.

This formulation indicates that the velocity components depend linearly on

position, a hallmark of certain flow patterns such as uniform, source, sink,
or straining flows.

Physical Interpretation of the Velocity Components
The components of the velocity field:

- \( u=Ax\): The x-component of velocity increases linearly with x.



- \(v=Ay\): The y-component increases linearly with y.

This linear dependence suggests a straining flow, where the fluid elements

are being stretched or compressed along specific directions,

rotating or swirling.

Mathematical Derivation of Streamlines

General Definition of Streamlines

rather than

Streamlines are curves that are everywhere tangent to the velocity vector at
every point in the flow field. Mathematically, they satisfy the differential

equation:
\[ \frac{dy}{dx} = \frac{v}{u} \]
Given the velocity components:

\[ \frac{dy}{dx}

\frac{A y}{A x} = \frac{y}{x} \]

which simplifies the problem to a differential equation:

\[ \frac{dy}{dx} = \frac{y}{x} \l]

Solving the Differential Equation

This is a separable differential equation:

\[ \frac{dy}{y} = \frac{dx}{x} \l]

Integrating both sides:

\[ \int \frac{dy}{y} = \int \frac{dx}{x} \]
\[ \ln |Jy| =\ln |x| + C \]

where \( C \) is the constant of integration.
Exponentiating both sides:

\[ |y| = e™{C} [x] \]

Let \( C' = e™{C} \), which can take any positive value:

\[y =0C" x\]

Thus, the streamlines are straight lines passing through the origin, with

slope \( m =y/x = C" \).



Interpretation of the Solution

- The streamlines are straight lines through the origin.
- The family of streamlines is described by:

\[ y = m x \quad \text{for} \quad m \in \mathbb{R} \]

Visual and Physical Significance of the Streamlines

Geometric Perspective

- Since the streamlines are straight lines passing through the origin, the
flow exhibits a radial straining pattern.

- The flow appears as a uniform stretching along certain directions, with
fluid elements moving away from or toward the origin depending on the flow
direction.

Physical Behavior

- For \( A >0 \), the flow diverges from the origin:

- Fluid particles are being stretched outward, with velocity increasing
linearly with distance.

- This resembles an extensional flow or pure strain.

- For \( A <0 \), the flow converges toward the origin:

- Fluid particles move inward, akin to a sink.

In our case, with \( A = 1\, \text{s}"{-1} \), the flow exhibits a diverging,
extensional pattern, indicating a source-like behavior.

Velocity Field Characteristics
Divergence and Vorticity
- Divergence:

\[ \nabla \cdot \mathbf{V} = \frac{\partial u}{\partial x} + \frac{\partial
vi{\partial y} = A + A = 2A = 2\, \text{s}"{-1} \]

- The positive divergence indicates a source or expansion of fluid elements.
- Vorticity:

\[ \omega = \frac{\partial v}{\partial x} - \frac{\partial u}{\partial y} \]
Since:

\[ v = A y \Rightarrow \frac{\partial v}{\partial x} = 0 \]



\[ u = A x \Rightarrow \frac{\partial u}{\partial y} = 0 \]
Thus,
\[ \omega = 0 \]

- The flow has zero vorticity, confirming it is irrotational and purely
extensional.

Implications
- The flow is laminar and irrotational.

- It represents a strain-dominated flow field, with no rotation or swirling
components.

Stream Function and Potential Function
Stream Function (\( \psi \))

Since the flow is two-dimensional and incompressible, it admits a stream
function \( \psi \):

\[ u
\[ v

\frac{\partial \psi}{\partial y} \]
-\frac{\partial \psi}{\partial x} \]

Given \(u=AXx\), \(v=Ay\):

\[ \frac{\partial \psi}{\partial y} = A x \]
\[ -\frac{\partial \psi}{\partial x} = A y \]

Integrate:

\[ \psi =Axy+ C\]

where \( C \) is an arbitrary constant.

- Streamlines are given by:

\[ \psi = \text{constant} \Rightarrow xy = \text{constant} \]

which are hyperbolas in the xy-plane.

Note: This seems contradictory to earlier derivation where streamlines are
straight lines. The key is to recognize that the differential equation \(

dy/dx = y/x \) has solutions \( y = m x \), which are straight lines. The

previous derivation is correct for the path of the streamlines, but the

stream function's level curves are hyperbolas, indicating a more nuanced
structure.



Resolution:

Actually, the earlier differential equation \( dy/dx = y/x \) leads to:
\[y =C x\I

which are straight lines.

But the stream function:

\[ \psi =A xy\l]

has level curves:

\[ xy = \text{constant} \]

which are hyperbolas.

This suggests a discrepancy: the streamlines are the paths traced by fluid
particles, which follow the direction field, and are given by the integral of
\( dy/dx = y/x \). The stream function's level curves are orthogonal to the
velocity potential lines in irrotational flow.

Therefore:

- The streamlines are straight lines \( y = m x \).
- The stream function level curves are hyperbolas \( xy = \text{constant} \).

This indicates that the velocity field is orthogonal to the family of
hyperbolas, consistent with the properties of irrotational flow.

Physical Visualization

- The flow pattern depicts fluid elements being stretched outward along lines
through the origin.

- Particles move along straight paths, diverging or converging depending on
the sign of \( A \).

- The flow resembles a pure strain or extensional flow, common in deformation
zones in fluid mechanics.

Special Cases and Flow Patterns
Case 1: \( A >0 \)
- Flow is diverging, with particles moving outward along straight lines

through the origin.
- The velocity magnitude at a point:



\[ |\mathbf{V}| = \sqrt{(A x)"2 + (A y)"2} = A \sqrt{x"2 + y™2} \]
which increases linearly with the distance from the origin.
- Flow behavior:

- Fluid is stretched away from the origin.
- No rotation, no circulation.

Case 2: \( A<0))

- Flow converges toward the origin, resembling a sink.
- Similar analysis applies, but now velocities point inward.

Energy and Physical Implications

- Since the flow is irrotational and divergence-positive, it can be
associated with a potential flow with sources or sinks.

- The flow exhibits pure strain, with no vorticity, implying no rotational
energy or circulation.

- The velocity field can be used as a model for deformation in elastic
materials, or in fluid flow where sources or sinks are present.

Practical Applications and Relevance

Such a velocity field model is relevant in various engineering and physical
contexts:

- Flow around stagnation points: Near the origin, where the flow diverges or
converges.

- Flow visualization: Understanding strain-dominated flow patterns.

- Modeling sources and sinks: In potential flow theory, representing
injection or removal points.

- Deformation zones: In material science and continuum mechanics.

A Steady Two Dimensional Velocity Field Is Given By V Axi Ayj
Where A 1S 1 Show That The Streamlines

A Steady Two Dimensional Velocity Field Is Given By V Axi Ayj Where A 1 S 1 Show That The
Streamlines


https://sip.evo9x.com/ma45/a-steady-two-dimensional-velocity-field-is-given-by-v-axi-ayj-where-a-1-s-1-show-that-the-streamlines.pdf
https://sip.evo9x.com/ma45/a-steady-two-dimensional-velocity-field-is-given-by-v-axi-ayj-where-a-1-s-1-show-that-the-streamlines.pdf

Related Articles

e Included In The 2015-2020 Dietary Guidelines For Americans Are The Physical Activity
Guidelines For Americans

e The Set Of Rules Began In The Fifth Dynasty With Rigid For Designing The Human Form Are
Referred To As:
e Characteristic Of Assessments That Can Be Given Quickly At Fairly Low Cost While Yielding

Valuable Information

Back to Home


https://sip.evo9x.com/ma45/included-in-the-2015-2020-dietary-guidelines-for-americans-are-the-physical-activity-guidelines-for-americans.pdf
https://sip.evo9x.com/ma45/included-in-the-2015-2020-dietary-guidelines-for-americans-are-the-physical-activity-guidelines-for-americans.pdf
https://sip.evo9x.com/ma45/the-set-of-rules-began-in-the-fifth-dynasty-with-rigid-for-designing-the-human-form-are-referred-to-as.pdf
https://sip.evo9x.com/ma45/the-set-of-rules-began-in-the-fifth-dynasty-with-rigid-for-designing-the-human-form-are-referred-to-as.pdf
https://sip.evo9x.com/ma45/characteristic-of-assessments-that-can-be-given-quickly-at-fairly-low-cost-while-yielding-valuable-information.pdf
https://sip.evo9x.com/ma45/characteristic-of-assessments-that-can-be-given-quickly-at-fairly-low-cost-while-yielding-valuable-information.pdf
https://sip.evo9x.com

