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Understanding the behavior of submerged surfaces in fluids is fundamental in fluid mechanics and
engineering applications. When a vertical plate with a specific shape is submerged in water,
calculating the hydrostatic forces acting on it becomes essential for designing structures, assessing
stability, and analyzing fluid-structure interactions. Approximating the hydrostatic pressure
distribution and the resultant force on such a plate involves applying principles of hydrostatics,
geometry, and integration. In this article, we will explore comprehensive methods to approximate
the hydrostatic forces on a vertically submerged plate of arbitrary shape, providing practical insights
and step-by-step procedures for engineers and students alike.

Fundamentals of Hydrostatic Pressure and Force

Before delving into approximation methods, it's crucial to grasp the basic concepts of hydrostatic
pressure and the resulting force on submerged surfaces.

Hydrostatic Pressure Distribution

- Definition: Hydrostatic pressure at a point within a fluid is the pressure exerted by the fluid at that
point due to its weight.
- Mathematically: \( p = \rho g h'\)
-\(p \): pressure at depth \( h'\)
\(\rho \): density of water (approximately 1000 kg/m3)
-\( g \): acceleration due to gravity (~9.81 m/s?)
\( h\): vertical depth below the free surface

- Distribution: Pressure increases linearly with depth, starting from zero at the free surface
(assuming atmospheric pressure is neglected or included as a constant).

Hydrostatic Force on a Surface

- The total force exerted by water on a submerged surface is the integral of pressure over that
surface.

- For simple geometries like rectangles or triangles, analytical formulas are available.

- For complex shapes, approximation techniques or numerical integration are employed.



Approximating Hydrostatic Forces on a Vertical Plate of
Arbitrary Shape

When dealing with an arbitrary-shaped vertical plate submerged in water, exact analytical solutions
might be challenging due to the irregular shape. Instead, engineers often rely on approximation
techniques to estimate the hydrostatic force and the point of application (center of pressure).

Step 1: Divide the Surface Into Smaller Elements

- Discretization: Break down the complex shape into smaller, manageable elements (e.g., strips or
segments) where the pressure can be considered uniform.

- Methods:

- Use geometric subdivision, such as horizontal strips or vertical slices.

- Each element's width and height are determined based on the shape's geometry.

Step 2: Determine the Depth and Pressure at Each Element

- For each element:
- Calculate its centroid's depth \( h i\) from the free water surface.
- Compute the hydrostatic pressure \(p i =\rhogh i\).

Step 3: Calculate the Force on Each Element

- The force \( dF i\) on each element is:
\[

dF i=p i\timesdA i

\]

where:

-\(dA i) is the area of the element.
- For a strip of width \( w i\) and height \(h i\), \( dA i = w i \times dh ).

- The direction of force is perpendicular to the surface, acting inward.

Step 4: Sum the Forces to Obtain Total Hydrostatic Force



- Total force:

\[
F {total} =\sum {i} dF i
\]

- For continuous shapes, replace summation with integration:

\[
F {total} =\int {h {bottom}}~{h {top}} \rho g h \times w(h)\, dh
\]

where \( w(h) \) is the width of the plate at depth \( h \).

Calculating the Center of Pressure

The point where the resultant hydrostatic force acts is known as the center of pressure. It generally
lies below the centroid of the surface due to the pressure distribution.

Approximate Location of the Center of Pressure

- For simple shapes like rectangles, the center of pressure is located at a depth:

\[
h {cp} =\frac{l {G} +h {c}"2}{h {c}}
\]

where:

-\(h_{c} \): depth to the centroid of the surface.
-\(I {G}\): second moment of area about the horizontal axis.

- For irregular shapes, approximate the depth \( h {cp}\) by:

1. Calculating the moments of the pressure distribution about the water surface.
2. Dividing the first moment by the total force:

\[
h {cp} = \frac{\int h\, dF}{F {total}}
\]



Practical Techniques and Tips for Approximation

To simplify the process, engineers can employ several practical techniques:

Graphical Methods

- Sketch the shape and divide it into horizontal strips.
- Calculate forces on each strip based on the depth.
- Sum forces and moments graphically to estimate the total force and center of pressure.

Using Software Tools

- CAD and simulation software can discretize complex shapes and perform numerical integration.
- Finite Element Analysis (FEA) can provide highly accurate force distributions.

Approximate Formulas for Common Shapes

- Rectangular plates: Force = \(\frac{1}{2} \times \text{pressure at top} + \text{pressure at
bottom} \) multiplied by area.
- Triangular plates: Use centroid location and similar integration techniques.

Example: Approximating Hydrostatic Force on a
Trapezoidal Vertical Plate

Given Data:

- Top width \( w_{top} = 2\,m )

- Bottom width \( w_{bottom} = 4\,m )
- Height \( H = 3\,m\)

- Water surface at the top of the plate

Step-by-Step Approach:

1. Discretize the shape into horizontal strips of small height \( dh \).

2. Calculate the width \( w(h) \) at each depth:

\[

w(h) =w_{top} + \left( \frac{w_{bottom} - w {top}}{H} \right) \times h
\]

3. Determine the pressure at each depth:



\[
pth) =\rhogh
\]

4. Compute differential force:

\[
dF = p(h) \times w(h) \times dh
\]

5. Integrate from 0 to H:

\[
F {total} =\int {0}~ {H} \rho g h \times w(h) \, dh
\]

6. Estimate the center of pressure:

\[
h {cp} = \frac{\int {0}~{H} h \times dF}{F_{total}}
\]

This example demonstrates how to systematically approximate the hydrostatic force and its point of
action for a non-uniform, complex-shaped surface.

Conclusion

Approximating the hydrostatic force on a vertically submerged plate of arbitrary shape is a vital skill
in fluid mechanics, enabling engineers to assess structural loads accurately. The process hinges on
discretizing the surface, calculating pressure at various depths, and summing or integrating these
effects. Although exact solutions may be difficult for irregular shapes, the outlined approximation
techniques—discretization, graphical methods, and numerical integration—offer practical and
reliable means to estimate hydrostatic forces effectively. Understanding and applying these methods
ensures safer and more efficient design of hydraulic structures, retaining walls, and submerged
components across civil, mechanical, and marine engineering disciplines.

Keywords: hydrostatic force, vertical submerged plate, water pressure, pressure distribution, force
approximation, center of pressure, fluid mechanics, structural analysis

Frequently Asked Questions



What is the primary method to approximate hydrostatic
pressure on a vertically submerged plate with an irregular
shape?

The primary method involves dividing the plate into smaller, manageable sections, calculating the
hydrostatic pressure at each section based on depth, and then summing these pressures to
approximate the total force and the center of pressure.

How does the shape of a vertical plate affect the
approximation of hydrostatic forces?

The shape determines how the area is distributed at different depths, influencing pressure
distribution. Irregular shapes require segmenting the plate and applying pressure calculations to
each segment, considering their varying depths to accurately approximate hydrostatic forces.

What are common simplifications made when approximating
hydrostatic forces on a complex-shaped plate?

Common simplifications include assuming uniform pressure over small segments, approximating
irregular shapes with standard geometric figures, and neglecting minor variations in fluid height for
segments with similar depths to make calculations manageable.

How can the use of centroid and moment of inertia assist in
approximating hydrostatic pressure on a vertical plate?

Using the centroid helps locate the average depth where the resultant force acts, while the moment
of inertia assists in understanding the pressure distribution across the shape, enabling more
accurate approximation of hydrostatic forces and their points of action.

What role does the concept of the center of pressure play in
approximating hydrostatic forces on a submerged plate?

The center of pressure indicates the point where the total hydrostatic force acts, accounting for
pressure variation with depth. Approximating this location helps in designing supports and
understanding the load distribution on the plate.

Can computational methods improve the approximation of
hydrostatic forces on complex shapes, and how?

Yes, computational methods like finite element analysis or numerical integration allow for detailed
modeling of irregular shapes, providing more precise estimates of pressure distribution, total force,
and center of pressure by dividing the shape into many small elements.

What are the key steps to approximate hydrostatic forces on



an irregularly shaped vertical plate submerged in water?

Key steps include: (1) dividing the plate into smaller sections, (2) calculating the hydrostatic
pressure at each section based on its depth, (3) multiplying the pressure by the area of each section
to find individual forces, (4) summing these forces for total force, and (5) determining the combined
center of pressure from these distributions.

Additional Resources

Hydrostatic Approximation for a Vertical Plate Submerged in Water: A Comprehensive Guide

Understanding the behavior of submerged surfaces in a fluid, especially in water, is fundamental in
fluid mechanics and engineering applications. When a vertical plate is submerged, calculating the
hydrostatic forces acting upon it is crucial for structural design, stability analysis, and fluid-structure
interaction studies. This detailed review explores how to approximate the hydrostatic forces on a
vertically submerged plate with an indicated shape, emphasizing methodologies, assumptions, and
practical steps involved.

Introduction to Hydrostatic Forces on Submerged
Surfaces

Hydrostatic forces arise due to the weight of the fluid exerted on submerged surfaces. These forces
depend on:

- The shape and orientation of the surface.
- The depth of the surface below the free surface.

- The fluid properties, primarily density (p) and gravity (g).

For a vertical plate, the hydrostatic pressure distribution varies linearly with depth, increasing from
zero at the free surface to a maximum at the bottom.

Fundamentals of Hydrostatic Pressure

Hydrostatic Pressure Distribution

In a static, incompressible, and non-viscous fluid like water, the pressure at a depth \( h \) below the
free surface is given by:



\[
p =p {atm} +\rhogh
\]
where:
-\(p_{atm} \) is atmospheric pressure (often taken as zero gauge pressure),
-\(\rho ) is the density of water (~1000 kg/m?3),
-\( g ) is acceleration due to gravity (~9.81 m/s?),
\( h\) is the depth below the free surface.

For most hydrostatic calculations, gauge pressure is used, neglecting atmospheric pressure unless
specified.

Implication for a Vertical Plate

- The pressure increases linearly with depth.

- The force on the surface can be computed by integrating pressure over the surface area.

- The resultant force acts at a specific point called the center of pressure, which is generally below
the centroid of the submerged area.

Expressing the Shape of the Plate

The shape of the plate significantly influences the approximation process. Typical shapes include:
- Rectangular or trapezoidal plates.
- Curved or irregular plates.

- Plates with variable widths or sloped surfaces.

The shape is often defined by a boundary curve or boundary points indicating the profile.

Indicated Shape and Its Representation

Suppose the shape is specified as a curve \(y = y(x) \) or \( x = x(y) \), where:

-\(y\) is the vertical coordinate, measured from the free surface downward.
- The surface extends from a certain top point \( y_{top} \) to a bottom point \(y_{bottom} \).

For simplicity, the shape can be approximated using:

- Discrete segments with known dimensions.
- Mathematical functions describing the boundary.



Approximating Hydrostatic Forces: Step-by-Step
Methodology

The approximation involves integrating the pressure distribution over the submerged surface to find
the total force and its point of action.

1. Establish the Geometry and Coordinates

- Define a coordinate system with the origin at the free surface or at a convenient reference point.
- Identify the limits of integration based on the shape's geometry.

2. Determine the Surface Area Element

Depending on the shape:

- For a vertical plate with a known profile \( y = y(x) \):
\[

dA = w(x) dx

\]

where \( w(x) \) is the width of the plate at position \( x ).

- For a curved surface, the differential surface area may involve arc length calculations.

3. Express Hydrostatic Pressure as a Function of Depth

Since pressure varies linearly with depth:

\[
p(y) =\rhogy
\]

assuming zero gauge pressure at the free surface.

4. Calculate Differential Force

The differential hydrostatic force \( dF \) on an infinitesimal element is:

\[
dF = p(y) \ dA
\]



For a vertical plate, this becomes:

\[
dF =\rhogy)\, w(y) dy
\]

where \( w(y) \) is the width at depth \( y ).

5. Integrate to Find Total Force

Total hydrostatic force:

\[
F =\int {y {top}}~{y {bottom}} \rho gy\ w(y) dy
\]

This integral sums the pressure contributions across the entire submerged surface.

6. Determine the Center of Pressure

The point where the resultant hydrostatic force acts is given by:

\
h_{cp} = \frac{\int y \, p(y) \, dA}{\int p(y) \, dA}
\

which simplifies to:

\[

h {cp} = \frac{\int {y {top}}~{y {bottom}} y\, \rho gy\, w(y) dy}{\int {y {top}}~{y {bottom}}
\rho gy\, w(y) dy}

\]

or equivalently:

\[

h {cp} = \frac{\int_{y {top}}~{y {bottom}} y~2 w(y) dy}{\int {y _{top}}~{y_{bottom}} y w(y)
dy}

\]

This calculation provides the vertical location of the resultant force.



Approximation Techniques for Complex Shapes

When the shape is irregular or complicated, direct integration may be impractical. Several
approximation techniques are employed:

1. Discrete Segment Method

- Divide the surface into several small segments.
- Approximate each segment's area and average depth.
- Sum the forces:

\[
F\approx \sum {i=1}"{n}\rhogy iAi
\]

- Calculate the force for each segment and sum to find total force.
- Approximate the center of pressure using weighted averages.

2. Use of Mean or Centroidal Depth

- Estimate the average depth \(y {avg} \) based on the shape.
- Compute force as:

\[
F\approx \rho gy {avg} A {total}
\]

- The center of pressure is then approximated at a depth greater than \(y {avg}\).

3. Shape Approximation with Standard Geometries

- Approximate irregular shapes with simple geometric figures such as rectangles, trapezoids, or
triangles.
- Use known formulas for these shapes to estimate forces and centers of pressure.

4. Empirical or Graphical Methods

- Use hydrostatic pressure charts or graphical methods to estimate forces for complex shapes.
- These are useful for preliminary design or when precise data is unavailable.



Practical Considerations and Assumptions

In approximating hydrostatic forces, several assumptions are typically made:

- The fluid is at rest (static condition).

- The surface is vertical or nearly vertical.

- The shape is rigid and does not deform under pressure.

- The pressure distribution is linear with depth.

- Surface tension effects are negligible.

- Atmospheric pressure is constant and either included or omitted as appropriate.

Recognizing these assumptions helps in understanding the limits of approximation accuracy.

Applications and Examples

Example 1: Rectangular Vertical Plate

Suppose a rectangular plate of width \( W) and height \( H ) is submerged with the top edge at the
water surface.

- The total force:

\[
F =\frac{1}{2} \rhog H"2 W
\]

- The center of pressure:
\[

h {cp} = \frac{H}{3}
\]

indicating the force acts at one-third from the bottom of the submerged height.

Example 2: Trapezoidal Plate

For a plate with top width \( W _t\), bottom width \( W _b\), and height \( H \):
- Approximate the average width:

\[
W {avg} = \frac{W t + W b}{2}



\]

- Total force:

\[
F \approx \rho g \frac{H"2}{2} W {avg}
\]

- Center of pressure:

\[
h {cp} \approx \frac{H}{3} \text{ (assuming uniform width approximation)}
\]

More detailed integration may be necessary for precise results.

Conclusion and Summary

Approximating the hydrostatic force on a vertically submerged plate with an indicated shape
involves a systematic approach combining geometric analysis, pressure distribution understanding,
and integral calculus. The key steps include:

- Accurately defining the shape and coordinates.

- Expressing the pressure as a function of depth.

- Integrating the pressure times the differential area over the submerged surface.
- Determining the center of pressure for force application.

For complex or irregular shapes, approximation methods such as segmenting the surface, using
simple geometric shapes, or graphical techniques are invaluable. Always remember to validate
approximations with more detailed calculations when high accuracy is required.

This comprehensive understanding enables engineers and designers to evaluate hydrostatic forces

effectively, ensuring structural safety and optimal performance of submerged surfaces in water-
related applications.
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