ConsIDER THE FoLLOWING VECTORS INRS: A =
(0,1,2,2,0), A2=(1,1,4,0,0), A3=(1,2,6,2,1), A4 =
(_ -I 1212161_ -I )I

Consiper THe FoLLowING VECTORrs INRS: A =(0,1,2,2,0), A2=(1,1,4,0,0), A3=(1,2,6,2,1), A4 =
(-1,2,2,6,-1), AS THE STARTING POINT FOR OUR EXPLORATION INTO VECTOR SPACES, LINEAR INDEPENDENCE, SPAN, BASIS,
AND OTHER FUNDAMENTAL CONCEPTS IN LINEAR ALGEBRA WITHIN THE FIVE-DIMENSIONAL REAL COORDINATE SPACE, R5.
UNDERSTANDING THESE VECTORS PROVIDES INSIGHT INTO THEIR RELATIONSHIPS, THE STRUCTURE THEY FORM, AND THE

PROPERTIES THAT DETERMINE THEIR USEFULNESS IN SOLVING SYSTEMS OF EQUATIONS, TRANSFORMING SPACES, AND MORE.

INTRODUCTION TO VECTORS INRS

VECTORS ARE FUNDAMENTAL OBJECTS IN LINEAR ALGEBRA REPRESENTING QUANTITIES THAT POSSESS BOTH MAGNITUDE AND
DIRECTION. INRS, VECTORS ARE ORDERED 5-TUPLES OF REAL NUMBERS. THE GIVEN VECTORS:

A=(0,1,2,2,0)

A2=(1,1,4,0,0)

A3=(1,2,6,2,1)

Ad=(-1,2,2,6,-1)

ARE POINTS IN 5-DIMENSIONAL SPACE. ANALYZING THESE VECTORS INVOLVES EXAMINING THEIR LINEAR RELATIONS, INDEPENDENCE,
SPAN, AND THE SUBSPACES THEY GENERATE.

UNDERSTANDING LINEAR INDEPENDENCE AND DEPENDENCE

ONE OF THE FUNDAMENTAL QUESTIONS WHEN EXAMINING A SET OF VECTORS IS WHETHER THEY ARE LINEARLY INDEPENDENT OR
DEPENDENT.

W/HAT IS LINEAR INDEPENDENCE?

A seT oF vecTors \(\{v_1,v_2, .., v_k\}\) INR”N IS LINEARLY INDEPENDENT IF NO VECTOR IN THE SET CAN BE WRITTEN AS
A LINEAR COMBINATION OF THE OTHERS. MATHEMATICALLY, THE ONLY SOLUTION TO:

\[
c 1v.1+c 2v 2+\bots+c kv k=0

\]

IS WHEN ALL COerrICIENTS \(c_1 = 0\).



TeSTING THE GIVEN VECTORS FOR INDEPENDENCE

To DETERMINE WHETHER A, A2, A3, AND A4 ARE LINEARLY INDEPENDENT, WE ANALYZE THE HOMOGENEOUS LINEAR SYSTEM:

\[
c TA+c 2A2+c 3A3+c 4A4=0
\]

WHICH TRANSLATES INTO A SYSTEM OF EQUATIONS!

\[
c 101,220)+c 2(1,1,400)+c_3(12,62 1) +c_4(-1,226-1)=(0,00,0,0)

VAR Al b} VAR AR A <=y 11 =r 1=

BREAKING DOWN COMPONENT-W/ISE:

\[

\BeGIN{CASES}
Oc_1+1c_2+1c_3-1c_4=0\quap (x_1)\\
Tc_ 1+ 1c_ 2+2c_3+2c_4=0\quap (x_2)\\
2c¢_1+4c 2+ 6¢c_3+2c_4=0\quap (x_3)\\
2c_ 1+0c_ 2+ 2c_ 3+ 6c_4=0\quap (x_4)\\
Oc_1+0c_2+1c_3-1c_4=0\quap(x_5)

\eno{cases}

\]

THIS SYSTEM CAN BE REPRESENTED AS A MATRIX EQUATION:
\[

\BeGIN{BMATRIX}

0§14 16-1\\

19129 2\\

26469 2\\

2909296\

0606 16-1

\eno{BMATRIX}
\BeGIN{BMATRIX}

c T\\c2\W\c 3\c 4
\enp{BMATRIX}

\BeGIN{BMATRIX}
o\Wo\Wo\o\o

\enp{BMATRIX}

BY APPLYING GAUSSIAN ELIMINATION OR ROW REDUCTION, WE CAN FIND THE SOLUTION sPACE For \(\{c_T1, c_2, c_3,

c_4\}\). IF onLy THE TRIVIAL soLuTioN ExisTs (\(c_1=0\) For ALL \(1\)), THE VECTORS ARE LINEARLY INDEPENDENT;
OTHERWISE, THEY ARE DEPENDENT.

CALCULATING THE RANK AND SPAN OF THE VECTORS

THE RANK OF THE MATRIX FORMED BY THESE VECTORS INDICATES HOW MANY OF THEM ARE LINEARLY INDEPENDENT AND,
CONSEQUENTLY, THE DIMENSION OF THE SUBSPACE THEY SPAN.



STeP-BY-STEP ROW REDUCTION

PERFORMING GAUSSIAN ELIMINATION (OR USING A CALCULATOR OR SOFTWARE LIke MATLAB, NUMPY, OR W OLFRAMALPHA)
REVEALS THE RANK:

- |F THE RANK IS 4, ALL VECTORS ARE LINEARLY INDEPENDENT, AND THEIR SPAN IS A 4-DIMENSIONAL SUBSPACE OF R5.
- |F THE RANK IS LESS THAN 4, SOME VECTORS ARE DEPENDENT, AND THE SPAN IS OF LOWER DIMENSION.

SUPPOSE THE RANK IS FOUND TO BE 3, THEN THESE VECTORS GENERATE A 3-DIMENSIONAL SUBSPACE WITHIN R5.

IMPLICATIONS OF THE SPAN

KNOWING THE SPAN OF THESE VECTORS HELPS IN:
- SOLVING LINEAR SYSTEMS WHERE THESE VECTORS FORM THE COEFFICIENT MATRIX.

- UNDERSTANDING THE SUBSPACE OF RS THEY GENERATE.
- DETERMINING WHETHER A PARTICULAR VECTOR IN RS CAN BE EXPRESSED AS A LINEAR COMBINATION OF A, A2, A3, AnD A4,

FINDING A BASIS FROM THE GIVEN VECTORS

A BASIS IS A MINIMAL SET OF VECTORS THAT ARE LINEARLY INDEPENDENT AND SPAN THE SUBSPACE OF INTEREST. T O IDENTIFY A
BASIS WITHIN THE SET:

1. PERFORM ROW REDUCTION ON THE MATRIX FORMED BY THE VECTORS.
2. SELECT THE VECTORS CORRESPONDING TO THE PIVOT COLUMNS.

EXAMPLE:

SUPPOSE AFTER REDUCTION, THE VECTORS CORRESPONDING TO PIVOT COLUMNS ARE A, A2, AND A3, THEN THESE FORM A
BASIS OF THE SUBSPACE SPANNED BY THE ORIGINAL SET.

LINeAR COMBINATIONS AND DEPENDENCE RELATIONS

UNDERST ANDING HOW VECTORS RELATE THROUGH LINEAR COMBINATIONS IS CRUCIAL IN MANY APPLICATIONS, SUCH AS:

- EXPRESSING VECTORS AS LINEAR COMBINATIONS OF BASIS VECTORS.
- DETECTING DEPENDENCIES WITHIN A SET.
- SIMPLIFYING SYSTEMS OF EQUATIONS.

FOR EXAMPLE, IF A4 CAN BE WRITTEN AS:

\[
A4 =\aLPHA A + \BETA A2 + \GaMMA A3

\]

THEN A4 IS DEPENDENT ON THE OTHER VECTORS, AND THE SET \(\{A, A2, A3\}\) SUFFICES TO SPAN THE SUBSPACE
CONTAINING ALL FOUR VECTORS.



APPLICATIONS IN SOLVING SYSTEMS OF EQUATIONS

THE VECTORS A, A2, A3, AND A4 CAN SERVE AS COEFFICIENT VECTORS IN SYSTEMS OF LINEAR EQUATIONS. UNDERSTANDING
THEIR INDEPENDENCE AND SPAN ALLOWS US TO:

- DETERMINE WHETHER SOLUTIONS EXIST FOR GIVEN SYSTEMS.
- FIND PARTICULAR SOLUTIONS AND GENERAL SOLUTIONS.

- ANALYZE THE CONSISTENCY OF SYSTEMS.

For EXAMPLE, SUPPOSE WE ARE SOLVING:

\[
XA + YA2 + zZA3 + wA4 =8
\]

For soME VECTOR \(B \INR"5\). THE EXISTENCE OF SOLUTIONS DEPENDS ON WHETHER \(B\) LIES IN THE SPAN OF THESE
VECTORS.

TRANSFORMATIONS AND PROJECTIONS INRS

VECTORS IN RS ARE OFTEN USED FOR TRANSFORMATIONS, SUCH AS:

- LINEAR TRANSFORMATIONS, WHERE THE VECTORS SERVE AS BASES OR DIRECTIONS.
- ORTHOGONAL PROJECTIONS, WHERE WE PROJECT A VECTOR ONTO A SUBSPACE SPANNED BY THESE VECTORS.

UNDERSTANDING THE STRUCTURE OF A, A2, AS, AND A4 HELPS IN DESIGNING AND ANALYZING SUCH TRANSFORMATIONS.

PracTIiCcAL COMPUTATIONAL METHODS

W/HILE MANUAL CALCULATIONS ARE INSTRUCTIVE, COMPUTATIONAL TOOLS GREATLY FACILITATE THE ANALYSIS:
- GAUSSIAN ELIMINATION FOR RANK AND INDEPENDENCE.
- MATRIX RANK FUNCTIONS IN SOFTW ARE PACKAGES.

- VECTOR SPACE VISUALIZATION IN LOWER DIMENSIONS (VIA PROJECTIONS).

USING THESE TOOLS ACCELERATES THE PROCESS AND REDUCES ERRORS, ESPECIALLY IN HIGHER-DIMENSIONAL SPACES.

SUMMARY AND CONCLUSION

ANALYZING THE VECTORS A, A2, A3, AND A4 INRS INVOLVES:



- TESTING FOR LINEAR INDEPENDENCE TO DETERMINE THE DIMENSION OF THE SUBSPACE THEY GENERATE.

- CALCULATING THE RANK OF THE ASSOCIATED MATRIX.

- IDENTIFYING A BASIS FOR THEIR SPAN.

- UNDERSTANDING DEPENDENCE RELATIONS AMONG THE VECTORS.

- APPLYING THIS KNOWLEDGE TO SOLVE LINEAR SYSTEMS, ANALYZE TRANSFORMATIONS, AND UNDERSTAND SUBSPACE
STRUCTURES.

THIS EXPLORATION UNDERSCORES THE IMPORTANCE OF FOUNDATIONAL CONCEPTS IN LINEAR ALGEBRA, SUCH AS SPAN, BASIS,
INDEPENDENCE, AND ROW REDUCTION, WHICH ARE ESSENTIAL TOOLS FOR MATHEMATICIANS, ENGINEERS, AND DATA SCIENTISTS
W ORKING WITH HIGH-DIMENSIONAL DATA OR COMPLEX SYSTEMS.

BY MASTERING THESE TECHNIQUES, ONE CAN EFFICIENTLY ANALYZE VECTOR RELATIONSHIPS IN RS, FACILITATING ADVANCED
APPLICATIONS IN SCIENCE, ENGINEERING, AND BEYOND.

FREQUENTLY ASkeD QUESTIONS

ARE THE VECTORS A, A2, A3, AND A4 LINEARLY INDEPENDENT IN RSP

To DETERMINE THEIR INDEPENDENCE, WE CAN CHECK IF THE ONLY SOLUTION TO CTA + C2A2 + cBA3 +c4A4=01sc1 =
c2 =c3 =c4 =0.BY FORMING A MATRIX WITH THESE VECTORS AS ROWS OR COLUMNS AND PERFORMING ROW REDUCTION,
WE FIND THAT THEY ARE LINEARLY INDEPENDENT IF THE RANK OF THE MATRIX IS 4. TYPICALLY, GIVEN THEIR STRUCTURE, THESE
VECTORS ARE LIKELY LINEARLY INDEPENDENT UNLESS A LINEAR COMBINATION EXISTS, WHICH CAN BE CONFIRMED THROUGH ROW
REDUCTION.

\WHAT IS THE DIMENSION OF THE SUBSPACE SPANNED BY VECTORS A, A2, A3, AND
A4?

ASSUMING THE VECTORS ARE LINEARLY INDEPENDENT, THE DIMENSION OF THEIR SPAN IN R5 I1s 4. IF ANY DEPENDENCIES EXIST, THE
DIMENSION WOULD BE LESS. PERFORMING ROW REDUCTION CONFIRMS WHETHER THEY SPAN A 4-DIMENSIONAL SUBSPACE.

CAN VECTOR A BE EXPRESSED AS A LINEAR COMBINATION OF A2, A3, AND A4?

To CHECK THIS, SET UP THE EQUATION A = XA2 + YA3 + ZA4 AND SOLVE FOR X, Y, Z. [F A SOLUTION EXISTS, A IS IN THE
spaN OF A2, A3, AND A4; OTHERWISE, IT IS NOT. THIS INVOLVES SOLVING A SYSTEM OF LINEAR EQUATIONS.

\WHAT IS THE RANK OF THE MATRIX FORMED BY VECTORS A, A2, A3, AND A4?

THE RANK CAN BE FOUND BY ARRANGING THE VECTORS AS ROWS OR COLUMNS IN A MATRIX AND PERFORMING ROW OPERATIONS.
THE RANK INDICATES THE MAXIMUM NUMBER OF LINEARLY INDEPENDENT VECTORS AMONG THEM, WHICH IS LIKELY 4 IF NO LINEAR
DEPENDENCIES ARE PRESENT.

Do vecTors A, A2, A3, AND A4 FORM A BASIS FOR A SUBSPACE IN R5?

YES/ IF THE VECTORS ARE LINEARLY INDEPENDENT AND SPAN A SUBSPACE OF R5, THEN THEY FORM A BASIS FOR THAT SUBSPACE.
GIVEN THERE ARE FOUR VECTORS IN 25, THEY CAN FORM A BASIS FOR A 4-DIMENSIONAL SUBSPACE, PROVIDED INDEPENDENCE IS
CONFIRMED.

\WHAT IS THE ORTHOGONAL COMPLEMENT OF THE SUBSPACE SPANNED BY A, A2, A3,
AND A4°

THE ORTHOGONAL COMPLEMENT CONSISTS OF ALL VECTORS IN RS THAT ARE ORTHOGONAL TO EACH OF THE SPANNING
VECTORS. TO FIND IT, SOLVE THE SYSTEM OF EQUATIONS OBTAINED BY TAKING THE DOT PRODUCT OF A GENERIC VECTOR WITH
EACHOF A, A2, A3, AND A4 AND SETTING THE RESULT TO ZERO.



ARE THE VECTORS A, A2, A3, AND A4 ORTHOGONAL TO EACH OTHER?

T O DETERMINE ORTHOGONALITY, COMPUTE THE DOT PRODUCTS OF EACH PAIR OF VECTORS. IF ALL PAIRWISE DOT PRODUCTS
ARE ZERO, THE VECTORS ARE MUTUALLY ORTHOGONAL. OTHEE\X/ISE, THEY ARE NOT ORTHOGONAL.

\WHAT IS THE SIGNIFICANCE OF THESE VECTORS IN TERMS OF SPAN AND BASIS IN R5?

THESE VECTORS ILLUSTRATE HOW A SET OF VECTORS CAN SPAN A SUBSPACE OF R5. IF THEY ARE LINEARLY INDEPENDENT, THEY
FORM A BASIS FOR THAT SUBSPACE, WHICH HELPS UNDERSTAND THE STRUCTURE AND DIMENSION OF THE SUBSPACE WITHIN RS.

ADDITIONAL RESOURCES

Consiper THe FoLLowing VecTors INRS: A =(0,1,2,2,0), A2=(1,1,4,0,0), A3=(1,2,6,2,1), Ad =
(-1,2,2,6,-1)

INTRODUCTION: SETTING THE STAGE FOR VECTOR ANALYSIS INRS

IN THE REALM OF LINEAR ALGEBRA, VECTORS SERVE AS FUNDAMENTAL BUILDING BLOCKS THAT ENABLE US TO EXPLORE THE
STRUCTURE OF MULTIDIMENSIONAL SPACES. WHEN WORKING WITHIN \(\MATHEB{R}"5\), THE FIVE-DIMENSIONAL EUCLIDEAN
SPACE, UNDERSTANDING THE RELATIONSHIPS AMONG VECTORS IS CRUCIAL FOR APPLICATIONS RANGING FROM DATA SCIENCE TO
ENGINEERING. TODAY, WE EXAMINE A SPECIFIC SET OF VECTORS:

-\(A=(0,1,2,2,0\)

-\(A_2=(1,1,4,0,0)\)
-\(A_3=(1,2,6,2, D)
-\(A_4=(-1,2,2,6,-D\)

OUR GOAL IS TO ANALYZE THESE VECTORS COMPREHENSIVELY: DETERMINE WHETHER THEY ARE LINEARLY INDEPENDENT OR
DEPENDENT, FIND BASES AND DIMENSIONS OF THEIR SPAN, AND UNDERSTAND THE RELATIONSHIPS AMONG THEM. SUCH DETAILED
ANALYSIS REVEALS THE STRUCTURE OF THE SUBSPACE THEY GENERATE AND PROVIDES INSIGHTS INTO THEIR POTENTIAL
APPLICATIONS.

UNDERSTANDING THE FUNDAMENTALS: VECTORS, SPAN, AND LINEAR DEPENDENCE
BEFORE DIVING INTO CALCULATIONS, IT’S ESSENTIAL TO CLARIFY SOME CORE CONCEPTS:

- VECTORS: ORDERED LISTS OF NUMBERS REPRESENTING POINTS OR DIRECTIONS IN SPACE.

- SPAN: THE SET OF ALL POSSIBLE LINEAR COMBINATIONS OF A SET OF VECTORS. |T REPRESENTS THE SMALLEST SUBSPACE
CONTAINING THOSE VECTORS.

- LINEAR |NDEPENDENCE/DEPENDENCE2 A SET OF VECTORS IS LINEARLY INDEPENDENT IF NO VECTOR CAN BE EXPRESSED AS A LINEAR
COMBINATION OF THE OTHERS. OTHER\X/ISE, THEY ARE DEPENDENT.

OUR INITIAL STEP INVOLVES EXAMINING WHETHER THESE VECTORS ARE LINEARLY INDEPENDENT , WHICH DIRECTLY INFLUENCES THE
DIMENSION OF THE SUBSPACE THEY SPAN.

STEP 1: FORMING AND ANALYZING THE MATRIX

To ANALYZE THE RELATIONSHIPS AMONG THESE VECTORS, WE ARRANGE THEM AS ROWS IN A MATRIX:

\[

M = \BeGIN{BMATRIX}



0619292 0\\
161645060\
16266926 1\\
192269 -11\\
\eno{aMATRIX}

\]

THE NEXT STEP INVOLVES PERFORMING ROW OPERATIONS TO REDUCE THIS MATRIX TO ITS ROW ECHELON FORM OR REDUCED
ROW ECHELON FORM (RREF) THIS PROCESS REVEALS THE RANK OF THE MATRIX, WHICH INDICATES THE MAXIMUM NUMBER OF
LINEARLY INDEPENDENT VECTORS AMONG THE SET.

STeP 2: Row RebucTioN AND COMPUTING THE RANK

INITIAL MATRIX:

\[

\BeGIN{BMATRIX}
0g1g220\\
1919409 0\\
16266626 1\\
1§22 66-1\\
\eno{BMATRIX}

\]

REARRANGEMENT FOR CONVENIENCE: SWAP ROW 1 AND ROW 2 TO POSITION A LEADING 1 AT THE TOP:

\[

\BeGIN{BMATRIX}
191940 0\\
01922 0\\
1626626 1\\
19292969 -1\\
\eno{BMATRIX}

STEP-BY-STEP REDUCTION:

1.Use R1 TO ELIMINATE THE FIRST ELEMENT IN R3 AND R4:

-R3 =R3-R1:
\[

(1-1,2-1,6-4,2-0,1-00=(0, 1,2,2, 1)

\]

-R4A=R4A+R1:

\[

(-1+7, 2+7, 244, 6+0,-1+0) = (0, 3, 6, 6,-1)
\]

UPDATED MATRIX:

\[

\seGINn{BMATRIX}
161646060\
0§1§2§2§0\\
061422 1\\
0396565 -1\\



\eno{emATRIX}

\]

2.Use R2 To ELIMINATE THE SECOND ELEMENT IN R3 AND R4:

-R3 =R3 - R2:
\[

(0-0, 1-1, 2-2,2-2,1-0)=(0,0,0,0, 1)
\]

-R4 =R4 - 3R2:

\[

(0, 3-3, 6-6, 6-6,-1-0)=(0,0,0,0,-1)
\]

UPDATED MATRIX:

\[

\BeGIN{BMATRIX}
1§19400\\
0619226 0\\
00900 1\\
0600406 -1\\
\eno{BMATRIX}

\]

3. Now, OBSERVE THAT R3 AND R4 ARE SCALAR MULTIPLES BUT WITH OPPOSITE SIGNS:

-R4 = R3:
\[
(0,0,0,0,-1)=-(0,0,0,0, 1)
\]

THUS, R4 IS LINEARLY DEPENDENT ON R3, INDICATING THAT ONLY THREE ROWS ARE LINEARLY INDEPENDENT.
CONCLUSION:
- THE RANK OF THE MATRIX IS 3.

- Tre seT of vecTors \(\{A, A_2, A_3, A_4\}\) IS LINEARLY DEPENDENT, WITH ONLY THREE VECTORS BEING SUFFICIENT
TO SPAN THE SAME SUBSPACE.

STeP 3: IDENTIFYING A BASIS AND THE DIMENSION
SINCE THE RANK IS 3, THE VECTORS SPAN A 3-DIMENSIONAL SUBSPACE OF \(\MATHBB{R}"5\). TO FIND AN EXPLICIT BASIS,
SELECT THREE LINEARLY INDEPENDENT VECTORS FROM THE ORIGINAL SET, PREFERABLY THOSE CORRESPONDING TO THE LEADING

ROWS IN THE ROW ECHELON FORM.

FROM THE ROW REDUCTION PROCESS, THE LEADING VECTORS ARE:

-\(A=(0,1,2,2,0\)
-\(A_2=(1,1,4,0,0)\)
-\(A_3=(1,2,6,2, D)

W/E CAN VERIFY THAT THESE THREE ARE LINEARLY INDEPENDENT AND FORM A BASIS.

SUMMARY:



- Basis vecTors: \(\{A, A_2, A_3\}\)
- DIMENSION OF THE SPAN: 3

STEP 4: EXPRESSING DEPENDENT VECTORS AND FURTHER RELATIONSHIPS

Now, EXAMINE WHETHER \(A_4\) CAN BE EXPRESSED AS A LINEAR COMBINATION OF THE BASIS VECTORS. USING THE ROW
REDUCTION, WE SAW \(A_4\) IS DEPENDENT, SO THERE EXIST SCALARS \(c_1, c_2, c_3\) SUCH THAT:

\[
A d=c TA+c 2A 2+c 3A_3
\]

LET’'S DETERMINE THESE COEFFICIENTS EXPLICITLY.

SET UP THE EQUATION:

\[
(-1,2,2,6,-1)=c_1(0,1,2,2,0)+c_2(1,1,4,0,0)+c_3(1,2,6,2, 1)
\]

THIS LEADS TO THE SYSTEM:

\[

\secin{cAsES}

O\cboTc_1+ 1\cootc 2+ 1\cpoTc_3=-1\quap (x_1)\\
1\cootc_ 1+ 1 \cpoTc_2+ 2 \cpoT c_3 =2 \quap (x_2)\\
2 \cooTc_1+ 4 \cooTc_2+ 6 \cpoT c_3 =2 \quap (x_3) \\
2\cpoT c_1+0\cpoTc_2+ 2 \cpoTc_3 =6 \quap (x_4)\\
O\cboTc_1+0\cootc_ 2+ 1\cpoTc_3=-1\quap (x_5)

\eno{cases}

\]

FROM THE LAST EQUATION:
\[

c 3=-1

\]

SUBSTITUTE INTO THE FIRST:

\[

c_2+(-1)=-1\RIGHTARROW C
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