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Construct A Polynomial Function With The Stated Properties. Reduce All Fractions To Lowest Terms.
Second-degree, is a fundamental skill in algebra that allows students and mathematicians to create quadratic
functions tailored to specific criteria. Understanding how to construct such polynomial functions is essential
for solving a wide range of problems in mathematics, physics, engineering, and related fields. This article
will guide you through the process of constructing a quadratic polynomial with given properties,
emphasizing the importance of reducing fractions to their simplest form to ensure clarity and accuracy in

your solutions.

Understanding Second-Degree Polynomial Functions

What Is a Second-Degree Polynomial?

A second-degree polynomial, commonly known as a quadratic polynomial, is a polynomial of degree two.

Its general form is:
\[ f(x) = ax"2 + bx + ¢ \]

where:
-\(a\neq 0\),

-\(b\)and \( ¢ \) are real numbers.

The graph of a quadratic function is a parabola, which opens upwards if \(a > 0 \) and downwards if \(a <
0\).

Properties of Quadratic Functions

Quadratic functions have several key properties:

- Vertex: The highest or lowest point on the parabola.

- Axis of Symmetry: A vertical line passing through the vertex.

- Roots/Zeros: The solutions to \( f{x) = 0\).

- Y-intercept: The point where the parabola crosses the y-axis (\( ¢ \)).

Understanding these properties is crucial for constructing a quadratic function with specific characteristics.



Steps to Construct a Polynomial Function With Given Properties

Constructing a quadratic function with specified properties involves a systematic approach:

1. Identify the Given Properties

Determine what features your quadratic should have. These could include:
- Specific roots or zeros,

- A particular vertex (coordinates),

- A certain y-intercept,

- A particular point through which the parabola passes.

2. Choose the Appropriate Form

Depending on the given properties, select the most suitable form of the quadratic:
- Standard form: \( f(x) = ax"2 + bx + ¢ \),

- Vertex form: \( f(x) = a(x - h)"2 + k \),

- Factored form: \( f(x) = a(x - r_1)(x - r_2) \).

Each form makes it easier to incorporate certain properties directly.

3. Use Known Properties to Set Up Equations

Apply the given information to formulate equations. For example:
- If roots \( r_1\) and \( r_2 \) are known, use factored form.

- If the vertex \( (h, k) \) is known, use vertex form.

4. Solve for Unknown Coefficients

Solve the resulting system of equations to find \(a \), \( b \), and \( ¢ \). Remember to:
- Reduce fractions to lowest terms to maintain simplicity and accuracy,

- Verify the solution by substituting into the original form.

5. Confirm the Properties

Once the coefficients are determined, verify that the constructed polynomial exhibits the desired

properties, such as roots, vertex, and intercepts.



Example: Constructing a Quadratic Function With Specific
Properties

Let's illustrate this process with an example:
Problem:

Construct a second-degree polynomial function that:
- Passes through points \( (1, 2) \) and \( (3, 0) \),

- Has a vertex at \( (2, 3) \),

- Reduce all fractions to lowest terms.

Step 1: Choose the Form of the Polynomial

Since the vertex is known, the vertex form is most convenient:
\[ f(x) =a(x - h)"2 + k]

where \( (h, k) =(2, 3)\).

So,

\[ f(x) = a(x - 2)"2 + 3 \]

Step 2: Use Known Points to Find \(a \)

The parabola passes through \( (1, 2) \):

Now, verify with the other point \( (3, 0) \):

\[£(3) = -1(3 - 22 + 3\]
\[£(3) = -1(1)"2 + 3]
\[f(3)=-1+3=2\neq0\]

This indicates inconsistency; perhaps the point \( (3, 0) \) does not lie on the parabola with the vertex at \(
(2, 3) \). To satisfy both points, we need to adjust the approach.



Alternative approach: Use standard form with the known vertex.

Step 3: Use the Vertex and Points to Find Coefficients

The vertex form is:
\[ f(x) =a(x -2)"2 + 3]

Plug in the point \( (1, 2) \):

\[2=a(1-2)2+3\]
\[2=a(-1)"2+ 3]
\[2=a(1) + 3]
[a=2-3=-1\]

Check with \( (3, 0) \):

\[£(3) = -1(3 - 22 + 3\]
\[ £03) = -1(1)"2 + 3\]
\[£(3)=-1+3=2\neq 0]

Again, the point \( (3, 0) \) does not lie on this parabola, indicating that the initial assumptions are

incompatible if both points and the vertex are fixed.

Key insight:
In reality, to satisfy all three properties simultaneously (passing through two points and having a specific
vertex), they must be consistent. If not, it's necessary to adjust the properties or accept that no such

quadratic exists.
Conclusion from the example:

This demonstrates the importance of verifying that the given properties are compatible before constructing

the polynomial.

Reducing Fractions to Lowest Terms

Throughout the process, you may encounter fractions when solving for coefficients. Reducing these

fractions to their simplest form is crucial for clarity and correctness.



How to Reduce Fractions

- Find the greatest common divisor (GCD) of numerator and denominator.

- Divide numerator and denominator by the GCD.

- Ensure the denominator is positive; if negative, multiply numerator and denominator by -1.
Example:

\[ \frac{8}{12} \]

GCD of 8 and 12 is 4:

\[ \frac{8 \div 4}{12 \div 4} = \frac{2}{3} \]

Thus, \( \frac{8}{12} \) reduces to \( \frac{2}{3} \).

Additional Tips for Constructing Quadratic Functions

- Always verify the compatibility of the given properties before constructing the polynomial.
- Use the most appropriate form (standard, factored, or vertex) based on the known properties.

- When solving for coefficients, carefully perform algebraic operations and reduce fractions to lowest terms.

- Graph the function, if possible, to visualize its properties and confirm correctness.

Applications of Constructing Quadratic Functions

Constructing quadratic functions with specific properties has numerous practical applications:

1. Physics

Model projectile motion, where the height of an object over time follows a quadratic function.

2. Engineering

Design parabolic reflectors and satellite dishes, which require precise quadratic equations.

3. Economics

Analyze profit or cost functions that are quadratic in nature.



4. Biology and Environmental Science

Model population growth or decay with quadratic models under certain conditions.

Summary

Constructing a second-degree polynomial function with specified properties involves understanding the
general forms of quadratic functions, selecting the appropriate form based on the given data, and solving for
the coefficients while reducing fractions to their simplest terms. Always verify that the properties are
consistent and compatible before proceeding. Mastery of these skills enables accurate modeling of real-world

phenomena and enhances problem-solving capabilities across various scientific and mathematical disciplines.

Remember: The key to successfully constructing quadratic functions lies in careful analysis, systematic

solving, and clear presentation of solutions with all fractions simplified to lowest terms.

Frequently Asked Questions

How do you construct a second-degree polynomial function given specific

roots?

To construct a second-degree polynomial with given roots, identify the roots ry and r,, then write the
function as f(x) = a(x - ry)(x - rz), where a is a non-zero constant. If no leading coefficient is specified, set a =

1 for simplicity.

What steps are involved in creating a quadratic function with specified

properties such as roots or vertex?

First, determine if roots or vertex are given. Use the roots to factor the quadratic as f(x) = a(x - r{)(x - rp). If
the vertex is specified, use the vertex form f(x) = a(x - h)* + k, then expand to standard form. Adjust 'a' to

meet any additional conditions like leading coefficient or point through which the graph passes.

How do you reduce fractional coefficients to lowest terms when
constructing a quadratic polynomial?

Identify the fractional coefficients in the polynomial expression and find the greatest common divisor
(GCD) of numerator and denominator. Divide both numerator and denominator of each fraction by this GCD

to simplify each coefficient to lowest terms.



What is the process for constructing a second-degree polynomial given a
specific point and roots?

Start with the factored form based on roots: f(x) = a(x - r1)(x - rp). Use the given point (x, yo) to substitute
into the equation and solve for 'a.' Once 'a' is found, write the complete polynomial with all coefficients in

lowest terms.

How do you verify that the constructed quadratic function has the
desired properties?

Check the roots by solving f(x) = 0 to see if they match the specified roots. Confirm the vertex or other
properties by calculating the vertex's coordinates or other features. Simplify all coefficients and ensure the
polynomial aligns with the given properties, such as passing through a specific point or having particular

roots.

Additional Resources

Constructing a Second-Degree Polynomial Function With Specific Properties: A Comprehensive Guide

Creating a polynomial function that adheres to particular properties is a fundamental skill in algebra and
calculus. When tasked with constructing a second-degree polynomial — also known as a quadratic function
— with specified characteristics, the process involves understanding the fundamental structure of quadratic
functions, analyzing given conditions, and applying algebraic techniques to derive the explicit form of the
polynomial. This detailed exploration aims to guide you through the conceptual and practical steps involved

in constructing such functions, emphasizing clarity, precision, and mathematical rigor.

Understanding the Foundations of Second-Degree Polynomial

Functions

Before diving into the construction process, it is crucial to grasp the basic properties and standard forms of

quadratic functions.

Standard Form of a Quadratic Function

A quadratic function can be expressed in the form:



\[ f(x) = ax"2 + bx + ¢ \]
where:

-\(a\neq 0\),

-\(b\)and \( ¢ ) are real coefficients.

This form directly shows the degree of the polynomial (which is 2), with the coefficient \(a \)

determining the parabola's opening direction and shape.

Vertex Form

Another useful representation is the vertex form:
\[ f(x) =a(x - h)"2 + k \]
where:

-\((h, k) \) is the vertex of the parabola,

- \('a\) determines the parabola's opening and width.

Transforming between the standard and vertex forms is often necessary when the problem specifies

properties related to the vertex or symmetry.

Roots or Zeros of the Polynomial

The roots (or zeros) are the values of \( x \) for which \( f{x) = 0 \). They can be found by factoring,

completing the square, or using the quadratic formula:

\[ x = \frac{-b \pm \sqrt{b"2 - 4ac}}{2a} \]

The discriminant \( \Delta = b"2 - 4ac \) indicates the nature of the roots:
- \(\Delta > 0 \): two real roots,

- \(\Delta = 0 \): one real root (double root),
- \(\Delta < 0 \): complex roots.



Identifying the Properties for Construction

The core challenge in constructing a quadratic function with specified properties lies in translating those

properties into algebraic conditions. Typical properties might include:
- Specific roots (zeros),

- Vertex location (coordinates),

- Y-intercept,

- Symmetry axis,

- Opening direction (upward or downward),

- Specific values at certain points.

Suppose the problem states: “Construct a second-degree polynomial that has roots at \( x =2 \)and \( x =5

\), with the vertex at \( x = 3.5 \), opening upward, and passing through the point \( (0, -10) \).”
Breaking down these conditions:

1. Roots at \( x =2 \) and \( x = 5 \): The polynomial factors as:

\[ f(x) = k(x - 2)(x - 5) \]

where \( k \) is a scaling factor to be determined.

2. Vertex at \( x = 3.5 \): The axis of symmetry is at the midpoint between roots:

\[ x_{v} = \frac{2 + 5}{2} = 3.5 \]

The vertex's \( x \)-coordinate matches this, confirming the parabola's symmetry.

3. Opening upward: \(a>0\),so \( k> 0\).

4. Passes through \( (0, -10) \): Use this point to find \( k \).

Constructing the Polynomial Step-by-Step

Step 1: Write the general factored form

Given the roots:



\[ f(x) = k(x - 2)(x - 5) \]
This form inherently satisfies the roots condition.

Step 2: Expand the factored form

\[
f(x) = k \left( x"2 - (2 + 5)x + 2 \times 5 \right) = k \left( x"2 - 7x + 10 \right)

\
Step 3: Use the passing point to find \( k \)

Plug in \(x = 0 \), \( f(0) = -10 \}:

\[
-10 = k (02 - 7 \times 0 + 10) = k (10)

\

\[
k = \frac{-10}{10} = -1

\
Step 4: Confirm the direction of opening

Since \( k = -1\), the parabola opens downward, which contradicts the initial property stating that it opens
upward. To rectify this, note that the sign of \( k \) must be positive. The negative value indicates that

with the given point, the parabola opens downward.

If the problem specifies the parabola opens upward, then the point \( (0, -10) \) must be consistent with \( k
>0\).

In this case, the initial assumption needs modification: perhaps the point \( (0, -10) \) is incorrect or the roots

are different. Alternatively, if the given point is fixed, then \( k \) must be negative, and the parabola

opens downward, which is consistent with the computed \( k \).

Adjusting for the Parabola’s Opening Direction

Suppose the specific property is that the parabola opens upward, and the roots are at \( x =2 \)and \( x =5
\), and it passes through \( (0, y) \). To meet the upward opening condition, the value of \( k \) must be



positive, and the point \( (0, y) \) must satisfy \( y > 0 \).

If the point is \( (0, -10) \), the parabola opens downward, matching the negative \( k \). Therefore, the

polynomial is:
\[f(x) = - (x"2-7x +10) = -x"2 + 7x - 10 \]
which confirms that:

- It has roots at \( x =2 \)and \( x = 5),
- Passes through \( (0, -10) \),

- Opens downward.

Expressing the Quadratic in Standard Form and Analyzing
Properties

The explicitly constructed polynomial is:

\[
flx) = -x"2 + 7x - 10
\]

Key properties:

- Vertex: To find the vertex, use \( x_v = -\frac{b}{2a} \):

\[
x_v = -\frac{7}{2 \times (-1)} = \frac{7}{2} = 3.5
\]

which matches the initial property specifying the vertex's \( x \)-coordinate.

- Vertex's \( y \)-coordinate:

\[
f(3.5) = - (3.5)2 + 7 \times 3.5 - 10 = -12.25 + 24,5 - 10 = 2.25

\

So, the vertex is at \( (3.5, 2.25) \), confirming the parabola’s maximum point since it opens downward.



- Axis of symmetry: \( x = 3.5\).

- Y-intercept: \( f(0) = -10\).

Exploring Variations and Additional Properties

Depending on the problem’s constraints, you might need to adjust the polynomial to satisfy other

conditions, such as:

- Passing through additional points: Plug in the point's coordinates to solve for the leading coefficient \( k \).
- Specific vertex location: Use the vertex form or complete the square to enforce the vertex's coordinates.

- Additional roots or multiplicity: Factor the polynomial accordingly.

- Maximum or minimum value: For quadratic functions opening downward, the maximum value is at the

vertex; for upward, the minimum.

Transformations and Generalizations

Constructing a quadratic with desired properties can involve transformations:
- Vertical shifts: Adjust \( ¢ \) in the standard form \( ax"2 + bx + ¢ \).

- Horizontal shifts: Use the vertex form \( a(x - h)"2 + k \).

- Reflection: Changing the sign of \( a \) reflects the parabola across the x-axis.
- Scaling: Modify \( a \) to change the parabola's width.

By understanding these transformations, you can tailor the polynomial to meet a variety of properties.



Summary and Best Practices

Constructing a second-degree polynomial with specific properties involves a systematic approach:
1. Identify the given properties: roots, vertex, passing points, opening direction, etc.

2. Choose an appropriate form: factored form for roots, vertex form for vertex-related properties, standard

form for generality.
3. Translate properties into algebraic conditions: solve for coefficients using substitution.
4. Verify the properties: confirm roots, vertex, passing points, and opening direction.

5. Adjust as necessary: if initial assumptions conflict with the constraints, reconsider the properties or the

form.
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