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Understanding the behavior of particles and their antiparticles in thermal equilibrium is
fundamental to many fields of physics, including cosmology, particle physics, and statistical
mechanics. Specifically, the determination of the equilibrium concentration of particles and
antiparticles, often denoted as \( N = N^ = N \), provides critical insights into processes like early
universe evolution, particle annihilation, and matter-antimatter asymmetry. This article aims to
provide a comprehensive, detailed, and SEO-optimized explanation of how to find the quantitative
expression for the thermal equilibrium concentration of particles and antiparticles, elucidating key
principles, mathematical formulations, and practical implications.

---

Introduction to Thermal Equilibrium in Particle-
Antiparticle Systems

Thermal equilibrium refers to a state where the distribution of particles and antiparticles remains
constant over time because the rates of production and annihilation are balanced. In the context of a
high-temperature environment—such as the early universe—particles and their antiparticles
frequently collide, annihilate, and regenerate, maintaining a dynamic equilibrium.

Understanding the equilibrium concentration \( N \) (or \( N^ \)) involves applying statistical
mechanics, quantum field theory, and thermodynamics. It is essential for explaining phenomena like
baryogenesis, dark matter freeze-out, and the abundance of relic particles.

---

Theoretical Foundations for Quantitative Expression of
Equilibrium Concentration

1. Basic Principles of Statistical Mechanics

At thermal equilibrium, the number density of particles can be derived using the principles of
statistical mechanics, specifically the Fermi-Dirac or Bose-Einstein distributions, depending on the
particle's quantum statistics.



- Fermi-Dirac Distribution (for fermions):

\[
f(E) = \frac{1}{e^{(E - \mu)/k_B T} + 1}
\]

- Bose-Einstein Distribution (for bosons):

\[
f(E) = \frac{1}{e^{(E - \mu)/k_B T} - 1}
\]

Where:
- \( E \) is the energy of the particle,
- \( \mu \) is the chemical potential,
- \( k_B \) is Boltzmann's constant,
- \( T \) is the temperature.

In many cosmological contexts, especially for particles that are not conserved or when the chemical
potential is negligible, \( \mu \) can be approximated as zero.

---

2. Number Density in Thermal Equilibrium

The particle number density \( N \) at temperature \( T \) can be obtained by integrating the
distribution function over momentum space:

\[
N = g \int \frac{d^3 p}{(2\pi)^3} f(E)
\]

where:
- \( g \) is the internal degrees of freedom (spin, color, etc.).

Expressing \( d^3 p \) in spherical coordinates:

\[
N = \frac{g}{2\pi^2} \int_0^{\infty} \frac{p^2 dp}{e^{(E - \mu)/k_B T} \pm 1}
\]

with \( E = \sqrt{p^2 c^2 + m^2 c^4} \).

---



Deriving the Quantitative Expression for \( N = N^ \) in
Particle-Antiparticle Equilibrium

The key goal is to derive a closed-form expression for the equilibrium concentration of particles and
antiparticles, considering relativistic and non-relativistic regimes.

1. Relativistic Limit (\( k_B T \gg mc^2 \))

In the high-temperature or ultrarelativistic limit, where particle mass is negligible compared to
thermal energy:

\[
E \approx pc
\]

The integral simplifies, and the number density becomes:

\[
N_{rel} = g \frac{\zeta(3)}{\pi^2} \left( \frac{k_B T}{\hbar c} \right)^3
\]

- For fermions (e.g., neutrinos):

\[
N_{rel}^{fermion} = \frac{3}{4} g \frac{\zeta(3)}{\pi^2} \left( \frac{k_B T}{\hbar c} \right)^3
\]

- For bosons (e.g., photons):

\[
N_{rel}^{boson} = g \frac{\zeta(3)}{\pi^2} \left( \frac{k_B T}{\hbar c} \right)^3
\]

where \( \zeta(3) \approx 1.202 \) is the Riemann zeta function.

2. Non-Relativistic Limit (\( k_B T \ll mc^2 \))

In the non-relativistic regime, particles behave classically, and the Maxwell-Boltzmann distribution
applies:

\[
f(E) \approx e^{-(E - \mu)/k_B T}
\]

The number density simplifies to:



\[
N_{nr} = g \left( \frac{m k_B T}{2\pi \hbar^2} \right)^{3/2} e^{-(m c^2 - \mu)/k_B T}
\]

Assuming \( \mu \to 0 \) (or negligible), the expression reduces to:

\[
N_{nr} \approx g \left( \frac{m k_B T}{2\pi \hbar^2} \right)^{3/2} e^{-m c^2 / k_B T}
\]

This exponential suppression indicates low particle abundance at temperatures well below the rest
mass energy.

---

Equilibrium Concentration of Particle-Antiparticle
Pairs

In a system where particles and antiparticles are created and annihilated, their equilibrium
concentrations are equal due to detailed balance:

\[
N_{particle} = N_{antiparticle} = N
\]

The total number density of particles plus antiparticles is:

\[
N_{total} = 2N
\]

The equilibrium condition stems from the chemical potential balance:

\[
\mu_{particle} + \mu_{antiparticle} = 0
\]

If the particles are non-conserved (e.g., photons), their chemical potential is zero; for conserved
quantities (e.g., baryon number), the chemical potential adjusts accordingly.

---

Practical Calculation: Step-by-Step Approach

To find the quantitative expression for the equilibrium concentration, follow these steps:



1. Identify the particle type (fermion or boson) and relevant quantum statistics.
2. Determine the regime (relativistic or non-relativistic) based on \( T \) and \( m \).
3. Use the appropriate formula:

- For relativistic particles:

\[
N = g \frac{\zeta(3)}{\pi^2} \left( \frac{k_B T}{\hbar c} \right)^3
\]

- For non-relativistic particles:

\[
N = g \left( \frac{m k_B T}{2\pi \hbar^2} \right)^{3/2} e^{-m c^2 / k_B T}
\]

4. Incorporate chemical potentials if necessary, especially for conserved quantities.
5. Calculate the total equilibrium concentration \( N^ \), noting that \( N = N^ \) at equilibrium.

---

Implications and Applications of Equilibrium
Concentration in Physics

Understanding the quantitative expression for \( N = N^ \) is crucial for multiple applications:

- Early Universe Cosmology: Predicting relic particle densities such as neutrinos, dark matter
candidates, and baryons.
- Particle Physics Experiments: Interpreting collider data where particle-antiparticle pairs are
produced.
- Astrophysics: Modeling processes like stellar nucleosynthesis, cosmic ray interactions, and black
hole evaporation.
- Dark Matter Freeze-Out: Determining the present-day abundance of dark matter particles that
decoupled from thermal equilibrium.

---

Conclusion

Deriving a quantitative expression for the thermal equilibrium concentration \( N = N^ = N \) of
particles and antiparticles involves applying statistical mechanics principles across different energy
regimes. The key formulas depend on whether the particles are relativistic or non-relativistic, with
the relativistic case yielding a simple power-law dependence on temperature, while the non-
relativistic case features an exponential suppression.

By understanding these formulas and their derivations, physicists can accurately model particle



abundances in the early universe, analyze experimental data, and explore fundamental questions
about matter-antimatter asymmetry and the nature of dark matter. Mastery of these concepts
remains essential for advancing theories in cosmology, particle physics, and astrophysics.

---
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Frequently Asked Questions

What is the quantitative expression for the thermal
equilibrium concentration of particles and antiparticles in a
system?
The thermal equilibrium concentration N = N = N in a particle-antiparticle system is given by the
Boltzmann distribution: N = g (m T / 2πħ²)^{3/2} exp(-m c² / k_B T), where g is the degeneracy
factor, m is the particle mass, T is the temperature, ħ is the reduced Planck constant, c is the speed
of light, and k_B is Boltzmann's constant.

How does the particle mass influence the thermal equilibrium
concentration N in particle-antiparticle pairs?
The particle mass significantly affects N; heavier particles have an exponential suppression factor
exp(-m c² / k_B T), resulting in lower equilibrium concentrations at a given temperature, whereas
lighter particles have higher N values due to less exponential suppression.

In what temperature regime is the approximation N = N = N
valid for particle-antiparticle systems?
This approximation is valid at temperatures much higher than the particle rest mass energy (k_B T
>> m c²), where the particle and antiparticle populations are abundant and in thermal equilibrium,
following Boltzmann statistics.

Can you derive the expression for the equilibrium number
density N for relativistic particles using quantum statistics?
Yes. For relativistic particles in thermal equilibrium, the number density N is derived from
integrating the Fermi-Dirac or Bose-Einstein distribution: N = g / (2π²) (k_B T / ħ c)^3 ζ(3) for
massless particles, where ζ(3) is the Riemann zeta function. For massive particles, the full integral
involves modified Bessel functions, leading to N = g (m T / 2π ħ²)^{3/2} exp(-m c² / k_B T).



What role does chemical potential play in determining the
thermal equilibrium concentration N of particle-antiparticle
pairs?
In thermal equilibrium, the chemical potential μ for particles and antiparticles is typically zero (μ =
0), especially at high temperatures where pair creation and annihilation are balanced. This simplifies
the expression for N to depend solely on temperature and particle mass, with N determined by the
Boltzmann factor exp(-m c² / k_B T).

Additional Resources
Find A Quantitative Expression For The Thermal Equilibrium Concentration N = N = N In The
Particle-Antiparticle System

---

Introduction: Understanding Thermal Equilibrium in
Particle-Antiparticle Systems

Thermal equilibrium in particle physics refers to a state in which a system’s particle composition
remains statistically constant over time because the rate of particle creation and annihilation
processes balance each other. In systems involving particles and their antiparticles, such as
electron-positron pairs or quark-antiquark pairs, this equilibrium plays a fundamental role in
understanding phenomena in the early universe, high-energy astrophysics, and laboratory-created
plasmas.

A key quantity in these analyses is the thermal equilibrium concentration N, which describes the
number density of particles in a system at a given temperature T. When the system reaches a steady
state, the concentration N equals the equilibrium concentration N, which depends explicitly on
temperature, particle mass, and fundamental constants. Deriving a quantitative expression for N
allows physicists to predict particle abundances in various conditions, from the microcosm of
particle accelerators to cosmic scales.

This article aims to provide a detailed, comprehensive derivation of the expression for the
equilibrium number density N (equivalent to N in equilibrium) for particles and antiparticles,
emphasizing the underlying physics, mathematical formalism, and practical implications.

---

Foundational Concepts: Statistical Mechanics and
Particle Distributions



1. Quantum Statistical Distributions

Particles in thermal equilibrium obey quantum statistical distributions:

- Fermi-Dirac distribution for fermions (particles with half-integer spin, e.g., electrons, quarks):

\[
f_{FD}(E) = \frac{1}{e^{(E - \mu)/k_B T} + 1}
\]

- Bose-Einstein distribution for bosons (particles with integer spin, e.g., photons, mesons):

\[
f_{BE}(E) = \frac{1}{e^{(E - \mu)/k_B T} - 1}
\]

In many high-temperature or dilute systems, the chemical potential μ is negligible or zero,
simplifying calculations.

2. Particle Number Density in Thermal Equilibrium

The number density N of particles is obtained by integrating the distribution function over phase
space:

\[
N = g \int \frac{d^3 p}{(2\pi)^3} f(E)
\]

where:

- \( g \) is the degeneracy factor, accounting for spin, color, and other internal degrees of freedom.

- \( d^3 p \) is the momentum space volume element.

- \( E = \sqrt{p^2 c^2 + m^2 c^4} \) is the relativistic energy of a particle with momentum \( p \).

In thermal equilibrium, the concentration N is determined by the temperature T, particle mass m,
and degeneracy g.

---

Deriving the Quantitative Expression for N: From First
Principles



1. Simplifying Assumptions

To derive a practical and usable expression, we make the following assumptions:

- The chemical potential μ is zero (\( \mu = 0 \)), valid for particle-antiparticle pairs created in
thermal equilibrium without conserved quantum numbers restricting their number.

- Particles are either relativistic or non-relativistic depending on \( T \) relative to \( m c^2 \).

- The system is homogeneous, isotropic, and infinite, enabling phase space integrations without
boundary effects.

---

2. General Expression for Number Density

Starting with the integral:

\[
N = g \int \frac{d^3 p}{(2\pi)^3} \frac{1}{e^{E/k_B T} \pm 1}
\]

The \( + \) applies for fermions, and \( - \) for bosons. For simplicity, and because in many high-
temperature regimes the difference is negligible, we consider the classical (Boltzmann) limit where:

\[
e^{E/k_B T} \gg 1 \implies f(E) \approx e^{-(E - \mu)/k_B T}
\]

Thus, the number density simplifies to:

\[
N \approx g \int \frac{d^3 p}{(2\pi)^3} e^{-E/k_B T}
\]

which is valid at high temperatures \( (k_B T \gg m c^2) \).

---

3. Evaluating the Momentum Integral

Expressing the integral in spherical coordinates:

\[
N = \frac{g}{(2\pi)^3} 4\pi \int_0^\infty p^2 e^{-E(p)/k_B T} dp
\]



Using the relativistic relation:

\[
E(p) = \sqrt{p^2 c^2 + m^2 c^4}
\]

we substitute \( p = \sqrt{E^2 - m^2 c^4} / c \), giving:

\[
dp = \frac{E}{c^2 p} dE
\]

Expressed in terms of \( E \):

\[
N = \frac{g}{(2\pi)^3} 4\pi \int_{m c^2}^\infty p^2 e^{-E/k_B T} \frac{E}{c^2 p} dE
\]

which simplifies to:

\[
N = \frac{g}{2\pi^2 \hbar^3} \int_{m c^2}^\infty E \sqrt{E^2 - m^2 c^4} e^{-E/k_B T} dE
\]

---

4. Expressing the Integral Using Modified Bessel Functions

The integral has a standard form, recognizable in mathematical physics literature. The key step
involves expressing the integral in terms of the modified Bessel function of the second kind, \( K_n(z)
\):

\[
\int_{m c^2}^\infty E \sqrt{E^2 - m^2 c^4} e^{-E/k_B T} dE = m^2 c^4 \frac{K_2(m c^2 / k_B
T)}{k_B T}
\]

Consequently, the number density becomes:

\[
\boxed{
N^ = N_{thermal} = g \frac{m^2 c^3}{2\pi^2 \hbar^3} \frac{K_2(m c^2 / k_B T)}{e^{0}}
}
\]

Since μ = 0, the exponential factor is 1.

Final Expression:



\[
\boxed{
\boxed{
N^ = g \left( \frac{m^2 c^3}{2 \pi^2 \hbar^3} \right) K_2 \left( \frac{m c^2}{k_B T} \right)
}
}
\]

where:

- \( g \) = degeneracy factor,

- \( m \) = particle mass,

- \( c \) = speed of light,

- \( \hbar \) = reduced Planck’s constant,

- \( k_B \) = Boltzmann’s constant,

- \( T \) = temperature,

- \( K_2 \) = modified Bessel function of the second kind.

This expression is valid for both relativistic (\( T \gg m c^2 / k_B \)) and non-relativistic (\( T \ll m
c^2 / k_B \)) regimes, with the appropriate asymptotic forms of \( K_2 \).

---

Physical Interpretation and Implications

1. Behavior in the Ultra-Relativistic Regime (\( T \gg m c^2 /
k_B \))

When the temperature exceeds the particle rest energy:

\[
N^ \approx g \frac{(k_B T)^3}{2 \pi^2 \hbar^3 c^3} \times 2 \quad \text{(as } K_2(z) \sim 2/z^2
\text{ for small } z)
\]

This indicates the number density scales as \( T^3 \), characteristic of a relativistic particle gas.



2. Behavior in the Non-Relativistic Regime (\( T \ll m c^2 / k_B
\))

In the limit of large \( m c^2 / k_B T \):

\[
K_2(z) \sim \sqrt{\frac{\pi}{2z}} e^{-z}
\]

leading to:

\[
N^ \approx g \left( \frac{m k_B T}{2 \pi \hbar^2} \right)^{3/2} e^{-m c^2 / k_B T}
\]

which exhibits the Boltzmann suppression factor \( e^{-m c^2 / k_B T} \). Physically, this reflects
the exponential suppression of heavy particle populations at low temperatures.

Applications and Significance in Cosmology and High-
Energy Physics

Understanding the equilibrium concentration N is critical in multiple contexts:

- Early Universe Cosmology: During the hot Big Bang, particle-antiparticle pairs
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