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Give An Example And Describe Why There Exists A Function Betweenthe Groups Z6 And Z8
That Is NOT A Homomorphism. Understanding the nature of group homomorphisms is
fundamental in abstract algebra, especially when exploring the relationships between different
algebraic structures. In particular, examining functions between groups such as Z6 and Z8
illuminates the properties that characterize homomorphisms and highlights why certain functions,
despite appearing natural, fail to meet these criteria. This article will detail an explicit example of
such a function, analyze why it is not a homomorphism, and discuss the broader implications of
these findings in group theory.

Preliminaries: Groups Z6 and Z8

Definition of Z6 and Z8
The groups Z6 and Z8 are cyclic groups of integers modulo 6 and 8, respectively. They are defined
as:
- Z6 = {0, 1, 2, 3, 4, 5} with addition modulo 6
- Z8 = {0, 1, 2, 3, 4, 5, 6, 7} with addition modulo 8

Both are finite, Abelian groups with the operation of addition mod their respective moduli.

Properties Relevant to Homomorphisms
Key properties of these groups include:
- Closure under addition
- Existence of identity element (0)
- Existence of inverses for each element
- Commutativity of the operation

Any homomorphism between these groups must respect these properties, specifically preserving the
operation structure.

Constructing a Function from Z6 to Z8

Example of a Function
Consider the function f: Z6 → Z8 defined by:



\[ f(x) = 2x \quad \text{(where multiplication is modulo 8)} \]

Explicitly, for each element x in Z6:
- f(0) = 20 = 0 mod 8 = 0
- f(1) = 21 = 2 mod 8 = 2
- f(2) = 22 = 4 mod 8 = 4
- f(3) = 23 = 6 mod 8 = 6
- f(4) = 24 = 8 mod 8 = 0
- f(5) = 25 = 10 mod 8 = 2

This function essentially doubles each element of Z6 and then reduces modulo 8.

Visualizing the Function’s Output
The outputs of f are:
- 0, 2, 4, 6, 0, 2

Observe that the image of f is the set {0, 2, 4, 6} in Z8, which is a subset of Z8.

Why This Function Is NOT a Homomorphism

Homomorphism Definition Recap
A function \(f: G \rightarrow H\) between groups G and H is a homomorphism if for all \(a, b \in G\):

\[ f(a + b) = f(a) + f(b) \]

where the addition is the group operation in G and H, respectively.

Testing the Homomorphism Property
To verify whether f is a homomorphism, we need to check whether:

\[ f(a + b) \equiv f(a) + f(b) \pmod{8} \]

for all \(a, b \in Z6\).

Let's examine specific pairs:

1. Example with a = 1, b = 2:
- \(a + b = 1 + 2 = 3 \mod 6\)
- \(f(3) = 23 = 6 \mod 8 = 6\)
- \(f(1) = 21 = 2\)
- \(f(2) = 22 = 4\)
- Sum: \(f(1) + f(2) = 2 + 4 = 6 \mod 8\)



Comparison:
- \(f(1 + 2) = 6\)
- \(f(1) + f(2) = 6\)

Here, the property holds.

2. Example with a = 4, b = 4:
- \(a + b = 4 + 4 = 8 \equiv 2 \mod 6\)
- \(f(2) = 4\)
- \(f(4) = 0\)
- Sum: \(0 + 0 = 0 \mod 8\)

Comparison:
- \(f(4 + 4) = f(2) = 4\)
- \(f(4) + f(4) = 0\)

Since \(4 \neq 0\), the equality \(f(4 + 4) = f(4) + f(4)\) does not hold.

Conclusion: The function f fails to preserve addition for some pairs, specifically when adding 4 and 4
in Z6, indicating that f is not a homomorphism.

Deeper Analysis: Why Does the Failure Occur?

Understanding the Source of Non-Homomorphism
The core reason is that the function f does not satisfy the homomorphism property universally. While
it respects addition in some cases, it fails in others because the operation in Z6 does not align with
the additive structure in Z8 under this function.

Notice that:
- The doubling function is linear over the integers, but the modulus change from 6 to 8 introduces
discrepancies.
- Elements like 4 in Z6 map to 0 in Z8, which causes the addition of such elements to collapse into
the identity element, breaking the preservation of operation.

Intuition on Why Certain Functions Fail
In general, functions from Zm to Z_n that are not homomorphisms often:
- Fail to respect the group operation because their definitions incorporate factors or mappings
incompatible with the modulus
- Fail to satisfy the homomorphism property for certain pairs due to the "wrapping around" in the
codomain

In this case, the factor of 2 and the differing moduli create a scenario where addition in the domain
is not mirrored in the codomain, leading to failure of the homomorphism condition.



Broader Implications and Significance

Importance of Homomorphisms in Group Theory
Homomorphisms serve as the structural bridges between groups, allowing mathematicians to:
- Classify groups by their properties
- Understand how different groups relate
- Construct quotient groups and analyze kernels and images

Knowing which functions are homomorphisms and which are not is crucial for understanding the
structure of algebraic systems.

Examples and Non-Examples in Practice
The example above illustrates that:
- Not every seemingly "natural" function between groups is a homomorphism
- Functions involving simple arithmetic operations like multiplication by a constant need to be
carefully checked for the homomorphism property
- Care must be taken, especially when the domain and codomain have different moduli or structures

This awareness influences how algebraists approach the construction of homomorphisms, ensuring
the preservation of group operations.

Conclusion
In summary, the function \(f: Z6 \rightarrow Z8\) defined by \(f(x) = 2x \pmod{8}\) exemplifies a
function that is not a homomorphism between these groups. Despite its straightforward definition
and the initial appearance of being a structure-preserving map, detailed verification reveals that it
fails to satisfy the core homomorphism property universally. This example underscores the
importance of verifying the homomorphism condition for each pair of elements and highlights the
nuanced interplay between group structure and function definitions in abstract algebra. Recognizing
such functions deepens our understanding of the principles governing group theory and the precise
criteria that define meaningful algebraic mappings.

Frequently Asked Questions

What is an example of a function from Z6 to Z8 that is not a
homomorphism?
Consider the function f: Z6 → Z8 defined by f([k]) = [2k] mod 8. This function is not a homomorphism
because it does not preserve addition: for example, f([1] + [2]) = f([3]) = [6], but f([1]) + f([2]) = [2]
+ [4] = [6], which seems okay at first glance. However, testing other pairs, such as [3] + [3] = [6],
yields f([6]) = [12] = [4], whereas f([3]) + f([3]) = [6] + [6] = [12] = [4], so in this particular case it
appears to preserve addition. But if we consider f([1]) + f([4]) = [2] + [8] = [2], while f([1] + [4]) =



f([5]) = [10] = [2], so again seems to preserve addition. To find a concrete non-homomorphic
example, define f([k]) = [k^2] mod 8. Then, f([1]) = [1], f([2])=[4], and f([3])=[1], etc. This quadratic
function does not preserve addition, e.g., f([1]+[2])=f([3])=[1], but f([1]) + f([2])=[1]+[4]=[5], so
f([1]+[2]) ≠ f([1]) + f([2]). Therefore, this function is an example of a function from Z6 to Z8 that is
not a homomorphism.

Why does the existence of a non-homomorphic function from
Z6 to Z8 highlight that not all group functions are
homomorphisms?
Because group functions between Z6 and Z8 do not necessarily preserve the group operation, the
existence of non-homomorphic functions demonstrates that not every function between these groups
qualifies as a homomorphism. This highlights the importance of the defining property of
homomorphisms and shows that arbitrary functions may fail to respect the group structure.

What condition must a function from Z6 to Z8 satisfy to be a
homomorphism?
A function f: Z6 → Z8 must satisfy the property that for all elements a, b in Z6, f(a + b) = f(a) + f(b)
mod 8. Additionally, it must map the identity element in Z6 to the identity in Z8, and it must respect
the operation of addition, which means it is compatible with the group structure.

Can a function from Z6 to Z8 be both non-homomorphic and
still be well-defined? Why?
Yes, a function can be well-defined (meaning it assigns an output to each input in a consistent
manner) without being a homomorphism. Being well-defined only ensures the function assigns
outputs correctly, but it does not guarantee that the function respects the group operation.
Therefore, such a function may not preserve the structure required for a homomorphism.

What role does the group order play in determining whether a
function from Z6 to Z8 is a homomorphism?
The order of the groups influences the possible homomorphisms because the image of the generator
of Z6 must have an order dividing both 6 and 8 for the function to be a homomorphism. Since 6 and
8 are not compatible in this way, certain functions will not satisfy the homomorphism property,
exemplifying why some functions are non-homomorphic.

Why is it important to understand examples of non-
homomorphic functions between groups like Z6 and Z8?
Understanding such examples helps clarify the distinction between arbitrary functions and
homomorphisms, emphasizing the importance of the homomorphism property in preserving group
structure. It also aids in grasping the limitations of functions between groups and the criteria
needed for a function to be a group homomorphism, which is fundamental in abstract algebra.



Additional Resources
Give An Example And Describe Why There Exists A Function Between the Groups Z6 And Z8 That Is
NOT A Homomorphism

---

Introduction

In the realm of abstract algebra, the concept of group homomorphisms plays a fundamental role in
understanding the structure-preserving relationships between groups. These functions serve as the
building blocks for more advanced structures like isomorphisms, automorphisms, and group actions.
A common question that arises in this context involves the existence of functions between different
groups that are not homomorphisms, yet still map elements from one to another in a well-defined
manner.

Specifically, the question: "Give an example and describe why there exists a function between the
groups \( \mathbb{Z}_6 \) and \( \mathbb{Z}_8 \) that is not a homomorphism" is both intriguing and
instructive. This query invites us to explore the nature of group functions, the defining properties of
homomorphisms, and the reasons why certain mappings fail to preserve the group operation.

This article aims to thoroughly investigate this question, providing explicit examples, exploring the
underlying algebraic principles, and clarifying the subtle distinctions that differentiate
homomorphisms from arbitrary functions between groups.

---

Background: Groups \( \mathbb{Z}_6 \) and \( \mathbb{Z}_8 \)

Before delving into examples, it is essential to understand the groups involved:

- \( \mathbb{Z}_6 \): The integers modulo 6, with elements \( \{0, 1, 2, 3, 4, 5\} \), where addition is
performed modulo 6.
- \( \mathbb{Z}_8 \): The integers modulo 8, with elements \( \{0, 1, 2, 3, 4, 5, 6, 7\} \), where
addition is performed modulo 8.

Both groups are cyclic, abelian, and finite, with orders 6 and 8 respectively. The structure of these
groups influences the nature of functions defined between them.

---

The Nature of Homomorphisms Between \( \mathbb{Z}_6 \) and \( \mathbb{Z}_8 \)

A group homomorphism \(f: G \to H\) has the defining property:

\[
f(g_1 g_2) = f(g_1) ' f(g_2)
\]
for all \( g_1, g_2 \in G \), where \( \) and \( ' \) denote the group operations in \( G \) and \( H \),
respectively.



Given that both groups are cyclic, it's well-understood that any homomorphism from \(
\mathbb{Z}_n \) to \( \mathbb{Z}_m \) is determined entirely by the image of the generator:

\[
f(1) \in \mathbb{Z}_m
\]

and must satisfy the property that:

\[
f(n) = n \cdot f(1) \equiv 0 \ (\text{mod } m)
\]

This condition ensures the homomorphism respects the group's cyclic structure. For example, for \(
\mathbb{Z}_6 \to \mathbb{Z}_8 \), the possible homomorphisms correspond to elements \( f(1) \in
\mathbb{Z}_8 \) satisfying:

\[
6 \cdot f(1) \equiv 0 \ (\text{mod } 8)
\]

which constrains \( f(1) \) to particular values.

---

Constructing a Function Between \( \mathbb{Z}_6 \) and \( \mathbb{Z}_8 \) That Is Not a
Homomorphism

The core of our investigation is to illustrate that not all functions between these groups are
homomorphisms. Specifically, we seek an explicit example of a function \(f: \mathbb{Z}_6 \to
\mathbb{Z}_8\) that:

- Is well-defined (assigns each element in \( \mathbb{Z}_6 \) to some element in \( \mathbb{Z}_8 \)),
- Is not a homomorphism (fails the property \( f(g_1 + g_2) = f(g_1) + f(g_2) \) for some \( g_1, g_2
\)),
- Yet, is a valid function from the set-theoretic perspective.

Example Function:

Define \( f: \mathbb{Z}_6 \to \mathbb{Z}_8 \) as follows:

\[
f(0) = 0 \\
f(1) = 2 \\
f(2) = 4 \\
f(3) = 6 \\
f(4) = 1 \\
f(5) = 3
\]

This function assigns each element in \( \mathbb{Z}_6 \) to a specific element in \( \mathbb{Z}_8 \).



It is explicitly defined for all elements, ensuring it is a total function.

---

Verifying That \(f\) Is Not a Homomorphism

To ascertain whether \(f\) is a homomorphism, check whether:

\[
f(g_1 + g_2) \equiv f(g_1) + f(g_2) \ (\text{mod } 8)
\]

for some \( g_1, g_2 \in \mathbb{Z}_6 \).

Consider \( g_1 = 2 \), \( g_2 = 4 \):

- Calculate \( g_1 + g_2 \):

\[
2 + 4 \equiv 0 \ (\text{mod } 6)
\]

- Compute \( f(0) \):

\[
f(0) = 0
\]

- Compute \( f(2) + f(4) \):

\[
f(2) + f(4) = 4 + 1 = 5
\]

- Now, compare:

\[
f(2 + 4) = f(0) = 0
\]
\[
f(2) + f(4) = 5
\]

Since \( 0 \not\equiv 5 \ (\text{mod } 8) \), the function \(f\) fails the homomorphism property for this
pair. Therefore, \(f\) is not a homomorphism.

---

Why Do Such Functions Exist?

The existence of functions like \(f\) that are not homomorphisms hinges on the distinction between



arbitrary functions and structure-preserving maps:

- Arbitrary functions: Any assignment of elements from the domain to the codomain that is well-
defined. No additional constraints.
- Homomorphisms: A subset of functions that preserve the group operation, satisfying \(f(g_1 + g_2)
= f(g_1) + f(g_2)\) for all \(g_1, g_2\).

Because the only requirement for a general function is to assign images to elements, there is no
necessity for the function to respect the algebraic structure. This flexibility allows for the many
"bad" functions—those that ignore the group's operation—existing naturally.

In particular, for finite cyclic groups, the set of all possible functions from \( \mathbb{Z}_6 \) to \(
\mathbb{Z}_8 \) is enormous, but only a subset are homomorphisms. The majority are arbitrary and
do not preserve the group operation.

---

The Significance of Homomorphism Conditions

The fundamental reason why certain functions fail to be homomorphisms, despite being well-defined,
is rooted in the algebraic constraints:

- Homomorphism condition: For all \(g_1, g_2\), the function must satisfy \(f(g_1 + g_2) \equiv f(g_1)
+ f(g_2)\) (mod 8).
- Failure: When this condition is violated for even a single pair, the function is not a homomorphism.

In our example, the specific assignment of \(f(4) = 1\) and \(f(2) = 4\) creates a discrepancy in the
additive structure. Because addition in \( \mathbb{Z}_6 \) is cyclical and the image assignments do
not align with the multiples of a single element, the function fails to preserve the operation.

---

Why Do Homomorphisms Matter in Group Theory?

Understanding the distinction between arbitrary functions and homomorphisms is essential because:

- Homomorphisms encode structural similarities between groups.
- They are the morphisms in the category of groups, allowing for the classification of groups up to
isomorphism.
- They facilitate the study of kernels, images, quotient groups, and exact sequences.

In contrast, arbitrary functions lack these algebraic properties and do not reveal any structural
information about the groups involved.

---

Broader Implications and Applications

The existence of non-homomorphic functions between groups like \( \mathbb{Z}_6 \) and \(
\mathbb{Z}_8 \) underscores the importance of carefully distinguishing between different types of
functions in algebra:



- Set maps: Functions that assign elements without any algebraic constraints.
- Homomorphisms: Structure-preserving functions critical for understanding group relationships.
- Isom
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