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() A TaNGENT |s DRAWN To THE GraPH OF Y=5+8x-4/3x"3. THe GRADIENT OF THe TANGENT Is -28. FiND THE
COORDINATES

\UNDERSTANDING HOW TO FIND THE POINT OF TANGENCY ON A CURVE WHERE THE TANGENT HAS A SPECIFIED GRADIENT IS A
FUNDAMENTAL CONCEPT IN CALCULUS. IN THIS PROBLEM, WE ARE GIVEN THE FUNCTION \( ¥ = 5 + 8x - \rrRac{4}{3}x"3 \)
AND WE KNOW THAT AT A CERTAIN POINT, THE TANGENT TO THE CURVE HAS A GRADIENT (OR SLOPE) OF -28. OUR GOAL IS
TO DETERMINE THE COORDINATES OF THIS POINT OF TANGENCY.
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THIS COMPREHENSIVE GUIDE WILL WALK YOU THROUGH THE PROCESS STEP BY STEP, INCLUDING THE DERIVATION OF THE
DERIVATIVE (\X/HICH GIVES THE GRADIENT FUNCTION), SOLVING FOR THE X~COORDINATE WHERE THE GRADIENT MATCHES ‘28,
AND THEN CALCULATING THE CORRESPONDING Y-COORDINATE. WE'LL ALSO DISCUSS THE SIGNIFICANCE OF THESE STEPS, WHY
CALCULUS IS ESSENTIAL HERE, AND HOW TO VERIFY YOUR RESULTS.

UNDERSTANDING THE PROBLEM

Given DATA

o FuncTion: \( ¥ =5 + 8x - \rrac{43}{3}x"3 \)

o GRADIENT OF TANGENT AT A POINT: \(-28 )

WHAT IS BEING ASKED?

1. FIND THE X-COORDINATE(S) WHERE THE TANGENT TO THE CURVE HAS A GRADIENT OF -28.
2. CALCULATE THE CORRESPONDING Y-COORDINATE(S) AT THESE POINT(S).

3. DETERMINE THE COORDINATE PAIRS \((X, Y)\) AT THE POINT(S) OF INTEREST.

STeP 1: DIFFERENTIATING THE FUNCTION TO FIND THE GRADIENT FUNCTION

CALCULUS PROVIDES THE TOOLS TO DETERMINE THE GRADIENT OF A CURVE AT ANY POINT BY DIFFERENTIATING THE FUNCTION.



DerivaTIVE oF \( Y = 5 + 8x - \rrac{4}{3}x"*3 \)

\[
\rrac{oY}{box} = \rrac{p}ox3} \LerT( 5 + 8x - \FrrAc{43}{33x"3 \RIGHT)
\]

APPLYING DIFFERENTIATION TERM-BY-TERM:

- THE DERIVATIVE OF A CONSTANT (5) 15 O.

- THe perivaTIVE oF \( 8x \) Is 8.

- THe DErRIVATIVE OF \( -\FRAC{43}{3Ix"*3 \) 15 \( -\rrAc{4}{3} \TiMes 3x"2 = -4x"2 \).

THEREFORE:

\l

\BOXED{

\rrac{ov}{pox} =8 - 4x"2
}

\]

THis perIVATIVE FUNCTION, \( \FrRac{pY}{ox} \), GIVES THE GRADIENT OF THE TANGENT AT ANY POINT \( X \).

STeP 2: SETTING THE GRADIENT EQUAL To -28 AND SoLVvING For \( x \)

SINCE THE PROBLEM STATES THAT THE TANGENT HAS A GRADIENT OF -28 AT THE POINT OF INTEREST, SET:

\[
8 - 4x"2 =-28
\]

Now soLVE For \( x \):

1. SUBTRACT 8 FROM BOTH SIDES:

\[

-4x"2 =-28-8

\]

\[

-4x"2 =-36

\]

2. DIVIDE BOTH SIDES BY -4:
\[

x*2 = \rrac{-363}{-4} =9
\]

3. TAKE THE SQUARE ROOT:
\[

x = \PM \sQrT{9} =\Pm 3
\]

THUS, THE X-COORDINATES WHERE THE TANGENT HAS A GRADIENT OF -28 ARE:

\[

x = 3 \Quab \TexT{anD} \QuaD x = -3

\]



STEP 3: CALCULATING THE CORRESPONDING Y-COORDINATES

NoWw, SUBSTITUTE EACH X~-VALUE INTO THE ORIGINAL FUNCTION \( ¥ = 5 + 8x - \FrrRac{4}{3}x"3 \) To FIND THE
CORRESPONDING Y-V ALUES.

For\(x=3)\):

\[
vy =5+ 8(3) - \rrac{4}{ 3} \TiMes 33
\]

CALCULATE STEP-BY-STEP:

-\(8\1Mes 3=24)

-\(3%3=271)

-\C\FrAC{4}{33\TiMeES 27 =4 \TIMES 9 = 36 \)

PUTTING IT ALL TOGETHER:

\l
v=5+24-36=(29)-36=-7
\]

CooroINATE AT \(x =3 \):

\[
(3,-7)
\]

For \(x=-3\):

\[
vy =5+ 8(-3) - \rrac{43}{33 \1iMes (-3)"3
\]

CALCULATE STEP-BY-STEP:

-\(8\1Mes -3 =-24)

-\((-3)"3=-27\)

-\C\rrAc{43}{3} \TiMes -27 = 4 \TiMeS -9 =-36 \)

PUTTING IT ALL TOGETHER:

\[
vy=5-24-(-36)=(5-24)+36=-19+36=17
\]

CoorbINATE AT \(x =-3 \):

\[
(-3.17)
\]

STeP 4: FINAL ANSWER AND INTERPRETATION

THe POINTS ON THE GRAPH OF \( ¥ = 5 + 8x - \FrRac{43}{33x"3 \) WHERE THE TANGENT HAS A GRADIENT OF -28 ARE:

1. \(\soxen{(3, -7)3\)
2. \(\eoxeo{(-3, 17)}\)



THESE POINTS ARE SIGNIFICANT IN UNDERSTANDING THE BEHAVIOR OF THE CURVE, INDICATING WHERE THE SLOPE OF THE TANGENT
IS STEEPLY NEGATIVE. THE PRESENCE OF TWO POINTS REFLECTS THE SYMMETRY OF THE CUBIC FUNCTION'S DERIVATIVE, WHICH IS
QUADRATIC IN NATURE.

ADDITIONAL INSIGHTS AND APPLICATIONS

WHY Is THIS IMPORTANT?

- CALCULUS IN GEOMETRY: FINDING TANGENT POINTS WITH SPECIFIC GRADIENTS HELPS IN UNDERSTANDING THE SHAPE AND
BEHAVIOR OF CURVES.

- REAL-\WORLD APPLICATIONS: SUCH CALCULATIONS ARE CRITICAL IN PHYSICS (DETERMINING INSTANTANEOUS VELOCITY),
ECONOMICS (MARGINAL ANALYSIS), AND ENGINEERING (STRESS-STRAIN ANALYSIS).

- OPTIMIZATION PROBLEMS: KNOWING WHERE THE SLOPE TAKES PARTICULAR VALUES HELPS IN IDENTIFYING MAXIMUM OR MINIMUM
POINTS, INFLECTION POINTS, AND POINTS OF INTEREST.

FURTHER EXPLORATIONS

- GRAPHING THE FUNCTION AND T ANGENTS: USE GRAPHING TOOLS TO VISUALIZE THE POINTS AND SEE THE TANGENT LINES.

- ANALYZING THE NATURE OF THE POINTS: DETERMINE WHETHER THESE POINTS ARE MAXIMA, MINIMA, OR POINTS OF INFLECTION
BY EXAMINING THE SECOND DERIVATIVE.

- EXTENDING TO OTHER GRADIENTS: FIND POINTS WHERE THE TANGENT HAS DIFFERENT GRADIENTS TO ANALYZE THE CURVE’S
BEHAVIOR MORE BROADLY.

CoNCLUSION

IN THIS DETAILED EXPLORATION, WE'VE SUCCESSFULLY IDENTIFIED THE POINTS ON THE CURVE \( 'Y = 5 + 8x -
\FRAC{43{33x"3 \) WHERE THE TANGENT HAS A GRADIENT OF -28. THE PROCESS INVOLVED DIFFERENTIATING THE FUNCTION
TO FIND THE GRADIENT FUNCTION, SOLVING A QUADRATIC EQUATION TO FIND THE RELEVANT X-VALUES, AND SUBSTITUTING
BACK INTO THE ORIGINAL FUNCTION TO FIND THE CORRESPONDING Y-VALUES. THE KEY POINTS ARE AT \((3, -7)\) anp \((-3,

17)V).

MASTERING THESE TECHNIQUES ENHANCES YOUR UNDERSTANDING OF CALCULUS AND ITS APPLICATIONS TO REAL-WORLD
PROBLEMS INVOLVING CURVES AND THEIR TANGENTS. \WHETHER YOU'RE PREPARING FOR EXAMS, SOLVING ENGINEERING PROBLEMS,
OR EXPLORING MATHEMATICAL THEORIES, THIS APPROACH PROVIDES A SOLID FOUNDATION FOR ANALYZING THE GEOMETRY OF
FUNCTIONS AND THEIR TANGENTS.

Keyworbs For SEO OPTIMIZATION:

- CALCULUS TANGENT POINTS

- DERIVATIVE OF CUBIC FUNCTIONS

- FIND COORDINATES WITH GIVEN GRADIENT
- TANGENT TO CURVE PROBLEM

- GRADIENT FUNCTION DIFFERENTIATION

- SOLVING FOR TANGENT POINTS

- CALCULUS PROBLEM SOLUTIONS

- MATHEMATICAL ANALYSIS OF CURVES

- DERIVATIVE APPLICATIONS IN GEOMETRY



- FIND POINT OF TANGENCY WITH SPECIFIC SLOPE

FREQUENTLY ASkeD QUESTIONS

WHAT IS THE EQUATION OF THE GIVEN CURVE , AND WHAT IS THE SIGNIFICANCE OF
FINDING THE TANGENT'S GRADIENT AT A POINT?

THE EQUATION OF THE CURVE IS Y = 5 + 8x - (4/3)XA3 FINDING THE TANGENT'S GRADIENT AT A POINT HELPS DETERMINE THE
SLOPE OF THE TANGENT LINE TO THE CURVE AT THAT POINT, WHICH IS USEFUL IN UNDERSTANDING THE BEHAVIOR AND SLOPE OF
THE FUNCTION AT SPECIFIC X~VALUES.

How DO YOU FIND THE X-COORDINATE WHERE THE GRADIENT OF THE TANGENT TO THE
CURVE IS -28?

FIRST, DIFFERENTIATE Y WITH RESPECT TO X TO FIND DY/DX (THE GRADIENT FUNCTION). THEN, SET DY/DX EQUAL TO -28 AND
SOLVE FOR X TO FIND THE CORRESPONDING X‘COORDINATE(S).

\WHAT IS THE DERIVATIVE OF Y = 5 + 8x - (4/3)x"3, AND HOW IS IT USED TO FIND
THE REQUIRED POINT?

THE DERIVATIVE DY/DX = 8 -~ 4x™2. SETTING THIS EQUAL TO =28, 1.E.,, 8 - 4x"2 = -28, ALLOWS SOLVING FOR X TO FIND
THE POINT WHERE THE TANGENT HAS THE SPECIFIED GRADIENT.

How DO YOU DETERMINE THE Y-COORDINATE CORRESPONDING TO THE X-VALUE WHERE
THE GRADIENT IS -28?

SUBSTITUTE THE X-VALUE FOUND FROM THE GRADIENT EQUATION BACK INTO THE ORIGINAL CURVE ¥ = 5 + 8x - (4/3)x"3
TO COMPUTE THE CORRESPONDING YY-COORDINATE.

\YW/HAT ARE THE FINAL COORDINATES OF THE POINT WHERE THE TANGENT TO THE GRAPH
HAS A GRADIENT OF -28°

SOLVING 8 - 4x"2 =-28 GIves x = 2] 13. SUBSTITUTING THESE INTO THE ORIGINAL EQUATION YIELDS THE PoINTS (F] 13
v) anND (-] 13, Y), WITH Y CALCULATED BY PLUGGING X INTO Y = 5 + 8x - (4/3)x"3.
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ADDITIONAL RESOURCES

UNDERSTANDING THE PROBLEM: A TANGENT TO THE CURVE Y=5+8x-(4/3)x® wITH A GIVEN GRADIENT

IN THE REALM OF CALCULUS, THE CONCEPT OF TANGENT LINES TO CURVES IS FUNDAMENTAL, PROVIDING INSIGHTS INTO THE
BEHAVIOR OF FUNCTIONS AT SPECIFIC POINTS. THE PROBLEM AT HAND INVOLVES A CUBIC FUNCTION, \( Y = 5 + 8x -
\FRAC{43}{3}x"3 \), AND ASKS US TO DETERMINE THE COORDINATES OF A POINT WHERE A TANGENT LINE TOUCHES THIS CURVE,
GIVEN THAT THE GRADIENT (OR SLOPE) OF THAT TANGENT IS \(-28\). THIS PROBLEM ENCAPSULATES CORE CALCULUS
PRINCIPLES, NOTABLY DIFFERENTIATION AND SOLVING NONLINEAR EQUATIONS, AND OFFERS AN OPPORTUNITY TO EXPLORE THE
GEOMETRIC INTERPRETATION OF DERIVATIVES.

THIS ARTICLE AIMS TO DISSECT THIS PROBLEM COMPREHENSIVELY. WE WILL WALK THROUGH THE PROCESS OF UNDERSTANDING
THE FUNCTION, CALCULATING ITS DERIVATIVE, APPLYING THE GIVEN GRADIENT CONDITION, SOLVING THE RESULTING EQUATIONS,
AND INTERPRETING THE SOLUTIONS. THE GOAL IS TO ELUCIDATE EACH STEP WITH CLARITY AND DEPTH, ENSURING A THOROUGH
GRASP OF THE MATHEMATICAL CONCEPTS INVOLVED.



1. THE FUNCTION AND ITS SIGNIFICANCE

1.1 THe GIvVEN FUNCTION

THE FUNCTION PROVIDED IS:
\[v=5+8x-\rrac{4}3}x"3\]

THIS IS A CUBIC POLYNOMIAL, CHARACTERIZED BY A DEGREE OF THREE. |TS GENERAL SHAPE CAN VARY SIGNIFICANTLY DEPENDING
ON THE COEFFICIENTS, WITH POTENTIAL REGIONS OF INCREASING AND DECREASING BEHAVIOR, INFLECTION POINTS, AND LOCAL
MAXIMA OR MINIMA. UNDERSTANDING THIS FUNCTION'S BEHAVIOR IS ESSENTIAL WHEN CONSIDERING TANGENT LINES, AS THE SLOPE
AT ANY POINT DIRECTLY RELATES TO THE DERIVATIVE OF THE FUNCTION.

1.2 GEOMETRIC INTERPRETATION

GRAPHICALLY, THE FUNCTION PLOTS A SMOOTH CURVE THAT MAY RISE OR FALL DEPENDING ON THE VALUE OF \( X \) AT ANY
POINT ALONG THIS CURVE, WE CAN DRAW A TANGENT LINE THAT JUST “TOUCHES” THE CURVE WITHOUT CROSSING IT AT THAT
POINT. THE SLOPE OF THIS TANGENT LINE IS GIVEN BY THE DERIVATIVE OF THE FUNCTION EVALUATED AT THAT POINT.

IN THIS CONTEXT, THE PROBLEM SPECIFIES THAT THE TANGENT LINE'S GRADIENT (OR SLOPE) IS \(-28\), WHICH INDICATES A
STEEP NEGATIVE SLOPE. THE GOAL IS TO FIND THE SPECIFIC \( X \)-COORDINATE(S) WHERE THIS TANGENT LINE EXISTS AND THEN
DETERMINE THE CORRESPONDING \( ¥ \)-CoORDINATE(S).

2. DErRIVING THE GRADIENT FUNCTION

2.1 DIFFERENTIATION OF THE FUNCTION

TO FIND THE SLOPE OF THE TANGENT LINE AT ANY POINT \( X \), WE DIFFERENTIATE THE FUNCTION WITH RESPECT To \( x \):

\[
\rrAac{oY}{bx} = v’ = \rrac{p}{ox} \LerT( 5 + 8% - \Frrac{43}{3}x"3 \rIGHT)

\]

APPLYING STANDARD DIFFERENTIATION RULES:

- THE DERIVATIVE OF A CONSTANT (5) 15 0.
- THe perIVATIVE ofF \( 8x \) Is 8.
- THe DErRIVATIVE ofF \( -\FrRAC{43}{33Ix"3 \) 15 \( -\FrrAc{43}{3} \TIMeS 3Xx"2 = -4x"2 \).

THus:

\[

Y '=8-4x"2
\]

THIS DERIVATIVE FUNCTION \( Y’ = 8 - 4x”2 \) GIVES THE GRADIENT OF THE TANGENT AT ANY POINT \( x \) ALONG THE
CURVE.



2.2 SIGNIFICANCE OF THE DERIVATIVE

\UNDERSTANDING THE DERIVATIVE ALLOWS US TO DETERMINE WHERE THE TANGENT LINE HAS A SPECIFIC GRADIENT. SINCE THE
PROBLEM STATES THAT THE GRADIENT OF THE TANGENT IS \(-28)\), WE CAN SET:

\[
8-4x"2=-28
\]

AND SOLVE FOR \( x \). THIS EQUATION ENCAPSULATES THE CONDITION FOR THE TANGENT'S SLOPE AT THE POINT(S) OF
INTEREST.

3. SOLVING FOR THE POINT OF T ANGENCY

3.1 SETTING THE GRADIENT CONDITION

THE CORE EQUATION DERIVED FROM THE DERIVATIVE:

\[
8 - 4x"2 =-28
\]

CAN BE REARRANGED TO ISoLATE \( x*2 \):

\[
-4x"2=-28-8
\]

\[

-4x"2 =-36

\]

DIVIDING BOTH siDes BY \(-4\):

\[
x*2 = \rrAc{-36}{-4} =9
\]

THe soLuTIONS FOR \( X \) ARE OBTAINED BY TAKING THE SQUARE ROOT:

\[
x = \PM \sQrT{9} = \Pm 3
\]

THIS INDICATES THAT THERE ARE TWO POINTS ON THE CURVE WHERE THE TANGENT HAS A GRADIENT OF \(-28\), SPECIFICALLY
AT\(x=3\)and \(x=-3\).

3.2 CALcULATING CorresPONDING \( ¥ \)-CoOORDINATES

TO FIND THE EXACT POINTS, WE SUBSTITUTE THESE \( X \)-VALUES BACK INTO THE ORIGINAL FUNCTION:
-For\(x=3\):

\l



v =5+ 8(3) - \rrac{43{33(3)"3
\]

CALCULATE STEP-BY-STEP:

\[

8(3)=24

\]

\[

(3)"3 =27

\]

\[

\rrAC{43}{33 \TiMes 27 = 4 \TiMes 9 = 36

\]
So,

\l
v=5+24-36=(5+24)-36=29-36=-7
\]

-For\(x=-3\):

\l
vy =5+ 8(-3) - \rrac{4}{3}(-3)"3
\]

CALCULATE STEP-BY-STEP:

\[

8(-3)=-24

\]

\[

(-3)"3=-27

\]

\[

\rrAc{43}{3} \TiMes (-27) =-36

\]

THus,

\l
v=5-24-(-36)=5-24+36=(5-24)+36=-19+36=17
\]

SUMMARY OF SOLUTIONS:

[\N(Cx )\ ¥ \) | CooroiNATES

e
131-71(3,-7)]
-31171¢3,17)]

THESE ARE THE POINTS ON THE CURVE WHERE THE TANGENT LINE HAS A SLOPE OF \(‘28\)



4. GEOMETRIC AND ANALYTICAL SIGNIFICANCE

4.1 INTERPRETATION OF THE POINTS

Tre Two PoINTS \((3, -7)\) AnD \((-3, 17)\) ARE CRITICAL IN UNDERSTANDING THE BEHAVIOR OF THE CUBIC FUNCTION:

- AT THESE POINTS, THE TANGENT LINES HAVE A STEEP NEGATIVE SLOPE, INDICATING THAT THE FUNCTION IS DECREASING
RAPIDLY AT THESE POINTS.

- THE SYMMETRY IN THE SOLUTIONS (\( x = \PM 3 \)) HINTS AT UNDERLYING SYMMETRIES IN THE CUBIC FUNCTION, OFTEN
RELATED TO ITS DERIVATIVES AND INFLECTION POINTS.

4.2 TANGENT LINE EQUATIONS

HAVING IDENTIFIED THE POINTS, ONE CAN FIND THE EQUATIONS OF THE TANGENT LINES:
-For\(x=3\):

\[

\TexT{SLoPE} =-28

\]

\[

\texT{PoinT} = (3, -7)
\]

\[

\TexT{EQuATION: } ¥ - (-7) =-28(x - 3)
\]

\[

vy+7=-28x+84

\]

\[

vy =-28x+77

\]

-For \(x=-3\):

\[

\text{Point} = (-3, 17)
\]

\[

\TexT{EQuATION: } Y - 17 =-28(x + 3)
\]

\[

vy-17=-28x-84

\]

\[

vy =-28x-67

\]

THESE LINES ARE TANGENTS TO THE CURVE AT THE RESPECTIVE POINTS, WITH THE CALCULATED SLOPES.



5. BRoADER CONTEXT AND APPLICATIONS

5.1 PRACTICAL IMPLICATIONS

UNDERSTANDING WHERE A CURVE HAS A PARTICULAR TANGENT SLOPE IS PIVOTAL IN VARIOUS FIELDS:

- PHYSICS: ANALYZING VELOCITY AND ACCELERATION, WHERE THE SLOPE OF A POSITION-TIME GRAPH INDICATES SPEED.
- EconoMics: DETERMINING POINTS OF MAXIMUM OR MINIMUM PROFIT, COST, OR REVENUE FUNCTIONS.
- ENGINEERING: DESIGNING SYSTEMS WITH SPECIFIC RATE CHANGES OR SENSITIVITIES.

5.2 MATHEMATICAL SIGNIFICANCE

THIS PROBLEM EXEMPLIFIES CORE CALCULUS TECHNIQUES:

- DIFFERENTIATION TO FIND SLOPES

- SOLVING NONLINEAR EQUATIONS

- INTERPRETING GEOMETRIC MEANING OF DERIVATIVES

- CONNECTING ALGEBRAIC SOLUTIONS WITH GRAPHICAL INTUITION

IT ALSO ILLUSTRATES THE SYMMETRY INHERENT IN CUBIC FUNCTIONS, AND HOW DERIVATIVES HELP LOCATE POINTS OF INTEREST.

6. CONCLUSION

THE ANALYSIS OF THE FUNCTION \( ¥ = 5 + 8x - \FrrAC{43{33x"3 \) INRELATION TO ITS TANGENT LINES WITH A SPECIFIC
SLOPE DEMONSTRATES THE POWER OF CALCULUS IN UNDERSTANDING THE BEHAVIOR OF COMPLEX FUNCTIONS. BY
DIFFERENTIATING, SETTING THE DERIVATIVE EQUAL TO THE GIVEN SLOPE, AND SOLVING FOR \( X \), WE PINPOINT THE EXACT
LOCATIONS ON THE CURVE WHERE THE TANGENT HAS THE DESIRED GRADIENT. SUBSTITUTING BACK INTO THE ORIGINAL FUNCTION
YIELDS THE
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