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Introduction

In the realm of linear algebra and matrix analysis, positive definite matrices play a crucial role due
to their numerous applications in optimization, statistics, physics, and engineering. When dealing
with symmetric matrices, the property of positive definiteness ensures several desirable
characteristics, such as all eigenvalues being positive and the matrix being invertible.

This article aims to explore a fundamental inequality involving two positive definite symmetric
matrices \(A\) and \(B\), and a positive scalar \(C\). Specifically, we will examine and demonstrate the
properties of certain matrix expressions derived from \(A\), \(B\), and \(C\), emphasizing their
positive definiteness, spectral properties, and related inequalities.

Throughout, we will provide a detailed, step-by-step explanation suitable for students, researchers,
and practitioners interested in advanced matrix theory. The discussion will include key concepts
such as matrix ordering, spectral decomposition, and matrix inequalities, which are essential tools in
understanding the behavior of these matrices.

---

Preliminaries and Notation

Before delving into the main proof or demonstration, it is essential to clarify the fundamental
concepts and notations used throughout the article:

Symmetric Matrices

- A matrix \(M \in \mathbb{R}^{N \times N}\) is symmetric if \(M = M^{T}\).
- Symmetric matrices have real eigenvalues and orthogonal eigenvectors.

Positive Definite Matrices

- A symmetric matrix \(M\) is positive definite, denoted \(M > 0\), if for all non-zero vectors \(x \in
\mathbb{R}^{N}\),

\[
x^{T} M x > 0
\]



- Equivalently, all eigenvalues of \(M\) are positive.

Scalar \(C\)

- The scalar \(C\) is positive, i.e., \(C > 0\).

Matrix Ordering

- For symmetric matrices \(X\) and \(Y\), the notation \(X \geq Y\) indicates that \(X - Y\) is positive
semi-definite.

Spectral Decomposition

- Any symmetric matrix \(M\) can be decomposed as:

\[
M = Q \Lambda Q^{T}
\]

where \(Q\) is orthogonal and \(\Lambda\) is a diagonal matrix containing the eigenvalues.

---

Fundamental Properties of Positive Definite Matrices

Understanding the properties of positive definite matrices is vital for the subsequent analysis:

1. Closure Under Addition and Scalar Multiplication

- If \(A, B > 0\), then for any positive scalar \(C > 0\),

\[
A + B > 0
\]

and

\[
C A > 0
\]

- The sum or scalar multiple of positive definite matrices remains positive definite.

2. Inverse and Square Roots

- The inverse of a positive definite matrix \(A\), denoted \(A^{-1}\), exists and is also positive
definite.
- The matrix square root \(A^{1/2}\) is well-defined, symmetric, and positive definite.

3. The Loewner Order and Inequalities



- For positive definite matrices \(A\) and \(B\), the Loewner partial order allows us to compare their
sizes via positive semi-definiteness.

---

Main Theoretical Result

Given the matrices \(A, B \in \mathbb{R}^{N \times N}\), both positive definite and symmetric, and
a scalar \(C > 0\), we aim to analyze the following:

> [Statement to be shown]: The matrix expression \(A + C B\) is positive definite, and its spectral
properties relate to those of \(A\) and \(B\).

Specifically, we intend to demonstrate the following:

Theorem 1: Positivity of \(A + C B\)

> For \(A, B > 0\) and \(C > 0\),
> \[
> A + C B > 0
> \]
> i.e., the sum is positive definite.

Theorem 2: Eigenvalue Bound for \(A + C B\)

> The eigenvalues of \(A + C B\) satisfy certain bounds derived from the eigenvalues of \(A\) and
\(B\).

---

Demonstrating that \(A + C B\) is Positive Definite

Proof of Theorem 1

Since both \(A\) and \(B\) are positive definite, for any non-zero vector \(x\):

\[
x^{T} A x > 0 \quad \text{and} \quad x^{T} B x > 0
\]

Multiplying \(x^{T} B x\) by a positive scalar \(C\) preserves positivity:

\[
x^{T} (C B) x = C x^{T} B x > 0
\]

Adding the two inequalities:

\[
x^{T} (A + C B) x = x^{T} A x + C x^{T} B x > 0 + 0 = 0
\]



for all non-zero \(x\). Therefore,

\[
A + C B > 0
\]

which confirms that the sum of two positive definite matrices, scaled appropriately, remains positive
definite.

---

Spectral Properties of \(A + C B\)

Understanding the eigenvalues of \(A + C B\) provides insight into its behavior, especially in
optimization and stability analysis.

Eigenvalue Bound via Weyl's Inequality

Weyl's inequality offers bounds on the eigenvalues of the sum of Hermitian matrices:

\[
\lambda_{i}(A + C B) \leq \lambda_{i}(A) + \lambda_{N}(C B)
\]

where \(\lambda_{i}(\cdot)\) denotes the \(i\)-th eigenvalue in increasing order.

Given that \(A, B > 0\), their eigenvalues satisfy:

\[
0 < \lambda_{1}(A) \leq \lambda_{2}(A) \leq \dots \leq \lambda_{N}(A)
\]
\[
0 < \lambda_{1}(B) \leq \lambda_{2}(B) \leq \dots \leq \lambda_{N}(B)
\]

and the eigenvalues of \(C B\) are scaled accordingly:

\[
\lambda_{i}(C B) = C \lambda_{i}(B)
\]

Thus, the eigenvalues of \(A + C B\) are bounded below by:

\[
\lambda_{i}(A + C B) \geq \lambda_{i}(A) + C \lambda_{i}(B)
\]

which are all positive, confirming the positive definiteness of \(A + C B\).

Variational Characterization via Rayleigh Quotient



The eigenvalues of a symmetric matrix \(M\) can be characterized as:

\[
\lambda_{i}(M) = \min_{S: \dim(S)=i} \max_{x \in S, \|x\|=1} x^{T} M x
\]

Applying this to \(A + C B\), one can analyze the spectral bounds further.

---

Applications of the Result

The positivity and spectral properties of \(A + C B\) have several important applications:

1. Optimization and Convexity

- In quadratic optimization problems, ensuring the positive definiteness of matrices like \(A + C B\)
guarantees convexity of the objective function.

2. Stability Analysis

- In control theory, positive definite matrices represent energy functions or Lyapunov functions. The
sum \(A + C B\) can be interpreted as a combined energy measure, whose positivity implies system
stability.

3. Covariance Matrix Estimation

- In statistics, the sum of positive definite matrices often models combined covariance structures,
with positive definiteness ensuring valid probability distributions.

---

Extending to Generalizations

The discussion can be extended beyond the specific case of \(A + C B\):

1. Matrix Concavity and Convexity

- The map \(A \mapsto A^{-1}\) is matrix convex on the cone of positive definite matrices.

2. Matrix Means

- The geometric mean and harmonic mean of positive definite matrices preserve positive
definiteness, which can be utilized in more advanced inequalities.

3. Operator Monotone Functions

- Functions like the matrix square root or matrix logarithm maintain orderings and are critical in
matrix analysis.

---



Summary and Conclusion

In this comprehensive analysis, we've established that:

- The sum \(A + C B\) of two positive definite symmetric matrices \(A, B \in \mathbb{R}^{N \times
N}\) with a positive scalar \(C\) is itself positive definite.
- The spectral properties of this sum are bounded in terms of the eigenvalues of \(A\) and \(B\),
providing valuable insights into its behavior.
- These properties have broad implications across various fields, including optimization, control
systems, and statistical modeling.

Understanding the positivity and spectral bounds of matrix combinations like \(A + C B\) is
fundamental in ensuring stability, convexity, and valid probabilistic interpretations in complex
systems. This demonstration underscores the importance of positive definiteness

Frequently Asked Questions

What properties do positive definite symmetric matrices A and
B possess?
Positive definite symmetric matrices A and B are symmetric (A = A^T, B = B^T) and all their
eigenvalues are positive, ensuring they are invertible and define inner products in vector spaces.

How does scalar multiplication by a positive scalar C affect a
positive definite matrix?
Multiplying a positive definite matrix by a positive scalar C results in another positive definite
matrix, preserving symmetry and eigenvalues scaled by C, thus maintaining positive definiteness.

What is the significance of the matrices A and B being
symmetric and positive definite in matrix inequalities?
Symmetry and positive definiteness ensure that matrices have real, positive eigenvalues, which
allows for well-defined matrix functions like square roots and facilitates the application of
inequalities such as the Löwner order.

How can we express the matrix inequality involving A, B, and C
that the problem is likely referring to?
The problem probably involves demonstrating an inequality such as A ≤ B or C A ≤ B, or showing
relationships involving their inverses or sums, under the positive definiteness assumptions.

What is the Löwner order and how does it relate to positive



definite matrices?
The Löwner order is a partial order on the set of Hermitian matrices where A ≤ B if and only if B - A
is positive semi-definite, which is fundamental in comparing positive definite matrices.

How does adding a positive scalar C to a positive definite
matrix affect its eigenvalues?
Adding a positive scalar C to a positive definite matrix shifts all its eigenvalues by C, preserving
positive definiteness and increasing the matrix in the Löwner order.

What is the matrix inverse inequality for positive definite
matrices?
For positive definite matrices A and B, A ≤ B implies B^{-1} ≤ A^{-1}, illustrating how ordering is
reversed under inversion.

How can the properties of A, B, and C be used to prove
inequalities involving their sums or products?
By leveraging symmetry, positive definiteness, and scalar multiplication, one can utilize spectral
properties and matrix inequalities (e.g., Rayleigh quotient, Löwner order) to establish bounds and
relationships among A, B, and C.

What role does the positive scalar C play in the context of
matrix inequalities involving A and B?
The scalar C acts as a scaling factor that can strengthen or weaken inequalities, often used to
demonstrate bounds like CA ≤ B or to adjust matrices to satisfy specific ordering relations.

What is the typical goal when asked to 'show that the
following' in matrix inequality problems with positive definite
matrices?
The goal is usually to prove a certain inequality or ordering relation involving A, B, and C—such as
bounds, monotonicity, or spectral properties—using the matrices' positive definiteness and
symmetry.

Additional Resources
Let A and B be positive definite symmetric N×N matrices and let C be a positive scalar. Show that
the following

In the realm of linear algebra, the properties and interactions of matrices—particularly positive
definite, symmetric matrices—are foundational to many advanced topics, including optimization,



numerical analysis, and machine learning. When dealing with matrices A and B, both positive
definite and symmetric, and a positive scalar C, understanding how various matrix operations
preserve or alter these properties is critical. This article provides a comprehensive guide to
demonstrating key inequalities and properties involving such matrices, emphasizing the interplay
between positivity, symmetry, and scalar multiplication.

---

Introduction to Positive Definite Symmetric Matrices

Before diving into the specific problem, it’s essential to establish a solid understanding of positive
definite symmetric matrices:

- Symmetric matrices: Matrices \( M \) satisfying \( M = M^\top \). Symmetry implies real
eigenvalues and orthogonal eigenvectors, which simplifies spectral analysis.
- Positive definite matrices: Symmetric matrices \( M \) for which \( x^\top M x > 0 \) for all non-zero
vectors \( x \in \mathbb{R}^N \). These matrices have strictly positive eigenvalues, and their
properties facilitate various matrix inequalities and decompositions.

Key properties:

- Eigenvalues: All eigenvalues of a positive definite symmetric matrix are positive.
- Cholesky decomposition: Any positive definite symmetric matrix \( M \) can be decomposed as \( M
= LL^\top \), where \( L \) is lower-triangular with positive diagonal entries.
- Order relations: For matrices \( A \) and \( B \), \( A \succeq B \) indicates \( A - B \) is positive
semidefinite.

---

Setting the Stage: The Matrices and Scalar

Given:

- \( A, B \in \mathbb{R}^{N \times N} \), both positive definite and symmetric.
- \( C \in \mathbb{R} \), with \( C > 0 \).

Our goal is to analyze and demonstrate properties or inequalities involving these matrices and
scalar, such as:

- The positivity of certain matrix expressions.
- Inequalities involving matrix sums or scalar multiples.
- Preservation of positive definiteness under various operations.

---

Fundamental Concepts and Tools

1. Matrix Inequalities

Understanding the Löwner partial order \( \succeq \) is crucial:



- \( A \succeq B \) implies \( A - B \) is positive semidefinite.
- For positive definite matrices, scalar multiplication preserves positive definiteness: \( C A \) is
positive definite if \( C > 0 \).

2. Spectral Decomposition

Any symmetric positive definite matrix \( M \) admits an eigen-decomposition:

\[
M = Q \Lambda Q^\top,
\]

where:

- \( Q \) is orthogonal (\( Q^\top Q = QQ^\top = I \)),
- \( \Lambda \) is diagonal with positive entries (the eigenvalues).

This decomposition simplifies many matrix functions and inequalities.

3. Matrix Functions

Functions such as the matrix square root \( M^{1/2} \), inverse \( M^{-1} \), and fractional powers
are well-defined for positive definite matrices.

---

Demonstration of the Inequality or Property

Suppose the problem involves demonstrating that:

\[
A \preceq B \implies C A \preceq C B,
\]

or perhaps that a particular matrix expression involving \( A, B, C \) retains positive definiteness or
satisfies an inequality.

Step 1: Scalar Multiplication Preserves Positivity

Since \( C > 0 \), multiplying a positive definite matrix by \( C \) preserves positive definiteness:

\[
A \succ 0 \implies C A \succ 0,
\]

because for any non-zero \( x \),

\[
x^\top (C A) x = C x^\top A x > 0,
\]



due to positivity of \( C \) and \( A \).

Step 2: Sum of Positive Definite Matrices

The sum of two positive definite matrices is positive definite:

\[
A \succ 0, \quad B \succ 0 \implies A + B \succ 0.
\]

This property is fundamental to constructing bounds and inequalities.

Step 3: Scalar and Matrix Inequalities

If \( A \preceq B \), then for any positive scalar \( C \):

\[
C A \preceq C B,
\]

since multiplying both sides of a matrix inequality by a positive scalar preserves the order.

---

Illustrative Examples and Applications

Example 1: Scaling and Addition

Given positive definite matrices \( A \) and \( B \), and scalar \( C > 0 \):

- Show that

\[
A + C B \succ 0,
\]

since both \( A \) and \( C B \) are positive definite, and the sum of two positive definite matrices is
positive definite.

Example 2: Convex Combinations

For \( 0 \leq \lambda \leq 1 \):

\[
\lambda A + (1 - \lambda) B \succ 0,
\]

which demonstrates that convex combinations of positive definite matrices remain positive definite.

Example 3: Matrix Inequalities involving Inverses



Suppose \( A \succ 0 \), then \( A^{-1} \succ 0 \), and the following inequality holds:

\[
A \preceq B \implies B^{-1} \preceq A^{-1},
\]

which is known as the inverse order reversal for positive definite matrices.

---

Advanced Topics: Convexity, Monotonicity, and Matrix Means

1. Matrix Geometric Mean

The geometric mean of two positive definite matrices \( A \) and \( B \) is defined as:

\[
A \ B = A^{1/2} (A^{-1/2} B A^{-1/2})^{1/2} A^{1/2},
\]

which retains positive definiteness and is useful in various inequalities.

2. Operator Monotone Functions

Functions like \( f(t) = t^\alpha \), with \( 0 < \alpha < 1 \), are operator monotone on \( (0, \infty) \).
These functions satisfy:

\[
A \preceq B \implies f(A) \preceq f(B).
\]

This property can be employed to demonstrate inequalities involving matrix powers.

---

Final Remarks and Summary

In conclusion, the interplay between positive definite symmetric matrices and positive scalars under
various operations is rich with properties that facilitate the demonstration of inequalities and
structural results. The key takeaways are:

- Scalar multiples of positive definite matrices remain positive definite when the scalar is positive.
- The sum of positive definite matrices is positive definite.
- Matrix inequalities are preserved under scalar multiplication and addition.
- Spectral decomposition provides a powerful tool for analyzing matrix functions and inequalities.
- Operator monotonicity and matrix means extend these properties to more advanced contexts.

Understanding these fundamental principles equips practitioners and researchers to analyze
complex matrix expressions confidently, ensuring that positive definiteness and related properties
are preserved or appropriately bounded in their applications.



---

In essence, the demonstration that A and B are positive definite symmetric matrices and C is a
positive scalar leads to a variety of elegant and useful inequalities, reinforcing the robustness of
positive definiteness under scalar multiplication, addition, and various matrix functions. These
properties form the backbone of many theoretical and practical advancements across scientific
disciplines.
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