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Pricing options accurately is a fundamental aspect of financial mathematics
and derivatives trading. Among the myriad models developed over the years,
the Black-Scholes model remains one of the most celebrated and widely used
tools for valuing European-style options. However, its applicability to
American options, especially American call options on non-dividend-paying
stocks, has been a subject of extensive discussion and analysis. This article
delves into whether the Black-Scholes model can be employed to price American
call options on assets that do not pay dividends, exploring the theoretical
underpinnings, assumptions, limitations, and practical implications.

Understanding the Black-Scholes Model

The Foundations and Assumptions of Black-Scholes

The Black-Scholes model, developed by Fischer Black, Myron Scholes, and
Robert Merton in the early 1970s, revolutionized options pricing by providing
a closed-form analytical solution. Its primary assumptions include:

- The underlying asset follows a geometric Brownian motion with constant
volatility and risk-free interest rate.

- Markets are efficient, with no arbitrage opportunities.

- No dividends are paid out during the life of the option.

- The risk-free interest rate and volatility are known and constant.

- The markets are frictionless, with no transaction costs or taxes.

- The option can only be exercised at maturity (European-style).

These assumptions simplify the complex realities of financial markets,

enabling the derivation of a formula that links the option’s price to
underlying parameters.

European vs. American Options in the Black-Scholes



Framework

The Black-Scholes formula was originally derived for European options, which
can only be exercised at maturity. The formula provides the theoretical fair
value for call and put options under the model’s assumptions. For European
call options on non-dividend-paying stocks, the Black-Scholes model is
considered exact and reliable.

In contrast, American options allow early exercise, adding a layer of
complexity to their valuation. This feature is particularly significant for
put options or calls on stocks paying dividends, where early exercise might
be optimal. The classic Black-Scholes model does not directly account for the
possibility of early exercise, which is a key distinction when considering
American options.

Can The Black-Scholes Model Price American Call
Options on Non-dividend-paying Stocks?

Theoretical Perspective on Early Exercise and the
American Call

The core question is whether the assumptions and structure of the Black-
Scholes model can be extended or adapted to price American call options on
non-dividend-paying stocks.

- Early Exercise Premium: American options potentially have an early exercise
premium, the extra value due to the option holder's right to exercise before
maturity.

- Impact of Dividends: For stocks paying dividends, early exercise can be
optimal just before the dividend date to capture the dividend, making early
exercise valuable. Conversely, for non-dividend-paying stocks, the incentive
to exercise early diminishes.

Why American Call Options on Non-dividend-paying
Stocks Are Usually Worth the Same as European Calls

In the absence of dividends, it is generally optimal for the holder of an
American call on a non-dividend-paying stock to hold the option until
maturity rather than exercise early. The reasoning is:

- No Dividends to Capture: Since the stock does not pay dividends, the holder
does not forego any dividend income by holding the option.
- Time Value: Exercising early forfeits the remaining time value of the



option, which is typically positive.
- No Arbitrage Opportunity: Early exercise does not provide any immediate
benefit that outweighs the loss of time value.

This leads to the conclusion that, under idealized assumptions, the American
call on a non-dividend-paying stock should have the same value as a European
call, which can be directly priced using the Black-Scholes formula.

Implications for Using Black-Scholes to Price
American Calls on Non-dividend Stocks

Given the above, the practical implications are:

- Black-Scholes as an Approximation: Since early exercise is generally
suboptimal for non-dividend-paying stocks, the Black-Scholes formula for
European options can be used as an approximation or even an exact valuation
for American calls.

- No Need for Complex Models: More sophisticated models or numerical methods
(like binomial trees or finite difference methods) are unnecessary for this
case because the American feature does not add value.

Limitations and Exceptions to the Approximation

While the above reasoning holds in standard scenarios, certain conditions can
challenge the assumption that American calls on non-dividend stocks are
equivalent to European calls.

Potential Situations Where Early Exercise Might Be
Optimal

- Imperfect Markets or Transaction Costs: In real markets, transaction costs
or liquidity constraints might make early exercise more attractive.

- Interest Rate Changes: Fluctuating interest rates could influence the
timing of exercise, although this effect is typically minimal for non-
dividend stocks.

- Model Assumptions Deviations: Violations of the assumptions underlying
Black-Scholes (e.g., stochastic volatility, jumps in underlying prices) may
affect the optimal exercise strategy.

Impacts of Model Deviations and Market Realities

- Stochastic Volatility: Variability in volatility can impact the value of



options and potentially make early exercise more favorable under certain
circumstances.

- Market Frictions: Bid-ask spreads, taxes, and other market frictions can
influence the optimal exercise policy, making the simplistic assumption less
accurate.

- Finite Maturity and Discrete Exercise Opportunities: Real-world American
options often have discrete exercise opportunities, which can influence
valuation.

Practical Approaches for Pricing American Call
Options on Non-dividend-paying Stocks

Given the theoretical backing, practitioners often adopt the following
approaches:

Use the European Black-Scholes Price as an
Approximation

- Since early exercise is generally suboptimal, the European call price from
Black-Scholes serves as a close approximation for the American call price.

Employ Numerical Methods for Precise Valuation

- For more precise valuation, especially when market conditions deviate from
ideal assumptions, numerical methods such as:

e Binomial Trees
e Finite Difference Methods

e Monte Carlo Simulations (with early exercise features)

are used to account for potential early exercise opportunities and market
imperfections.

Consider Market Conditions and Contract Specifics

- Adjust models to incorporate transaction costs, discrete exercise dates, or
other real-world features that could influence the optimal exercise strategy.



Summary and Conclusions

- The Black-Scholes model, designed primarily for European options, can be
effectively used to price American call options on non-dividend-paying stocks
because early exercise is typically not optimal in this scenario.

- Under idealized assumptions, the American call's value equals that of its
European counterpart, justifying the use of the Black-Scholes formula for
valuation.

- Deviations from assumptions or market imperfections may necessitate
numerical methods or more sophisticated models to capture nuances influencing
early exercise decisions.

- Practitioners should be aware of the context and market environment when
applying the Black-Scholes model to American options, recognizing its
limitations and the circumstances under which it provides reliable estimates.

In conclusion, while the Black-Scholes model is inherently a European option
pricing framework, its application to American calls on non-dividend-paying
stocks is justified and widely accepted due to the typical absence of early
exercise benefits. Nonetheless, practitioners must remain attentive to market
realities and potential deviations from model assumptions to ensure accurate
and effective valuation strategies.

Frequently Asked Questions

Can the Black-Scholes model be used to accurately
price American call options on non-dividend-paying
stocks?

No, the Black-Scholes model is primarily designed for European options. Since
American call options on non-dividend-paying stocks can be exercised early,
their value is generally equal to the European counterpart, and the Black-
Scholes model does not account for early exercise features, making it
unsuitable for accurate pricing of American calls in this context.

Why is the Black-Scholes model not appropriate for
pricing American call options on non-dividend-paying
stocks?

Because American call options on non-dividend-paying stocks do not benefit
from early exercise, their value equals that of European calls, which the
Black-Scholes model can price. However, the model does not incorporate the
early exercise feature of American options, rendering it unsuitable for their
direct valuation.



What alternative methods can be used to price
American call options on non-dividend-paying stocks?

In practice, since early exercise is not optimal for American calls on non-
dividend-paying stocks, the European Black-Scholes model is often used as an
approximation. For more precise pricing, binomial trees or finite difference
methods can be employed to capture the early exercise feature.

How does the presence or absence of dividends affect
the applicability of Black-Scholes for American call
options?

When a stock pays dividends, early exercise of an American call may be
optimal to capture dividend payments, making Black-Scholes less accurate. On

non-dividend-paying stocks, early exercise is generally suboptimal, so Black-
Scholes can be used to approximate their value as European options.

Is the Black-Scholes model ever used to price
American call options on non-dividend-paying stocks
in practice?

Typically, no. Since early exercise isn't advantageous for non-dividend-
paying stocks, practitioners often use the Black-Scholes model for European
options, which effectively approximates American calls in this case. For

American options where early exercise matters, more advanced models are
preferred.

What are the key limitations of applying the Black-
Scholes model to American call options on non-
dividend-paying stocks?

The main limitation is that the Black-Scholes model assumes European-style
exercise and does not account for the possibility of early exercise, which is
irrelevant for non-dividend-paying stocks, making it unsuitable for directly
pricing American calls that could be exercised early. However, since early

exercise isn't optimal here, the model's limitation is less critical in this
specific case.

Additional Resources
Black-Scholes Model

Introduction: The Fundamental Question

In the realm of options pricing, the Black-Scholes model stands as a



cornerstone, widely admired for its elegant mathematical framework and
practical utility. However, when it comes to American options—particularly
American call options on non-dividend-paying stocks—the question arises: Can
the Black-Scholes model be reliably used to price these options? This inquiry
is more nuanced than it might first appear, touching upon the foundational
assumptions of the model and the distinctive features of American options.

This article aims to thoroughly explore this question, dissecting the
theoretical underpinnings of the Black-Scholes model, its applicability to
American options, and the implications for practitioners and investors. We
will analyze the model’s assumptions, its limitations, and the reasoning
behind why, in many cases, it cannot directly price American call options on
non-dividend-paying stocks.

Understanding the Black-Scholes Model
The Origin and Purpose

The Black-Scholes model, developed by Fischer Black, Myron Scholes, and
Robert Merton in the early 1970s, revolutionized options markets by providing
a closed-form analytical formula for pricing European-style call and put
options. Its derivation is based on stochastic calculus, specifically the
geometric Brownian motion assumption for underlying asset prices, leading to
a partial differential equation (PDE) that describes option prices.

Core Assumptions
The model rests on several critical assumptions:

- No arbitrage opportunities: Markets are efficient, and no free lunch
exists.

- Log-normal distribution: The underlying asset’s returns are normally
distributed in logarithmic terms.

- Constant volatility: The volatility of the underlying asset remains
constant over the life of the option.

- Risk-free interest rate: The risk-free rate is known and constant.

- Continuous trading: The underlying asset and options can be traded
continuously without transaction costs or taxes.

- No dividends: The underlying asset does not pay dividends during the life
of the option.

It is this last assumption—-no dividends—that directly impacts the pricing of
American call options.

European vs. American Options

European Options



European options can only be exercised at maturity. The Black-Scholes formula
was explicitly derived to price these options, and under its assumptions, it
provides an exact, closed-form solution.

American Options

American options, in contrast, confer the right to exercise at any point up
to expiration. This flexibility introduces an added layer of complexity
because the optimal exercise strategy may vary depending on the underlying's
price path and other market factors.

The ability to exercise early makes American options more valuable than their
European counterparts in some cases, especially when dividends are involved
or when early exercise is advantageous.

The Crux: Can Black-Scholes Price American Calls on Non-Dividend Stocks?
The Theoretical Perspective

The core of the question hinges on whether the Black-Scholes formula,
designed for European options, can be adapted or extended to price American
options—specifically American call options on non-dividend-paying stocks.

Since the Black-Scholes model provides a closed-form solution for European
options, it’'s tempting to consider whether the same formula can be used
directly for American options. The short answer is: generally, no.

Why Not?

- Early exercise feature: American options can be exercised early, which the
Black-Scholes model does not account for. The model assumes the option can
only be exercised at maturity, making it inherently unsuitable for American
options with early exercise privileges unless specific conditions are met.
- Non-dividend assumptions: For non-dividend-paying stocks, the benefit of
early exercise is minimal for American calls, but not nonexistent in all
circumstances, especially when considering transaction costs or interest
rates.

- Mathematical incompatibility: The derivation of the Black-Scholes formula
relies on boundary conditions aligned with European options, where only
terminal payoff is considered.

Theoretical Justification
The key theoretical insight is that for non-dividend-paying stocks, the early
exercise feature of American calls is generally not optimal before

expiration. This is because:

- The value of holding the option (which includes potential upside) exceeds
the immediate payoff from early exercise.



- Exercising early would mean losing the remaining time value of the option,
which is typically positive.

Thus, for non-dividend-paying stocks, the American and European call options
are practically equivalent in value. This fact is rooted in the no-arbitrage
principle and has been rigorously proven through financial mathematics.

Practical Implications and Pricing Strategies
The Theoretical Equivalence

Given the above, theoretically, the price of an American call option on a
non-dividend-paying stock should be equal to the price of a European call
option. Since the Black-Scholes formula provides the European price, it can
therefore be used as an approximation for the American call in this
particular case.

Limitations and Caveats

- Market imperfections: In real markets, factors such as transaction costs,
bid-ask spreads, and model risk may create deviations.

- Early exercise considerations: Although theoretically unnecessary, in
practice, some traders might still consider early exercise strategies,
especially if other factors like dividends or taxes come into play.

- Model extensions: To better capture the possibility of early exercise, more
advanced models such as binomial trees, finite difference methods, and Monte
Carlo simulations are used. These models explicitly incorporate the early
exercise feature and can price American options more accurately.

The Role of Dividends and When the Black-Scholes Model Fails

While the previous discussion relies on the assumption of no dividends, the
landscape changes when the underlying stock pays dividends:

- Dividends make early exercise optimal: Since dividends reduce the stock
price upon payment, early exercise of an American call can be advantageous
just before the ex-dividend date.

- Black-Scholes limitations: The original Black-Scholes model does not
incorporate discrete dividends, and extending it to do so complicates the
formula.

In such cases, the simple equivalence between European and American call
options breaks down, and the Black-Scholes model cannot be used directly to
price American calls.



Alternative Pricing Methods

Given the limitations of the Black-Scholes model for American options,
especially with early exercise features, practitioners often turn to:

- Binomial Tree Models: Discrete-time models that allow for step-by-step
evaluation of the optimal exercise policy, capturing early exercise features
explicitly.

- Finite Difference Methods: Numerical PDE solutions that incorporate
boundary conditions for early exercise.

- Monte Carlo Simulations: Useful for complex derivatives and path-dependent
options, although less straightforward for American options due to the early
exercise feature.

These methods, while computationally more intensive, provide more accurate
and flexible pricing frameworks for American options.

Summary: Is the Black-Scholes Model Suitable?
| Aspect | Explanation | Implication |

| Applicability to European options | Excellent, provides a closed-form
solution | Directly usable for European call/put options |

| American call on non-dividend-paying stocks | Theoretically equivalent to
European call | Black-Scholes can be used as an approximation for the
American call price |

| American call on dividend-paying stocks | Early exercise may be optimal |
Black-Scholes not suitable; alternative methods required |

| Early exercise feature | Not incorporated in Black-Scholes | Cannot
explicitly price American options with early exercise potential using Black-
Scholes alone |

Final Verdict

In conclusion, for non-dividend-paying stocks, the Black-Scholes model can be
used to approximate the price of an American call option. However, this is
based on the key theoretical insight that early exercise offers no advantage
in this scenario, rendering the American option effectively equivalent to a
European one.

Nevertheless, for more general cases—especially when dividends are involved
or when the potential for early exercise exists—the Black-Scholes model falls
short. In such cases, practitioners must employ more sophisticated numerical
methods that explicitly model the early exercise feature.

Closing Remarks: Practical Considerations



For traders and investors, understanding the limitations of the Black-Scholes
model is crucial. While it remains a foundational tool, relying on it blindly
for American options—particularly those with early exercise opportunities—can
lead to mispricing and suboptimal trading decisions.

In practice, combining the theoretical insights with numerical methods and
market data ensures a more robust and accurate approach to options valuation,
aligning mathematical rigor with real-world complexities.

Key Takeaways:

- The Black-Scholes model provides a solid framework for European options.

- For American calls on non-dividend stocks, the model’s assumptions imply
the option’s value equals that of a European call.

- Early exercise rights are generally non-beneficial for non-dividend-paying
American calls, validating the use of Black-Scholes as an approximation.

- For options with early exercise features or dividends, more advanced models
are necessary.

By appreciating these nuances, investors and analysts can better navigate the
sophisticated landscape of options pricing, leveraging the strengths of the
Black-Scholes model while acknowledging its limitations.
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