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Introduction

Understanding the probabilities associated with normally distributed random variables is fundamental
in statistics, especially in fields such as engineering, finance, and scientific research. When dealing
with multiple variables, especially independent ones, the problem often involves calculating joint
probabilities, conditional probabilities, or specific events involving these variables. In this article, we
will explore how to find probabilities involving three independent normal variables: X, Y, and Z, each

with specified means and variances. We will break down the problem step by step, illustrating key
concepts and calculations along the way.

Understanding the Given Data
Firstly, let's clarify the given information about the variables:

- X'is normally distributed with mean \(\mu_X = -1.9\) and variance \(\sigma_X"2 = 2.2\).
- Notation: \(X \sim N(\mu_X, \sigma_X"2) = N(-1.9, 2.2)\).

- Y is normally distributed with mean \(\mu_Y = 3.3\) and variance \(\sigma_Y"2 = 1.7\).
- Notation: \(Y \sim N(\mu_Y, \sigma_Y~2) = N(3.3, 1.7)\).

- Z is normally distributed with mean \(\mu_Z = 0.8\) and variance \(\sigma _Z"2 = 0.2\).
- Notation: \(Z \sim N(\mu_Z, \sigma_Z"2) = N(0.8, 0.2)\).

Since these variables are independent, the joint probability distribution of the vector \((X, Y, Z)\) is the
product of their individual distributions.

Basic Properties of Normal Distributions
Before delving into calculations, it is essential to review some properties of normal distributions:
1. Standard Normal Distribution

Any normal random variable \(X \sim N(\mu, \sigma~2)\) can be standardized to a standard normal
variable \(2\):



\[

Z = \frac{X - \mu}{\sigma} \sim N(0,1).
\]

2. Probability Calculations

The probability that a normal variable falls within a certain interval \([a, b]\) is given by:

\[

P(a \leq X \leq b) = \Phi\left(\frac{b - \mu} {\sigma}\right) - \Phi\left(\frac{a - \mu} {\sigma}\right),
\]

where \(\Phi\) is the cumulative distribution function (CDF) of the standard normal distribution.

3. Independence and Joint Distributions

Since the variables are independent, the joint probability of events involving multiple variables
factorizes:

\[

P(\text{Event involving } X, Y, Z) = P(\text{Event involving } X) \times P(\text{Event involving } Y)
\times P(\text{Event involving } Z).

\]

Common Types of Probabilities in Multivariate Normal Variables

When working with multiple independent normal variables, typical probability questions include:
- The probability that one or more variables fall within certain intervals.

- The probability that the sum or difference of variables exceeds a threshold.

- The probability of joint events involving multiple variables.

In our context, a common problem might be, for example, calculating \(P(X + Y > c)\), or \(P(Z < d)\),
or more complex combinations.

Step-by-Step Approach to Find Probabilities

Let’s consider some typical probability questions and how to solve them:
1. Finding \(P(X \leq a)\)

This is straightforward:

\[

P(X \leq a) = \Phi\left(\frac{a - \mu_X}{\sigma_X}\right).
\]



Similarly for \(Y\) and \(2\).
2. Finding the Probability of a Sum

Suppose we want to find \(P(X + Y \leq c)\). Since \(X\) and \(Y\) are independent normal variables,
their sum is also normally distributed:

\[
X+ Y \sim N(\mu_{X+Y}, \sigma_{X+Y}"2),

\]

where

\[

\mu_{X+Y} =\mu_X +\mu_Y,

\]

\[

\sigma_{X+Y}"~2 =\sigma_X"2 + \sigma_Y"2,
\]

because they are independent.
3. Computing the Distribution of the Sum

Given the data:

\[

\mu_{X+Y} =-19+33=14,

\]

\[

\sigma_{X+Y}"2=2.2+1.7=3.9,

\]

\[

\sigma_{X+Y} =\sqrt{3.9} \approx 1.9748.
\]

Now, to find \(P(X + Y \leq c)\), standardize:

\[
P(X + Y \leqg c) = \Phi\left(\frac{c - \mu_{X+Y}}{\sigma_{X+Y}}\right).
\]

4. Handling the Variable Z

Similarly, for \(2\), straightforward probability calculations apply since it is normal:

\[

P(Z\leq d) = \Phi\left(\frac{d - \mu_Z}{\sigma_Z}\right),
\]

where \(\sigma_Z = \sqrt{0.2} \approx 0.4472\).



Sample Probability Calculations
Let’s demonstrate some concrete calculations:
Example 1: Probability that \(X \leq 0\)

\[
z = \frac{0 - (-1.9)}{\sqrt{2.2}} = \frac{1.9}{\sqrt{2.2}} \approx \frac{1.9}{1.4832} \approx 1.28.
\]

Using standard normal tables:

\[

P(X'\leq 0) = \Phi(1.28) \approx 0.8997.

\]

Thus, approximately 89.97% probability that \(X\) is less than or equal to zero.
Example 2: Probability that \(Y \geq 2\)

\[

z = \frac{2 - 3.3}{\sqrt{1.7}} = \frac{-1.3}{1.303} \approx -1.00.
\]

Since \(\Phi(-1.00) \approx 0.1587\),

\[

P(Y\geq 2) =1 -\Phi(-1.00) = 1- 0.1587 = 0.8413.
\]

Approximately 84.13% chance that \(Y\) exceeds 2.
Example 3: Probability that \(X + Y \leq 3\)

Calculate:

\[
z = \frac{3 - 1.4}{1.9748} \approx \frac{1.6}{1.9748} \approx 0.81.

\]

Using tables:

\[
P(X + Y \leg 3) = \Phi(0.81) \approx 0.7910.

\]

So, approximately 79.10% probability that the sum \(X + Y\) is less than or equal to 3.



Addressing More Complex Probability Events

Suppose the problem asks for the probability that all three variables satisfy certain conditions, such
as:

\[
P(X\leq a, Y \geq b, Z \leq c).
\]

Since the variables are independent, this probability factors as:

\[

P(X \leq a) \times P(Y \geq b) \times P(Z \leq c).
\]

For example:

- \(a = O\)I

-\(b =2)),

-\(c=1)

Calculations:

\[

P(X \leq 0) \approx 0.8997,

\]

\[

P(Y \geq 2) \approx 0.8413,

\]

\[

z Z =\frac{1 - 0.8}{0.4472} \approx 0.4472,
\]

\[

P(Z\leq 1) = \Phi(0.4472) \approx 0.6664.

\]

Total probability:

\[

0.8997 \times 0.8413 \times 0.6664 \approx 0.505.
\]

Hence, there is approximately a 50.5% chance that all these conditions are simultaneously satisfied.

Summary of Procedure
To effectively compute probabilities involving independent normal random variables:

1. Identify the variables involved and their parameters (mean and variance).



2. Determine the event and whether it involves individual variables or their combinations.
3. For sums or linear combinations, compute the mean and variance of the sum:
\(\mu_{X+Y} =\mu_X + \mu_T),

-\(\sigma_{X+Y} =

Frequently Asked Questions

What is the probability that X is greater than 0?

Since X ~ N(-1.9, 2.2), to find P(X > 0), first compute the Z-score: Z = (0 - (-1.9)) / V2.2 = 1.9/ 1.4832
=~ 1.28. Using standard normal tables, P(Z > 1.28) = 0.10. Therefore, P(X > 0) = 0.10.

What is the probability that Y is less than 2?

GivenY ~ N(3.3, 1.7), compute Z = (2 - 3.3) / V1.7 = -1.3/ 1.303 = -1.0. From standard normal tables,
P(Z <-1.0) = 0.1587. Thus, P(Y < 2) = 0.1587.

Calculate the joint probability that Z is between 0 and 1.

Since Z ~ N(0.8, 0.2), compute Z-scores: for 0, Z = (0 - 0.8)/v0.2 = -0.8/0.447 = -1.79; for1,Z = (1 -
0.8)/0.447 = 0.2/0.447 = 0.45. Using standard normal tables, P(-1.79 < Z < 0.45) = P(Z < 0.45) - P(Z
<-1.79) = 0.6736 - 0.0367 = 0.6369. So, the probability is approximately 63.69%.

What is the probability that all three variables are
simultaneously greater than their respective means?

Since X, Y, Z are independent: P(X > -1.9) P(Y > 3.3) P(Z > 0.8). For X, P(X > -1.9) = 0.5 (since mean
is -1.9), similarly for Y, P(Y > 3.3) = 0.5, and for Z, P(Z > 0.8) = 0.5. Therefore, probability = 0.5 0.5
0.5 = 0.125 or 12.5%.

Find the probability that the sum X + Y + Z exceeds 2.

Sum S =X + Y + Z follows a normal distribution with mean u_ S =-1.9 + 3.3 + 0.8 = 2.2 and variance
0 57"2=22+1.7+ 0.2 = 4.1 (since variables are independent). Standard deviation 0 S = V4.1 =
2.02. To find P(S > 2), compute Z = (2 - 2.2)/2.02 = -0.2/2.02 = -0.099. From standard normal tables,
P(Z > -0.099) = 0.54. So, the probability is approximately 54%.

Additional Resources

Understanding Probabilities of Independent Normal Random Variables: A Comprehensive Review

When dealing with probability distributions, especially those involving normal (Gaussian) variables,
understanding their properties and how to compute joint probabilities is fundamental. In this
discussion, we will analyze three independent normally distributed random variables: \( X \sim N(-1.9,
2.2)\), \( Y\sim N(3.3, 1.7) \), and \( Z \sim N(0.8, 0.2) \). Our goal is to explore the theoretical
framework needed to determine probabilities involving these variables, considering their



independence and distribution parameters.

1. Introduction to Normal Distribution and Independence
1.1 Normal Distribution Fundamentals

The normal distribution is one of the most important probability distributions in statistics,
characterized by its bell-shaped curve. It is fully specified by two parameters:

- Mean (\(\mu\)): The central tendency of the distribution.

- Variance (\(\sigma~2\)): The spread or dispersion of the distribution.

The probability density function (pdf) for a normal variable \(X \sim N(\mu, \sigma”2)\) is:

\[
f X(x) = \frac{1}{\sqrt{2\pi \sigma”~2}} \exp \left( - \frac{(x - \mu)~2}{2 \sigma~2} \right)
\]

where:

-\(\mu\) is the mean,

-\(\sigma~2\) is the variance,
-\(\sigma\) is the standard deviation.

1.2 Independence of Random Variables

Two or more random variables are said to be independent if the joint probability distribution factors
into the product of their marginal distributions. For independent continuous variables \(X, Y, Z\):

\[
f{X.Y,Z}x, v, 2) = f X(x) \times f_Y(y) \times f Z(z)
\]

This independence simplifies the calculation of joint probabilities significantly because one can

compute probabilities involving multiple variables as products of single-variable probabilities,
provided the joint probability is an event that can be expressed in terms of these variables.

2. Distribution Parameters and Their Significance
Given:

-\( X\sim N(-1.9, 2.2) ),

-\(Y\sim N(3.3, 1.7) ),

-\(Z\sim N(0.8, 0.2) \).

Note: The second parameter in the notation \(N(\mu, \sigma”2)\) is the variance, not the standard
deviation. This is a common point of confusion.

Important Clarification:



- For \(X\), variance \( \sigma _X"~2 = 2.2),
- For \(Y\), variance \( \sigma_Y"2 = 1.7\),
- For \(2\), variance \( \sigma_Z2"~2 = 0.2\).

Corresponding standard deviations:

-\(\sigma_X =\sqrt{2.2} \approx 1.483\),
-\(\sigma_Y = \sqrt{1.7} \approx 1.303\),
-\(\sigma_Z =\sqrt{0.2} \approx 0.447\).

Understanding these parameters is critical when calculating probabilities and interpreting the
distribution behaviors.

3. Computing Probabilities for Normal Variables
3.1 Single Variable Probabilities
The probability that a normal variable falls within a range:

\[
P(a \leq X \leq b) = \Phi \left( \frac{b - \mu} {\sigma} \right) - \Phi \left( \frac{a - \mu} {\sigma} \right)
\]

where \(\Phi\) is the cumulative distribution function (CDF) of the standard normal distribution
\(N(0,1)\).

Example:

Suppose we want to find \( P(0 \leq X \leq 1) \):

1. Standardize:

-\(z_1 =\frac{0 - (-1.9)}{1.483} \approx \frac{1.9}{1.483} \approx 1.28\),
-\(z_2 =\frac{1 - (-1.9)}{1.483} \approx \frac{2.9}{1.483} \approx 1.96\).
2. Use standard normal tables or software to find:

-\(\Phi(1.28) \approx 0.8997\),

-\(\Phi(1.96) \approx 0.9750\).

3. Calculate probability:

\[

P(0 \leq X \leq 1) = 0.9750 - 0.8997 = 0.0753.

\]

3.2 Joint Probabilities for Multiple Independent Variables

If\(X, Y, Z\) are independent, then:

\[
P(a_1\legX\legb 1,a 2\legY\leqb 2,a 3\leqZ\leqb 3) =P(a_1\leq X\leq b_1) \times P(a_2 \leq



Y\leg b_2) \times P(a_3\leq Z \leq b_3).
\]

This property simplifies multivariate probability calculations tremendously because it reduces a joint
integral into a product of univariate integrals.

4. Practical Approaches to Finding Probabilities
4.1 Using Z-scores and Standard Normal Tables
The most common approach is to convert the problem into standard normal variables:

\[
Z = \frac{X - \mu}{\sigma}
\]

and then use standard normal distribution tables or software functions to find the probabilities.
4.2 Software Tools

Modern computational tools like R, Python (SciPy library), or statistical calculators provide functions to
compute these probabilities directly:

- Python Example:

" “python
from scipy.stats import norm

Parameters

mu_X, sigma_X = -1.9, (2.2)0.5
mu_Y, sigma_Y = 3.3, (1.7)0.5

mu_Z, sigma_Z = 0.8, (0.2)0.5

Calculate P(0 <= X <=1)
z1 = (0 - mu_X) / sigma_X
z2 = (1-mu_X)/sigma X
prob_X = norm.cdf(z2) - norm.cdf(z1)

Similarly for Y and Z

z3 =(a_Y-mu_Y)/sigma_Y

z4 = (b_Y-mu_Y)/sigma_Y

prob Y = norm.cdf(z4) - norm.cdf(z3)

For joint probability
joint_prob = prob_X prob_Y prob Z

This approach is versatile and precise, especially when calculating complex probabilities.



5. Analyzing Specific Probability Scenarios

Suppose an example question: "What is the probability that the sum\(S =X+ Y + Z\) exceeds a
certain value?"

Given independence and normality, the sum \(S\) of independent normal variables is also normally
distributed with:

\[
S\sim N(\mu_S, \sigma_S"2)
\]

where:

\[

\mu S =\mu X +\mu_Y +\mu_Z,

\]

\[

\sigma_S”2 =\sigma_X"2 + \sigma_Y"2 + \sigma_Z"2.
\]

Calculations:

-\(\mu_S=-1.9+3.3+0.8=2.2)),
-\(\sigma_$72 =22+ 1.7 + 0.2 = 4.1)),

-\(\sigma_S = \sqrt{4.1} \approx 2.025\).
To find \( P(S > s) \), standardize:

\[

z = \frac{s - \mu_S}{\sigma_S}

\]

and then use the standard normal CDF:
\[

P(S > s) = 1 -\Phi(z).
\]

6. Extending to Conditional Probabilities and Expectations

While the focus here is on joint probabilities, understanding expectations and variances also plays a
crucial role:

- Expected value of the sum:



\[
E[S] = EIX + Y + Z] = \mu_X + \mu_Y + \mu_Z.
\]

- Variance of the sum:

\[

Var(S) = \sigma_X"2 + \sigma_Y~2 + \sigma Z"2,
\]

due to independence.

This knowledge allows for more complex analyses, such as calculating confidence intervals or
conducting hypothesis tests involving these variables.

7. Practical Applications and Examples

7.1 Reliability Engineering

Suppose \(X, Y, Z\) represent measurement errors or tolerances in manufacturing processes. Knowing
their joint probability distributions helps estimate the likelihood that combined errors stay within
acceptable bounds.

7.2 Financial Modeling

In finance, returns of assets are often modeled as normally distributed. Independence assumptions

and distribution parameters are critical for portfolio risk assessment, such as calculating the
probability that combined returns fall below a certain
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