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Introduction to Fourier Transform Analysis and
Equation (5.9)

Fourier Transform analysis is a fundamental tool in engineering, physics, and applied mathematics for
analyzing signals and systems. It allows us to convert functions from the time (or spatial) domain into
the frequency domain, providing insights into the frequency components present within the signal or

system.

Equation (5.9) is a specific Fourier Transform formula that plays a crucial role when dealing with
discrete-time signals, especially those involving step functions and powers of sequences.

Understanding how to apply this equation enables us to analyze complex signals systematically.

In this article, we focus on using the Fourier Transform Analysis Equation (5.9) to compute the Fourier
transforms of two particular signals:

- (@) \( (k)" {n-1} Ulk - 1])\)
- (b) The same signal, perhaps with variations as specified.

Our goal is to walk through the derivation process step by step, clarify the underlying principles, and
provide a comprehensive understanding of how to perform these calculations.

Fundamentals of the Fourier Transform in Discrete-
Time Signals

Discrete-Time Fourier Transform (DTFT)

The Discrete-Time Fourier Transform (DTFT) of a sequence \( x[k] ) is defined as:

\[ X(\omega) = \sum_{k=-\infty}~{\infty} x[k] e~ {-j \omega k} \]



where:

-\(\omega) is the angular frequency variable.
-\(j\) is the imaginary unit.

The DTFT provides a continuous function of frequency, encapsulating the spectral content of the
sequence.

Step Functions and Power Sequences

Sequences involving step functions \( U[k - a]\) and powers \( (k)~n\) are common in signal
processing. The step function \( U[k - a]\) is defined as:

\[ U[k - a] = \begin{cases} 1, & k\geqa \\ 0, & k < a \end{cases} \]

Sequences like \( (k)~{n-1} U[k-1]\) are zero for \( k < 1), and follow a polynomial pattern for \( k
\geq 1\).

Understanding their Fourier transforms involves leveraging known transforms of basic functions and
applying properties like linearity, time-shifting, and differentiation in the frequency domain.

Understanding Equation (5.9) for Fourier Transform
Calculation

Equation (5.9) refers to a specific relation used to compute the Fourier transform of sequences
involving polynomial powers and step functions. While the exact form of equation (5.9) may vary
depending on the textbook, it generally relates the Fourier transform of a polynomial sequence
multiplied by a step function to derivatives of known transforms.

In many cases, the Fourier transform of \( k”n U[k - a]\) can be obtained by differentiating the
transform of \( U[k - a] \) with respect to frequency or by applying properties of the Fourier Transform
related to polynomial sequences.

Calculating Fourier Transforms of \( (k)" {n-1} U[k-1]\)

Step 1: Recognize the Structure of the Sequence

The sequence:



\[ x[k] = (k)~{n-1} Uk - 1]\]
is zero for \( k < 1) and follows a polynomial pattern for \( k\geq 1\):

- For\( k\geq 1\), \( x[k] = k~{n-1})
-For\(k<1\),\(x[k]=0)\)

Step 2: Express the Sequence in Terms of Known Functions

This sequence can be viewed as a polynomial sequence starting at \( k=1 ). The Fourier transform
becomes:

\[ X(\omega) =\sum_{k=1}"{\infty} k~{n-1} e™{-j\omega k} \]

This sum resembles the generating function of the sequence \( k™ {n-1} ).

Step 3: Use Known Fourier Transform / Z-Transform Pairs

The sum:
\[\sum_{k=1}"{\infty} k~{n-1} z~{-k} \]

is related to the polylogarithm function or derivatives of geometric series. For practical purposes, the
Fourier transform of such sequences can be derived via differentiation of the basic geometric sum:

\[ \sum_{k=0}"~{\infty} z~{-k} =\frac{1}{1-z~{-1}}\]

Differentiating both sides \( n-1\) times with respect to \( z\) gives expressions involving \( k™~ {n-1}
\).

Step 4: Applying Equation (5.9)

Equation (5.9) likely states that:

\[ \mathcal{F}\{k~{n-1} Ulk - al\} = \text{a derivative of the transform of } U[k - a] \]
Specifically, for the step sequence \( U[k - a] \), its Fourier transform is:

\[ \sum_{k=a}"{\infty} e~ {-j \omega k} = \frac{e”{-j\omega a}}{1 - e~ {-j\omega}}\]

Differentiating this expression \( n-1\) times with respect to \( e”{-j \omega} \) introduces powers of
\( k\), leading to the Fourier transform of \( k™~ {n-1} U[k - a] ).



Step 5: Final Expression

The final formula for the Fourier transform becomes:

\[ X(\omega) = \left( -j \frac{d} {d \omega} \right)”~ {n-1} \left( \frac{e”{-j \omega a}} {1 - e~ {-j
\omega}} \right) \]

This derivative can be computed explicitly, resulting in an expression involving the original function
and its derivatives.

Calculating Fourier Transforms of \( (k)~{n-1} U[k-1]
\): An Example

Example for \( n=2):

- Sequence:

\[ x[k] = k ULk - 1]\]

- Fourier transform:

\[ X(\omega) = \sum_{k=1}"{\infty} k e”™{-j \omega k} \]

- Known sum:

\[ \sum_{k=1}"~{\infty} k r“k = \frac{r}{(1 - r)~2} \quad \text{for } |r|<1\]
- Substituting \( r = e~ {-j \omega} \):

\[ X(\omega) = \frac{e”{-j \omega}}{(1 - e”{-j\omega})"2}\]

This expression can be derived directly or via differentiation of the geometric series.

Calculating Fourier Transforms of \( (k)~{n-1} U[k-1]
\): General Approach



Step-by-Step Procedure

1. Express the sum:

\[ X(\omega) = \sum_{k=1}"{\infty} k~{n-1} e™{-j \omega k} \]

2. Relate to generating functions:

Recognize the sum as a generating function for polynomial sequences.
3. Use derivatives:

Express the sum as derivatives of the geometric sum:

\[ G(r) =\sum_{k=0}"{\infty} r~{k} = \frac{1}{1-r}\]

Then,

\[ \sum_{k=1}"~{\infty} k~{n-1} r~{k} = r\frac{d”{n-1}}{d r*{n-1}} G(r) \]
4. Replace \(r =e”{-j\omega}\):

The Fourier transform:

\[ X(\omega) = \left( e™{-j \omega} \frac{d}{d e~ {-j \omega}} \right)™{n-1} \left( \frac{e”™ {-j
\omega}l}{1l-e”~{-j\omega}} \right) \]

5. Simplify derivatives:

Calculate derivatives explicitly to obtain a closed-form expression.

Implications and Applications of the Fourier Transform
Calculation

Understanding how to compute the Fourier transforms of sequences like \( (k)"~{n-1} U[k - 1]\) is
critical in multiple areas:

- Signal Processing: Analyzing polynomial signals and their spectral content.

- Control Systems: Studying system responses to polynomial inputs.

- Communication Systems: Designing filters that handle polynomially weighted sequences.
- Numerical Methods: Approximating functions through polynomial expansions.

The ability to leverage Equation (5.9) simplifies the process, making it possible to handle complex
sequences systematically.



Conclusion

Applying the Fourier Transform Analysis Equation (5.9) provides a powerful method for calculating the
spectral content of sequences

Frequently Asked Questions

What is the Fourier Transform Analysis Equation (5.9) used
for in this context?

Equation (5.9) provides a method to compute the Fourier Transform of discrete-time signals, enabling
analysis of their frequency components, especially for signals involving unit step functions and
powers of n.

How do you apply the Fourier Transform to the signal
()7 {n-1} U[n-1]?

You substitute the given signal into the Fourier Transform equation, considering the discrete nature
and the unit step function, then evaluate the sum over n, often leveraging properties like linearity and
known transforms of basic functions.

What is the Fourier Transform of ()~ {n-1} U[n-1] for n = 1?

The Fourier Transform of ()~ {n-1} U[n-1] can be expressed as a sum involving powers of the
exponential term e” {-jw} multiplied by the unit step, often resulting in a geometric series that can be
summed explicitly.

Are there any standard formulas or properties that simplify
the Fourier Transform calculation for ()~ {n-1} U[n-1]?

Yes, properties such as the time-shift property, the geometric series sum, and known transforms of
powers and step functions can simplify the calculation, converting the sum into closed-form
expressions.

What challenges might arise when applying Equation (5.9) to
compute this Fourier Transform?

Challenges include handling infinite sums, ensuring convergence, and correctly managing the discrete
index n, especially for higher powers, which can lead to complex algebraic expressions or divergent
series if not carefully treated.



How does the presence of the unit step function U[n-1]
influence the Fourier Transform calculation?

The unit step function effectively truncates the sum to n = 1, simplifying the sum's limits but
requiring careful handling of the starting index in the summation and any resulting geometric series.

Can the Fourier Transform of ()~ {n-1} U[n-1] be expressed in
a closed-form solution?

Yes, under certain conditions, the sum can be evaluated as a closed-form expression involving
rational functions of e” {jw} or similar terms, facilitating easier analysis and interpretation.

Additional Resources

In-Depth Analysis of Fourier Transform Calculation Using Equation (5.9):

Understanding the Fourier transform and its applications is fundamental in various fields such as
signal processing, physics, and engineering. Equation (5.9) provides a powerful formula for calculating
the Fourier transforms of discrete-time signals, particularly those involving powers of the unit step

function and polynomial sequences. This detailed review explores the methodology, derivation, and
application of Equation (5.9) to compute the Fourier transforms of the functions:

- (@) \(fln] = (n-1)~{n-1} U[n-1]\)
- (b) \(\text{(another function to be specified based on the context)}\)

In this discussion, we will focus primarily on the first function, illustrating the step-by-step calculation
process, the underlying principles, and the implications of the results.

Background and Foundations

Before diving into the specific calculations, it's essential to understand the foundational concepts
involved:

Discrete-Time Fourier Transform (DTFT)

- The DTFT of a sequence \(f[n]\) is defined as:

\[
F(\omega) = \sum_{n=-\infty} ~{\infty} f[n] e”~{-j \omega n}
\]

- It transforms a discrete sequence into a continuous function of frequency \(\omega\), revealing the



spectral content.

Unit Step Function \(U[n]\)

- Defined as:

\[

Uln] = \begin{cases}
1, &n\ge 0\
0,&n<0
\end{cases}

\]

- It acts as a causal indicator, turning on the sequence at \(n=0\).

Polynomial Sequences and Shifting

- The term \((n-1)"~{n-1}\) introduces polynomial growth, with a shift by 1 in the index.
- The presence of \(U[n-1]\) ensures the sequence is causal starting at \(n=1\).

Equation (5.9): The Fourier Transform Formula

Equation (5.9) provides a framework for calculating the Fourier transform of sequences involving
polynomial components and shifted unit step functions. While the exact form varies depending on the
source, in the context of the problem, it typically relates to the transform of sequences like:

\[
fin] = (n-1)" {k} U[n-1]
\]

where \(k\) is an integer exponent.
The general form often expressed as:

\[
\mathcal{F}\{f[n]\} =\int_{-\pi} "~ {\pi} F(\omega) d\omega
\]

or, in discrete form, involves summations or integral representations that leverage properties of the
exponential and polynomial functions.



Calculating Fourier Transforms of \((n-1)" {n-1}
U[n-1]\)

The core of this analytical process involves understanding how to handle polynomial sequences
multiplied by the unit step, and how to convert discrete sums into manageable integrals or closed-
form expressions.

Step 1: Express the Sequence Clearly

- The sequence is:

\[
fln] = (n-1)~{n-1} U[n-1]
\]

- Since \(U[n-1]\) is zero for \(n < 1\), the sequence is non-zero only for \(n \geq 1\).

- For computational convenience, redefine the sequence starting at \(n=1\):

\[

fn] =

\begin{cases}
(n-1)~{n-1}, & n\ge 1 \\
0,&n<1

\end{cases}

\]

Step 2: Express the Fourier Transform

- The DTFT of \(f[n]\) is:

\[
F(\omega) = \sum_{n=1}"{\infty} (n-1)~{n-1} e~ {-j \omega n}
\]

- To simplify notation, let \(k = n-1\):

\[

F(\omega) = \sum_{k=0}"~{\infty} k™~ {k} e”~{-j\omega (k+1)} = e™~{-j\omega}
\sum_{k=0}"{\infty} k™~ {k} e™{-j \omega k}

\]

- Therefore:

\[
F(\omega) = e™~{-j \omega} \sum_{k=0}"{\infty} k™~ {k} e~ {-j \omega k}



\]

- The key challenge is evaluating the sum:
\[

S(\omega) = \sum_{k=0}"~{\infty} k~{k} e™{-j \omega k}
\]

Step 3: Recognize the Sum as a Generating Function

- The sum resembles a generating function involving exponential and polynomial powers.
- For such sums, generating functions or integral representations, such as the Mellin or Laplace
transforms, can be employed.

Step 4: Use the Exponential Generating Function for \(k™ {k}\)

- Since \(k”~ {k}\) grows very rapidly, direct summation is challenging.
- However, the sequence \(k”™ {k}\) can be connected to the Lambert W function or expressed via
exponential generating functions.

- Alternatively, in the context of Fourier analysis, it's often more practical to consider the Z-transform
or other tools, then relate back to the DTFT.

Approximations and Analytical Techniques

Given the difficulty of directly summing \(\sum_{k=0}~{\infty} k™~ {k} e™{-j \omega k}\), several
approaches are employed:

Method 1: Generating Function Approach

- Recognize that the sum resembles a power series that can sometimes be expressed as:

\[
G(z) = \sum_{k=0}"{\infty} k~{k} z~{k}
\]

- When \(z = e {-j \omega}\), the sum becomes \(G(z)\).

- Closed-form expressions for \(G(z)\) are generally not elementary but can be approximated or
represented via special functions.



Method 2: Approximate via Integral Representations

- Use integral transforms like the Mellin transform, which can express \(k”™ {k}\) in terms of integrals
involving gamma functions.

- This approach involves complex contour integration and asymptotic analysis, often beyond the
scope of straightforward Fourier transform calculations.

Method 3: Numerical Evaluation

- For specific values of \(\omega\), the sum can be approximated numerically, truncating at a finite
upper limit due to exponential decay or growth.

Alternative Approach: Using the Known Fourier
Transform of Simpler Functions

Given the complexity, a more practical approach involves decomposing the function:

\[
fln] = (n-1)~{n-1} U[n-1]
\]

and relating it to known transforms.

Step 1: Recognize the Causal Polynomial Sequence

- The sequence is causal (starts at \(n=1\)), with polynomial growth.

Step 2: Express in Terms of Standard Sequences

- For example, the Fourier transform of \(n~{m} U[n]\) is well known or can be derived via generating
functions.

Step 3: Use Differentiation in the \(z\)-Domain

- The Z-transform of \(n”~{m} U[n]\) involves derivatives of geometric series.

- By differentiating the basic geometric sum multiple times, it's possible to obtain expressions for



polynomial sequences.

Step 4: Convert Z-transform to Fourier Transform

- The Fourier transform can be obtained from the Z-transform evaluated on the unit circle \(z = e™{j
\omegal\).

Practical Computation and Examples

While an explicit closed-form expression for the sum involving \(k”™ {k}\) remains elusive, the
following practical strategies are used:

- Numerical Summation: For specific \(\omega\), approximate the sum by truncating at a sufficiently
large \(k\).

- Asymptotic Analysis: For large \(k\), analyze the behavior of \(k™ {k}\) to understand the dominant
contributions.

- Software Tools: Use computational software such as MATLAB, Mathematica, or Python to evaluate
the sum numerically.

Summary and Key Takeaways

- The direct calculation of the Fourier transform of \((n-1)"~{n-1} U[n-1]\) via Equation (5.9) involves
summing a rapidly growing sequence multiplied by a complex exponential.

- The sum \(\sum_{k=0}"{\infty} k™ {k} e™{-j \omega k}\) is complex and relates to special
functions or generating functions, making a closed-form expression challenging.

- Employing approximation methods, generating function techniques, and numerical evaluations
provides practical ways to analyze the spectral content.

- Understanding the structure of the sequence, such as causality and polynomial growth,
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