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When tackling the problem of finding a maximum bipartite matching in a graph,
linear programming (LP) offers a powerful and systematic approach. The
question often arises: which LP algorithm is best suited to solve this
problem, and what are its computational implications? Understanding this
requires an exploration of the LP formulation of maximum bipartite matching,
the algorithms available for solving LPs, and their efficiency in this
context.

In this article, we delve into the LP algorithms applicable to maximum
bipartite matching problems, analyze their computational complexities, and
highlight why certain algorithms are preferred. Whether you're a researcher,
a practitioner, or a student, understanding these algorithms can enhance your
ability to implement efficient solutions for bipartite matching tasks.

---

Understanding the Maximum Bipartite Matching
Problem

Before exploring the LP algorithms, it's essential to grasp what maximum
bipartite matching entails.

Definition of Bipartite Graphs and Matchings
A bipartite graph \( G = (U, V, E) \) consists of two disjoint vertex sets \(
U \) and \( V \), with edges \( E \) only between vertices of different sets.
A matching is a subset of edges where no two edges share a common vertex.

What is a Maximum Bipartite Matching?
The goal is to find the largest possible matching — that is, a set of edges
with maximum cardinality — that pairs vertices in \( U \) with vertices in \(
V \) without overlaps.

---

Formulating Maximum Bipartite Matching as a



Linear Program

The problem can be formulated as an LP, allowing the use of LP algorithms for
its solution.

LP Formulation
Let \( x_{e} \) be a variable indicating whether edge \( e \) is in the
matching (1) if it is, 0 otherwise.

The LP formulation:

\[
\begin{aligned}
\text{maximize} \quad & \sum_{e \in E} x_{e} \\
\text{subject to} \quad & \sum_{e \in \delta(v)} x_{e} \le 1, \quad \forall v
\in U \cup V \\
& x_{e} \ge 0, \quad \forall e \in E
\end{aligned}
\]

where \( \delta(v) \) denotes the set of edges incident to vertex \( v \).

Note: The LP relaxation of the matching problem leads to fractional
solutions, but in bipartite graphs, the LP relaxation always yields integral
solutions due to total unimodularity, meaning the LP solution directly
corresponds to an integer maximum matching.

---

LP Algorithms Suitable for Solving Maximum
Bipartite Matching

Various LP algorithms can be employed to solve the formulation efficiently.
The key algorithms include:

1. The Simplex Method
The simplex method is a classic LP solver, navigating vertices of the
feasible region to find the optimal solution.

- Advantages: Well-understood, flexible.
- Disadvantages: Can be exponential in worst-case complexity; not ideal for
large-scale problems.

2. Interior-Point Methods
Interior-point algorithms approach the solution from within the feasible
region, often providing polynomial-time performance.

- Advantages: Efficient for large-scale problems, often faster than simplex.
- Disadvantages: More complex implementation.



3. Network Flow Algorithms (Specialized for Bipartite
Matching)
While LP algorithms are general-purpose, the maximum bipartite matching
problem can be efficiently solved by specialized network flow algorithms,
which are closely related to LP formulations.

- Transforming LP to Network Flow: The LP can be represented as a maximum
flow problem in a flow network constructed from the bipartite graph.
- Algorithms:
- Ford-Fulkerson Algorithm: Basic maximum flow algorithm.
- Edmonds-Karp Algorithm: Implements BFS for augmenting paths, with better
performance.
- Dinic's Algorithm: Uses layered networks, offering improved efficiency.
- Push-Relabel Algorithm: Highly efficient for large networks.

Note: These algorithms solve the LP indirectly by solving a maximum flow
problem, which is computationally more efficient for bipartite matching.

---

Computational Complexity of LP Algorithms in
Bipartite Matching

Understanding the computational complexity helps in selecting the appropriate
algorithm.

Simplex Method
- Worst-case complexity: Exponential time.
- Practical performance: Usually efficient for small to medium-sized
problems, but can become slow for large graphs.

Interior-Point Methods
- Complexity: Polynomial time, generally \( O(n^{3}) \) for standard
implementations.
- Suitability: Better suited for large-scale LPs, including those derived
from bipartite graphs.

Network Flow Algorithms
Since the LP can be converted into a maximum flow problem, these algorithms
typically have better theoretical and practical performance:

- Edmonds-Karp Algorithm: \( O(V E^{2}) \), where \( V \) is vertices and \(
E \) edges.
- Dinic's Algorithm: \( O(\sqrt{V} E) \), often faster in practice.
- Push-Relabel Algorithm: \( O(V^{3}) \), but often performs better with
optimizations.

Implication: For maximum bipartite matching, especially in large graphs,
network flow algorithms are generally preferred over general LP algorithms



due to their efficiency.

---

Why Network Flow Algorithms Are Often the Best
Choice

While LP algorithms can solve maximum bipartite matching, network flow
algorithms are typically more efficient and straightforward to implement for
this specific problem.

Transforming the Problem
- Construct a flow network with a super-source and super-sink.
- Connect the super-source to all vertices in \( U \), and all vertices in \(
V \) to the super-sink.
- Assign capacity 1 to all edges.
- Find the maximum flow, which corresponds to the maximum bipartite matching.

Advantages of Using Network Flow Algorithms
- Polynomial time complexity: Especially with Dinic's or Push-Relabel.
- Scalability: Handles large graphs efficiently.
- Simplicity: Well-understood algorithms with available implementations.

---

Summary: The Best LP Algorithm for Maximum
Bipartite Matching and Its Computational
Aspects

In summary, while the maximum bipartite matching problem can be formulated as
a linear program and solved with general LP algorithms like the simplex
method or interior-point methods, these are often not the most efficient
options. Instead, converting the problem into a maximum flow problem and
applying specialized network flow algorithms—such as Dinic's or Push-
Relabel—is generally the optimal approach.

Key points to remember:

LP formulation involves binary variables with total unimodularity,
ensuring integral solutions.

General LP algorithms (simplex, interior-point) are versatile but may
not be the most efficient for large graphs.

Network flow algorithms provide faster, more scalable solutions due to
their polynomial-time complexity.



Transforming the LP into a flow network leverages the strengths of flow
algorithms for bipartite matching.

In conclusion, the most computationally efficient approach to solving maximum
bipartite matching via LP is to convert the problem into a maximum flow
problem and then use Dinic's or Push-Relabel algorithms. These methods
combine the power of LP formulations with the computational efficiency of
network flow algorithms, making them the preferred choice in practical
applications involving large bipartite graphs.

---

If you're implementing maximum bipartite matching in your project,
understanding these algorithms' computational complexities and choosing the
right approach can significantly impact performance and scalability.

Frequently Asked Questions

Which Linear Programming algorithm is commonly used
to solve the Maximum Bipartite Matching problem?

The Hungarian Algorithm (Kuhn-Munkres Algorithm) is frequently used, but for
LP formulations, the simplex method or interior-point methods can be applied
to solve the LP relaxation of the problem.

Can the Simplex method be used to solve the LP
formulated for a maximum bipartite matching problem?

Yes, the Simplex method can solve the LP formulation of the maximum bipartite
matching problem, although specialized algorithms like the Hungarian
Algorithm are more efficient for this specific problem.

What is the computational complexity of using LP
algorithms for maximum bipartite matching?

When using general LP algorithms like the simplex method, the worst-case
complexity is exponential, but interior-point methods run in polynomial time,
typically around O(n^3.5) for large instances.

Is the LP relaxation of maximum bipartite matching
always integral, and how does this affect the choice
of algorithm?

Yes, the LP relaxation of the maximum bipartite matching is integral due to
total unimodularity, which allows LP algorithms to find integral solutions
efficiently without requiring additional rounding procedures.

What is the role of the network simplex algorithm in



solving LP formulations of bipartite matching?

The network simplex algorithm is highly efficient for solving LP problems
expressed as network flow models, making it well-suited for maximum bipartite
matching problems represented as network flow LPs.

Are interior-point methods suitable for solving
large-scale maximum bipartite matching LPs?

Yes, interior-point methods are suitable for large-scale LP problems,
including maximum bipartite matching formulations, due to their polynomial
time complexity and efficiency on large sparse problems.

How does the choice of LP algorithm impact the
computational efficiency in maximum bipartite
matching?

Using specialized algorithms like the Hungarian Algorithm or network simplex
typically offers better efficiency for bipartite matching than general LP
methods, but LP algorithms are useful for more complex variants or integrated
optimization problems.

Can the LP approach handle weighted maximum bipartite
matching problems?

Yes, LP formulations can incorporate weights to solve the maximum weight
bipartite matching problem, and algorithms like the Hungarian Algorithm are
designed for that purpose; LP solvers can also handle these weighted
problems.

What is the computational advantage of formulating
maximum bipartite matching as an LP problem?

Formulating as an LP allows leveraging powerful LP solvers and algorithms,
provides flexibility to incorporate additional constraints or weights, and
benefits from polynomial-time algorithms like interior-point methods,
especially for large or complex instances.

Which algorithm is preferred for practical
implementation of maximum bipartite matching via LP,
and why?

The Hungarian Algorithm is preferred for practical implementation due to its
efficiency and specialization for bipartite matching problems, but LP solvers
using interior-point or simplex methods are suitable for more complex or
extended formulations.

Additional Resources
What LP Algorithm Could Be Used To Solve A Maximum Bipartite Matching
Problem? Please Provide The Computational



---

Introduction to Maximum Bipartite Matching and
Linear Programming

Maximum bipartite matching (MBM) is a classic problem in combinatorial
optimization and graph theory, with significant applications spanning network
flow, scheduling, resource allocation, and more. Given a bipartite graph \(
G=(U \cup V, E) \) where \( U \) and \( V \) are disjoint vertex sets, the
objective is to find the largest possible set of edges \( M \subseteq E \)
such that no two edges in \( M \) share a common vertex—that is, a maximum
matching.

Traditionally, MBM is approached with combinatorial algorithms such as the
Hungarian Algorithm or the Hopcroft-Karp Algorithm. However, these problems
can also be formulated and solved as linear programming (LP) problems,
leveraging the power of LP algorithms such as the simplex method, interior-
point methods, or specialized algorithms designed for network flow problems.

This review explores the LP formulation for the maximum bipartite matching
problem, discusses the specific LP algorithms applicable, and examines the
computational considerations involved.

---

Formulating the Maximum Bipartite Matching as a
Linear Program

Standard LP Model for MBM

The LP formulation for maximum bipartite matching is based on assigning
binary decision variables to each edge, representing whether an edge is
included in the matching.

Variables:
- For each edge \( e \in E \), define a variable \( x_e \in \{0,1\} \),
where:
- \( x_e=1 \) indicates that edge \( e \) is part of the matching.
- \( x_e=0 \) indicates it is not.

Objective Function:
- Maximize the total number of matched edges:

\[
\text{Maximize} \quad Z = \sum_{e \in E} x_e
\]

Constraints:
- No vertex is matched more than once:

For each vertex \( u \in U \):



\[
\sum_{e \in \delta(u)} x_e \leq 1
\]

where \( \delta(u) \) denotes the set of edges incident to \( u \).

- For each vertex \( v \in V \):

\[
\sum_{e \in \delta(v)} x_e \leq 1
\]

- Binary constraints:

\[
x_e \in \{0,1\}, \quad \forall e \in E
\]

This is an integer linear programming (ILP) formulation. To apply LP
algorithms, we relax the integrality constraints:

\[
x_e \geq 0, \quad \text{and typically} \quad x_e \leq 1
\]

which results in a relaxed LP problem, known as the LP relaxation of the
maximum bipartite matching.

Key Point: The LP relaxation of the maximum bipartite matching problem for
bipartite graphs always has integral optimal solutions due to total
unimodularity (discussed later), meaning solving the LP yields the maximum
matching directly.

---

LP Algorithms for Solving the Maximum Bipartite
Matching

There are several LP algorithms suited to exploiting the structure of the
maximum bipartite matching problem, especially considering its relation to
network flows and total unimodularity.

1. Simplex Method

The simplex method is a classical LP algorithm that iteratively moves along
the edges of the feasible region (polytope) until it reaches the optimal
vertex.

Application to MBM:
- When applied to the LP relaxation of the MBM, the simplex method can
efficiently find an optimal solution because the problem's polytope is well-
structured.
- However, for large graphs, the simplex method can be computationally
intensive, especially since the number of variables (edges) can be large.



Advantages:
- Well-understood, widely implemented.
- Can exploit the sparsity in the problem.

Limitations:
- Potentially exponential worst-case complexity.
- Not specialized for maximum matching problems, which can be more
efficiently solved by algorithms tailored to graph structures.

2. Interior-Point Methods

Interior-point methods, which are polynomial-time algorithms, have gained
popularity for solving large-scale LPs efficiently.

Application to MBM:
- These algorithms can handle large LP relaxations efficiently.
- They tend to perform better than simplex in practice for large, sparse
problems.

Methodology:
- Use barrier functions to stay within the interior of the feasible region.
- Iterate towards the optimal solution via Newton steps.

Advantages:
- Polynomial complexity, generally faster on large problems.
- Less sensitive to degeneracy.

Limitations:
- Implementation complexity.
- Require sophisticated numerical techniques.

3. Network Flow-Based LP Algorithms

Since MBM can be formulated as a maximum flow problem, LP algorithms based on
network flow are highly relevant.

Key Observations:
- The LP formulation of MBM is equivalent to the classical maximum flow
problem in a network constructed from the bipartite graph.
- The LP constraints correspond to flow conservation and capacity
constraints.

Approach:
- Construct a flow network where:
- A super-source connects to all vertices in \( U \).
- All vertices in \( V \) connect to a super-sink.
- Edges in the bipartite graph have capacity 1.
- The maximum flow in this network corresponds to the maximum bipartite
matching.

Algorithms used:
- Ford-Fulkerson Algorithm
- Edmonds-Karp Algorithm
- Dinic's Algorithm
- Push-Relabel Algorithm



Relation to LP:
- These algorithms solve the LP implicitly through flow computations.
- The LP relaxation's integral solutions coincide with maximum matchings.

Advantages:
- Highly efficient in practice.
- Exploits problem structure directly, leading to polynomial-time solutions.

---

Total Unimodularity and Its Impact on LP
Solutions

One of the key theoretical foundations for solving the maximum bipartite
matching via LP is the property of total unimodularity.

What is Total Unimodularity?

A matrix is totally unimodular if every square submatrix has a determinant of
0, +1, or -1.

Implication for LP:
- When the constraint matrix of an LP is totally unimodular and the right-
hand side vector is integral, the vertices of the feasible polytope are
integral.
- Therefore, solving the LP relaxation directly yields an integral optimal
solution without the need for integer programming techniques.

Application to MBM

- The bipartite graph's incidence matrix is known to be totally unimodular.
- Consequently, the LP relaxation of the maximum bipartite matching problem
always has an integral optimal solution.
- This guarantees that solving the LP—using simplex or interior-point
methods—directly provides the maximum matching without additional rounding or
integrality constraints.

Summary:
- LP algorithms are effective for MBM because of total unimodularity,
ensuring polynomial-time solutions that are integral.
- This theoretical property makes LP a practical tool for solving MBM
problems efficiently.

---

Computational Complexity and Practical
Considerations



Complexity of LP Algorithms

- Simplex Method: Although it has exponential worst-case complexity, in
practice, it often performs efficiently. For the LP formulation of MBM, the
problem size (number of variables and constraints) is manageable, leading to
fast solutions.
- Interior-Point Methods: Polynomial time algorithms with worst-case
complexity \( O(n^{3.5}) \) or similar, where \( n \) is the number of
variables or constraints. For large sparse graphs, they are often preferable.
- Network Flow Algorithms: Polynomial-time algorithms such as Dinic's or
Push-Relabel provide even more efficient solutions, often outperforming
general LP algorithms in practice for MBM.

Implementation Aspects

- When implementing LP algorithms for MBM, the problem's structure should be
exploited:
- Use sparse matrix representations.
- Implement specialized network flow algorithms for increased efficiency.
- Many LP solvers (e.g., CPLEX, Gurobi, GLPK) can handle large LPs
efficiently, especially with the total unimodularity property.

Trade-offs and Choice of Algorithm

| Algorithm Type | Pros | Cons | Suitability |
|---------------------------|------------------------------------------------
---|------------------------------------------------|------------------------
-------------|
| Simplex | Widely available, effective on small to medium problems |
Potentially slow in worst case | Moderate-sized problems |
| Interior-Point | Polynomial-time, scales well for large problems | More
complex implementation | Large-scale, sparse problems |
| Network Flow Algorithms | Exploit problem structure, highly efficient |
Require problem-specific modeling | Maximum matching via flow approach |

---

Conclusion and Summary

The maximum bipartite matching problem, while inherently combinatorial, can
be efficiently addressed using linear programming algorithms due to the
property of total unimodularity. The LP formulation involves defining
variables for each edge, establishing capacity and degree constraints, and
maximizing the sum of chosen edges.

Which LP Algorithm Should Be Used?

- For small to medium-sized problems: The simplex method
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