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In the realm of modern portfolio theory (MPT), the concept of the efficient
frontier plays a central role in understanding how investors can optimize
their portfolios. Developed by Harry Markowitz in the early 1950s, this
theory revolutionized the way investors evaluate risk and return, emphasizing
the importance of diversification and the trade-offs between risk and reward.
The efficient frontier represents the set of optimal portfolios that offer
the highest expected return for a given level of risk or, conversely, the
lowest risk for a given level of expected return.

However, not all portfolios can be situated on this frontier. Some portfolios
are inherently sub-optimal due to their composition, constraints, or the
nature of their assets. Recognizing which portfolios cannot lie on the
efficient frontier is crucial for investors aiming to achieve optimal
investment strategies, and understanding the theoretical underpinnings helps
in making informed decisions.

This article explores the characteristics of portfolios in the context of
Markowitz's efficient frontier, identifies the types of portfolios that
cannot lie on it, and explains the reasoning behind these limitations. We
will delve into the fundamental principles of the Markowitz portfolio theory,
examine typical portfolios and their positioning relative to the efficient
frontier, and clarify misconceptions related to portfolio composition and
efficiency.

Understanding the Efficient Frontier in Modern
Portfolio Theory

Fundamentals of Markowitz Portfolio Theory

Harry Markowitz introduced the concept of portfolio diversification as a
means to optimize investment portfolios. The core idea is that investors
should select portfolios that maximize expected return for a given level of
risk or minimize risk for a given return. The key components are:

- Expected Return (E[R]): The weighted average of the expected returns of the
assets in the portfolio.
- Risk (Standard Deviation or Variance): Measures the volatility or
uncertainty associated with the portfolio's returns.
- Covariance and Correlation: Quantify how asset returns move in relation to
each other, influencing the overall portfolio risk.

By combining assets with imperfectly correlated returns, investors can
construct portfolios that achieve better risk-return profiles than individual
assets alone.



The Efficient Frontier Explained

The efficient frontier is a graphical representation in the risk-return
space:

- X-axis: Portfolio Risk (Standard Deviation)
- Y-axis: Expected Return

The frontier curves upward and outward, comprising all efficient
portfolios—the optimal combinations that offer the maximum expected return
for each level of risk. Portfolios lying below or to the right of the
frontier are sub-optimal because they provide lower returns for the same or
higher risk.

Key points:

- Portfolios on the frontier are efficient.
- Portfolios below the frontier are inefficient.
- The tangency point with the risk-free rate (if one exists) is known as the
market portfolio in the Capital Market Line (CML).

Types of Portfolios in Relation to the
Efficient Frontier

Understanding which portfolios can or cannot lie on the efficient frontier
involves examining their characteristics:

1. Efficient Portfolios

- These are portfolios that lie on the efficient frontier.
- They maximize return for a given risk level or minimize risk for a given
return.
- Typically, these are well-diversified portfolios with asset weights
optimized through mean-variance analysis.

2. Inefficient Portfolios

- Portfolios below or inside the frontier.
- They are sub-optimal due to poor asset selection, concentration, or
constraints.
- They offer lower returns for the same risk or higher risk for the same
return.

3. Portfolios That Cannot Lie on the Efficient Frontier

- Portfolios with certain characteristics are inherently incapable of being
efficient. These include:

- Portfolios with zero diversification (single-asset portfolios).
- Portfolios with holdings that are not optimal combinations of available
assets.
- Portfolios with assets that have poor or no correlation benefits.
- Portfolios constrained by rules or regulations that restrict optimal
mixing.



In particular, a classic example is a portfolio consisting solely of a single
asset or a subset of assets that do not align with the efficient set.

---

In essence, the portfolio that cannot lie on the efficient frontier is one
that is sub-optimal by construction or constraint. The most common example is
a portfolio that is not diversified or does not represent an optimal
combination of available assets.

Which Portfolio Cannot Lie on the Efficient
Frontier? Analyzing the Options

Let’s analyze typical options and clarify which one cannot be on the
efficient frontier as described by Markowitz.

1. A Portfolio with a Single Asset

- Such a portfolio invests 100% in one asset.
- It does not benefit from diversification.
- Its risk and return are directly tied to that asset’s characteristics.
- Because diversification can reduce risk, a single-asset portfolio generally
does not maximize the risk-return trade-off.
- Conclusion: A single-asset portfolio cannot lie on the efficient frontier
unless it coincidentally aligns with the optimal combination, which is rare
and only in specific cases where the asset itself is the market portfolio.

2. A Portfolio with Sub-Optimal Asset Allocation

- Portfolios that are not optimized, such as equal-weighted portfolios or
portfolios with arbitrary weights, typically lie below the efficient
frontier.
- They do not maximize return for their level of risk.
- Conclusion: Such portfolios are not on the efficient frontier.

3. A Portfolio with Assets Not Included in the Efficient Set

- If assets are poorly correlated or have unfavorable risk-return profiles,
including them in a portfolio will push it away from the frontier.
- Portfolios containing assets with high idiosyncratic risk or poor
diversification benefits tend to be sub-optimal.
- Conclusion: These portfolios cannot be on the efficient frontier.

4. A Portfolio with Leverage or Borrowing Constraints

- Constraints such as no short selling or borrowing limits can restrict the
ability to reach the actual efficient frontier.
- Such portfolios might be sub-optimal due to restrictions.
- Conclusion: They may lie below the frontier, but the ideal unconstrained
efficient frontier remains the benchmark.

---

Overall, the most definitive example of a portfolio that cannot lie on the
efficient frontier is a portfolio that is solely invested in a single asset
(a non-diversified portfolio).



Why Can't a Single-Asset Portfolio Lie on the
Efficient Frontier?

The reason stems from the fundamental principle of diversification in
Markowitz's theory. The efficient frontier is constructed by combining
multiple assets in proportions that optimize risk-adjusted return. A single
asset portfolio:

- Lacks diversification benefits.
- Is limited to the asset's individual risk-return profile.
- Usually lies below the efficient frontier, which is created by diversified
portfolios that better balance risk and return.

In some cases, if the asset itself is the market portfolio or the optimal
asset, then the single-asset portfolio could lie on the frontier. But
generally, unless the asset is perfectly efficient itself, it won't be on the
curve.

---

Summary: Which Portfolio Cannot Lie On the
Efficient Frontier?

Based on the principles of Markowitz's portfolio theory, the portfolio that
cannot lie on the efficient frontier is:

A portfolio composed solely of a single asset without diversification
benefits.

Other examples include portfolios with:

- Arbitrary, non-optimized weights.
- Assets with poor correlation and high individual risk.
- Constraints that prevent reaching the true efficient frontier.

Key Takeaways:

- The efficient frontier is formed by diversified portfolios that optimize
risk and return.
- Portfolios not constructed through optimization or diversification
generally do not lie on this frontier.
- Single-asset portfolios are the most classic example of portfolios that
cannot be on the efficient frontier unless that asset itself is the optimal
choice.

Implications for Investors and Portfolio
Management

Understanding which portfolios cannot lie on the efficient frontier has
practical significance:



- Avoid naive investment strategies that rely on single assets or arbitrary
allocations.
- Leverage diversification to approach the efficient frontier.
- Use optimization tools to identify the true efficient portfolios.
- Recognize the limitations imposed by constraints, which might prevent
reaching the ideal frontier but do not fundamentally alter the underlying
principles.

---

In conclusion, the core concept of Markowitz's theory emphasizes that only
well-diversified, optimized portfolios can be on the efficient frontier.
Portfolios lacking diversification, such as those invested solely in a single
asset, are inherently incapable of being efficient, making them the
quintessential example of portfolios that cannot lie on the efficient
frontier as described by Markowitz.

Frequently Asked Questions

Which type of portfolio cannot lie on the Efficient
Frontier as per Markowitz's theory?

A portfolio that is either extremely risky with high returns or extremely
conservative with low returns, but not optimized for risk-return trade-off,
cannot lie on the Efficient Frontier.

Can a portfolio with a high level of risk but low
expected return be on the Efficient Frontier?

No, such a portfolio would typically lie below the Efficient Frontier, as it
offers less return for higher risk and is considered suboptimal.

Is the market portfolio always on the Efficient
Frontier according to Markowitz?

Yes, under the Capital Asset Pricing Model (CAPM), the market portfolio is
considered to lie on the Efficient Frontier, representing optimal
diversification.

What kind of portfolio is guaranteed not to be on the
Efficient Frontier?

A non-diversified or poorly diversified portfolio that does not optimize risk
and return trade-offs cannot lie on the Efficient Frontier.

Can a portfolio with negative expected returns be on
the Efficient Frontier?

Yes, if it represents the optimal risk-return trade-off given the available
assets, though such portfolios are uncommon in practical scenarios.



Does the Efficient Frontier include portfolios with
the highest possible return regardless of risk?

No, portfolios with the highest returns regardless of risk are typically not
on the Efficient Frontier; the frontier emphasizes optimal risk-return
combinations.

Which portfolios are typically excluded from the
Efficient Frontier?

Portfolios that are either dominated (having higher risk for less return or
vice versa) or are not mean-variance optimized are excluded from the
Efficient Frontier.

Can a portfolio with a risk level outside the range
of the Efficient Frontier be on it?

No, portfolios with risk levels outside the range defined by the Efficient
Frontier are not on it; the frontier spans the minimum to maximum risk
portfolios for given returns.

Additional Resources
Portfolio is a fundamental concept in modern investment theory, serving as
the basis for understanding risk, return, and the optimization processes that
guide investors toward achieving their financial objectives. When discussing
the portfolio's position relative to the efficient frontier as described by
Harry Markowitz, it becomes crucial to understand which types of portfolios
can or cannot lie on this frontier. The efficient frontier represents the set
of optimal portfolios offering the highest expected return for a given level
of risk or the lowest risk for a given level of expected return. This article
explores the various portfolios in question, focusing on identifying which
one cannot lie on the efficient frontier and the reasons behind this
limitation.

Understanding the Efficient Frontier in
Markowitz Portfolio Theory

Before delving into specific portfolios, it is essential to grasp the concept
of the efficient frontier.

Definition and Significance
- The efficient frontier is a graphical representation of optimal portfolios
that maximize expected return for a given level of risk.
- It is derived from the mean-variance optimization framework introduced by
Harry Markowitz.
- Portfolios lying on this frontier are considered efficient because no other
portfolios offer a higher return for the same risk or lower risk for the same
return.



Key Features
- The frontier is typically convex and upward sloping.
- Portfolios below or to the right of the efficient frontier are suboptimal.
- The tangent portfolio (the one with the highest Sharpe ratio) lies on the
frontier and is often used as a benchmark.

Types of Portfolios in the Context of the
Efficient Frontier

The various portfolios considered in the literature include:

- Efficient Portfolios: Portfolios on the efficient frontier.
- Inefficient Portfolios: Portfolios below or to the right of the frontier.
- The Minimum Variance Portfolio: The portfolio with the lowest possible
risk.
- The Risk-Free Asset Portfolio: Combining a risk-free asset with risky
assets.

Among these, a particular focus is on whether portfolios such as those
consisting solely of risk-free assets or some other unconventional
combinations can lie on the efficient frontier.

Which Portfolios Cannot Lie on the Efficient
Frontier?

The core question revolves around identifying portfolios that, by their
nature, cannot be part of the efficient frontier as per Markowitz's theory.

The Risk-Free Asset Portfolio
- Description: A portfolio consisting entirely of a risk-free asset, such as
government bonds or cash equivalents.
- Can It Lie on the Efficient Frontier?: In general, no.
- Reasoning:
- The risk-free asset has zero standard deviation.
- When combined with risky assets, the resulting portfolios form the Capital
Market Line (CML), which is tangent to the efficient frontier.
- The risk-free asset itself (a single-asset portfolio) does not have a risk-
return combination that lies above the efficient frontier; it is positioned
at the bottom of the risk spectrum.
- The efficient frontier is composed of portfolios with both risky assets,
which offer higher expected returns for the same level of risk or lower risk
for the same return.
- Special Note:
- The portfolio of only risk-free assets is considered inefficient because it
does not provide any risk premium.
- When combined with risky portfolios, the overall efficient set is expanded,
but the pure risk-free asset alone remains outside the efficient frontier.

Pros of Risk-Free Asset Portfolio
- Zero risk.



- Provides a baseline for comparisons.

Cons
- No risk premium.
- Cannot generate higher returns than available on the efficient frontier.

The Pure Risk-Free Asset Portfolio
- Description: A portfolio invested entirely in risk-free assets.
- Can It Lie on the Efficient Frontier?: No.
- Explanation:
- The efficient frontier is defined by portfolios of risky assets.
- The pure risk-free portfolio is at the bottom of the risk spectrum with
zero volatility.
- It does not dominate any risky portfolio in terms of risk-adjusted return.

Implications
- Investors seeking the highest return for a specific risk level would prefer
risky portfolios; the risk-free asset doesn't meet this criterion alone.
- The combination of the risk-free asset with risky portfolios generates the
Capital Market Line, which is the upper boundary when considering
combinations.

Summary:
- The pure risk-free asset portfolio cannot be on the efficient frontier of
risky assets because it offers no risk premium and does not dominate any
risky portfolio in terms of risk-return trade-off.

Portfolios with Only One Risky Asset
- Description: Portfolios invested entirely in a single risky asset.
- Can It Lie on the Efficient Frontier?: Yes, if it is optimal.
- Notes:
- Such a portfolio can be on the frontier if it offers the highest return for
a given risk among all possible risky portfolios.
- However, in most realistic scenarios, diversifying across multiple assets
yields better risk-adjusted returns.
- A single risky asset portfolio is unlikely to be optimal unless it
dominates others in risk-return profile.

Portfolios with Non-Optimal Composition
- Description: Portfolios that are not optimized or are suboptimal due to
poor asset selection or weights.
- Can It Lie on the Efficient Frontier?: No.
- Reasoning:
- The efficient frontier is constructed from optimal combinations.
- Suboptimal portfolios, by definition, lie below the efficient frontier.

Special Cases and Misconceptions

While the above clarifies general principles, some misconceptions or special
cases deserve mention.



Portfolios with Leverage
- Description: Portfolios that involve borrowing to invest more than one's
capital.
- Can It Lie on the Efficient Frontier?: Yes, but only if the leverage is
applied optimally.
- Explanation:
- When used correctly, leveraged portfolios can lie on the upper part of the
efficient frontier, extending beyond what is achievable without leverage.
- However, excessive or poorly managed leverage can lead to portfolios
outside the efficient set.

Portfolios with Short Selling
- Description: Portfolios that include negative weights on some assets.
- Can It Lie on the Efficient Frontier?: Yes.
- Features:
- Short selling allows investors to achieve more efficient risk-return
profiles.
- The inclusion of short positions can help reach portfolios on the efficient
frontier that are otherwise unattainable with long-only portfolios.

Conclusion: Which Portfolio Cannot Lie on the
Efficient Frontier?

Based on the analysis above, the portfolio that cannot lie on the efficient
frontier as described by Markowitz is the pure risk-free asset portfolio.

Key reasons include:
- The efficient frontier is derived from risky assets, representing optimal
combinations that maximize return for a given level of risk.
- The risk-free asset portfolio, characterized by zero risk and no risk
premium, is positioned at the bottom of the risk spectrum and does not
dominate or improve upon any risky portfolio in terms of risk-adjusted
returns.
- When combined with risky assets, the risk-free asset gives rise to the
Capital Market Line, which is tangent to the efficient frontier, but itself
is not part of it.

In summary:
- The risk-free asset portfolio alone is the one that cannot lie on the
efficient frontier.
- All other portfolios, including those with leverage, short selling, or
diversified risky assets, can lie on or be associated with points on the
efficient frontier, provided they are constructed optimally.

This understanding highlights the importance of diversification, asset
mixing, and the role of risk-free assets in portfolio theory while clarifying
their positioning relative to the efficient frontier. Investors aiming for
optimal portfolios should consider these principles to maximize returns while
managing risk effectively.
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