Evaluate The Indefinite Integral.
X/1+x4 Dx"

Evaluate The Indefinite Integral. X/1l+x4 Dx"

Understanding how to evaluate indefinite integrals is a fundamental skill in
calculus, enabling us to find antiderivatives of complex functions. The
integral of the form \(\int \frac{x}{1 + x"4} \, dx\) presents an interesting
challenge due to its combination of polynomial expressions and the potential
for substitution or partial fractions. In this comprehensive guide, we will
explore step-by-step methods to evaluate this integral, discuss the
underlying principles, and highlight key techniques to handle similar
integrals efficiently. Whether you're a student preparing for calculus exams
or a professional dealing with mathematical models, mastering this integral
will enhance your problem-solving toolkit.

Understanding the Integral \(\int \frac{x}{1l +
x*4} \, dx\)

Before diving into solution methods, it’s important to analyze the structure
of the integral:

- The numerator is \(x\), a first-degree polynomial.

- The denominator is \(1 + x™4\), a quartic polynomial with no obvious
factorization over the reals without complex numbers.

- The integral is indefinite, meaning it includes an arbitrary constant

\(C\).
This form suggests that substitution and algebraic manipulation are promising

approaches. Recognizing patterns and symmetry can streamline the integration
process.

Key Techniques for Evaluating \(\int \frac{x}{1
+ x*4} \, dx\)

To evaluate the integral effectively, consider the following key techniques:



1. Substitution Method

- Using substitution \(u = x*2\) often simplifies quartic expressions.
- Substitution \(t = x”2\) transforms the integral into a rational function,
which can then be integrated using partial fractions.

2. Polynomial Factorization

- Factor the denominator \(1 + x*4\) over complex numbers to understand its
roots.

- Recognize that over real numbers, \(1 + x™4\) can be factored into
quadratic factors:

\ [

1 + x™ = (x*2 + \sqgrt{2}x + 1) (x™2 - \sqrt{2}x + 1)

\1]

- This factorization allows for partial fractions decomposition.

3. Partial Fraction Decomposition

- Express \(\frac{x}{1 + x*4}\) as a sum of simpler fractions.
- This method is particularly effective when the denominator factors into
quadratics.

4. Recognizing Symmetry and Substitutions

- Use symmetry properties of the integrand or substitution \(x = \tan
\theta\) when suitable.

Step-by-Step Solution to \(\int \frac{x}{1l +
Xx"4} \, dx\)

Let's now proceed through the detailed steps to evaluate this integral.

Step 1: Substitution \(t = x"2\)

Since the numerator is \(x\), and the denominator involves \(x"4\), set:



\ [
t = x®2 \Rightarrow dt = 2x \, dx \Rightarrow x \, dx = \frac{dt}{2}

\1]

Rearranging:

\ [

x \, dx = \frac{dt}{2}
\1]

Express the integral in terms of \(t\):

\ [

\int \frac{x}{1 + x™4} \, dx = \int \frac{1}{1 + t72} \cdot \frac{dt}{2} =
\frac{1}{2} \int \frac{1l}{1 + t~2} \, dt

\1

This is a standard integral:

\ [
\frac{1}{2} \int \frac{1}{1 + t72} \, dt = \frac{1}{2} \arctan t + C
\1

Recall that \(t = x~2\), so the antiderivative becomes:

\ [
\boxed{
\frac{1}{2} \arctan (x"2) + C

}
\]

Step 2: Verify the result

To confirm, differentiate the result:

\ [

\frac{d}{dx} \left( \frac{1}{2} \arctan (x"2) \right) = \frac{1}{2} \cdot
\frac{1}{1 + (x*2)"2} \cdot 2x = \frac{x}{1l + x~4}

\1]

which matches the integrand, confirming the correctness of the solution.

Alternative Approach Using Partial Fractions

While the substitution method provides a straightforward solution,



understanding partial fractions decomposition offers deeper insights,
especially for more complex integrals.

Factor \(1 + x™4\) over complex numbers

Over the reals, \(1 + x™4\) factors into quadratic factors:

\ [
1 + x™ = (x*2 + \sqrt{2}x + 1)(x*2 - \sqrt{2}x + 1)
\]

We can attempt partial fractions:

\ [

\frac{x}{(x*2 + \sqrt{2}x + 1)(x*2 - \sqrt{2}x + 1)} = \frac{A x + B}{x"2 +
\sqrt{2}x + 1} + \frac{C x + D}{x"2 - \sqgrt{2}x + 1}

\1

Multiplying through by the denominator:

\ [
X = (A X+ B)(x*2 - \sqrt{2} x + 1) + (C x + D)(x"2 + \sqrt{2} x + 1)
\1

Expanding and collecting like terms allows solving for constants \(A, B, C,
D\). However, this process is more involved and confirms the substitution
approach's efficiency.

Summary of Key Takeaways

When evaluating the indefinite integral \(\int \frac{x}{1 + x~4} \, dx\), the
following points are crucial:

- The substitution \(t = x"™2\) transforms the integral into a standard
arctangent form.

- The integral simplifies to \(\frac{1}{2} \arctan (x"2) + C\).

- Recognizing the structure of the integrand can lead to quick solutions.

- Partial fractions decomposition can be used for more complex forms but is
unnecessary here due to substitution efficiency.

- Confirming solutions through differentiation ensures correctness.



Additional Related Integrals and Techniques

Understanding this integral paves the way for tackling similar problems
involving higher powers and rational functions.

Examples of related integrals include:

\(\int \frac{x™n}{1 + x~{2n}} \, dx\)
\(\int \frac{l1}{x™4 + 1} \, dx\)
\ (\int \frac{x"k}{x"*4 + a™4} \, dx\)

Techniques to handle these integrals:

- Substitution methods tailored to the degree of polynomial expressions.
- Factoring quartic polynomials over complex numbers.

- Partial fractions decomposition into quadratic factors.

- Completing the square for quadratic factors to facilitate substitution.
- Recognizing standard integral forms involving inverse tangent or
logarithmic functions.

Conclusion: Mastering \(\int \frac{x}{l + x"4}
\, dx\)

Evaluating the indefinite integral \(\int \frac{x}{1l + x™4} \, dx\) is a
classic problem in calculus that demonstrates the power of substitution
techniques. By recognizing the structure of the integrand and applying the
substitution \(t = x"2\), the integral simplifies to a well-known form
involving the arctangent function. This approach not only provides an elegant
solution but also deepens understanding of polynomial integrals and
substitution methods.

Mastering such integrals enhances analytical skills, enabling you to tackle
more complex integrals involving higher-degree polynomials. Whether for
academic purposes or practical applications in engineering and physics, these
techniques form essential tools in your calculus toolkit.
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Frequently Asked Questions

How do you evaluate the indefinite integral of x /
(1 + x*4) dx?

To evaluate | x / (1 + x™4) dx, consider substitution methods such as setting
u = x*2, which transforms the integral into a form that can be tackled using
partial fractions or recognizing derivatives of inverse tangent functions.
Alternatively, rewriting the integrand to facilitate substitution can
simplify the process.

What substitution simplifies the integral of x / (1
+ xX™4)7?

A useful substitution is u = x*2, which implies du = 2x dx. This transforms
the integral into (1/2) J du / (1 + u™2), which is solvable using the
arctangent function.

What is the step-by-step solution for [ x / (1 +
x~4) dx?

Step 1: Substitute u = x*2, so du = 2x dx.

Step 2: Rewrite the integral as (1/2) J du / (1 + u”2).

Step 3: Recognize that [ du / (1 + u”2) = arctangent(u) + C.

Step 4: Substitute back u = x"2, yielding (1/2) arctangent(x~2) + C.

Are there alternative methods to evaluate | x / (1 +
x*4) dx besides substitution?

Yes, partial fraction decomposition can be used by factoring 1 + x™4 into
quadratics if possible, but since x4 + 1 factors over complex numbers,
substitution remains the most straightforward method. Alternatively,
recognizing the derivative of arctangent functions can guide the integral's
evaluation.

What is the final answer to the indefinite integral
of x / (1 + x*4) dx?

The indefinite integral evaluates to (1/2) arctangent(x~2) + C, where C is
the constant of integration.



Additional Resources
Evaluate The Indefinite Integral: \(\int \frac{x}{1l + x™4} \, dx\)

Introduction

The process of evaluating indefinite integrals is a fundamental aspect of
calculus, providing insights into the behavior of functions and enabling the
solving of complex problems across physics, engineering, and mathematics.
Among the myriad integrals encountered, some pose interesting challenges due
to their algebraic and transcendental structures. Today, we delve into one
such integral:

\ [
\int \frac{x}{1 + x4} \, dx
\1]

This integral, at first glance, seems straightforward but reveals a rich
tapestry of techniques involving substitution, factorization, and partial
fractions upon closer examination. Our goal is to evaluate this integral
systematically, providing clarity and depth suitable for both students and
professionals interested in advanced calculus.

Understanding the Integral: An Initial Overview

The integrand \(\frac{x}{1 + x"4}\) contains a quartic polynomial in the
denominator. The numerator, a simple \(x\), suggests that substitution
strategies involving the derivative of the denominator or related expressions
might be effective. The key challenges include:

- Factoring the quartic polynomial \ (1 + x™4\)
- Applying partial fraction decomposition appropriately
- Selecting substitution methods that simplify the integral

Before diving into the calculations, it’s useful to recall some fundamental
facts:

- Quartic Polynomial Factorization: \(x™4 + 1\) can be factored over real
numbers into quadratic factors.

- Partial Fractions: When the denominator factors into quadratic terms,
partial fractions involve terms with linear numerators over these quadratics.

Factoring \(1 + x™4\): A Critical Step

Factoring the quartic polynomial is crucial as it simplifies the integrand's



structure. Over the real numbers, the factorization of \ (x4 + 1\) proceeds
as follows:

\ [
X + 1 = (X2 + \sqrt{2}x + 1)(x"2 - \sqrt{2}x + 1)
\1

Derivation of the factorization:
1. Recognize that \(x"4 + 1\) can be viewed as a sum of squares:

\ [
XM + 1 = (x2)"2 + 172
\1

2. Use the Sophie Germain identity:

\ [
a™4 + 4b™4 = (a”2 + 2b"2 - 2ab)”2 + (2ab)"2
\]

but since our polynomial is \(x™4 + 1\), a more straightforward approach
involves complex roots or quadratic factorization over reals.

3. Over real numbers, \(x™4 + 1\) factors into quadratics with real
coefficients:

\ [
X + 1 = (x™2 + \sqrt{2}x + 1) (x"2 - \sqrt{2}x + 1)
\1

Note: This factorization is verified by expansion:

\ [
(x*2 + \sqrt{2}x + 1)(x"2 - \sqrt{2}x + 1)
\1

Expanding:

\ [

x~2 \cdot x*2 = x™4

\1

\ [

x~2 \cdot (- \sqrt{2}x) = - \sqrt{2} x"3
\1

\ [

x*2 \cdot 1 = x"2

\1

\ [

\sqrt{2}x \cdot x"2 = \sqrt{2} x"3
\1



\ [

\sqrt{2}x \cdot (- \sqrt{2}x) = - 2 x"2
\1

\ [

\sqrt{2}x \cdot 1 = \sqrt{2} x

\1

\ [

1 \cdot x*2 = x"2

\1

\ [

1 \cdot (- \sqgrt{2}x) = - \sqrt{2} x
\1

\ [

1 \cdot 1 =1

\1

Adding all:

\ [

x4+ (-\sqrt{2} x*3 + \sqrt{2} x™3) + (x*2 - 2 x™2 + x*2) + (\sqrt{2} x -
\sqrt{2} x) + 1 =x4 +0+0+0+1=x™M+1

\1

Hence, the factorization holds.

Approach to the Integral: Partial Fraction Decomposition
Given the factorization:

\ [
\frac{x}{1 + x4} = \frac{x}{(x"2 + \sqrt{2}x + 1)(x*2 - \sqrt{2}x + 1)}
\1]

we aim to express the integrand as a sum of simpler fractions:

\ [

\frac{x}{(x"*2 + \sqrt{2}x + 1)(x"2 - \sqrt{2}x + 1)} = \frac{A x + B}{x"2 +
\sqrt{2}x + 1} + \frac{C x + D}{x"2 - \sqrt{2}x + 1}

\1

Step 1: Set up the equation:

\ [
X = (A X+ B)(x*2 - \sqrt{2}x + 1) + (C x + D) (x"2 + \sqrt{2}x + 1)
\1

Step 2: Expand both terms:

\ [



A x (x*2 - \sqrt{2}x + 1)
\1

\ [

B (x*2 - \sqrt{2}x + 1) = B x*2 -
\1

\ [

C x (x™2 + \sqrt{2}x + 1)
\1

\ [

D (x*2 + \sqrt{2}x + 1) = D x*2 + D \sqrt{2} x + D
\1]

A x™3

A \sqrt{2} x*2 + A X

o

\sqrt{2} x + B

C x*3

+

C \sqrt{2} x*2 + C x

Step 3: Sum all parts:

[
= (A X*3 + C x™3) + (-A\sqrt{2} x*2 + B x*2 + C \sqrt{2} x*2 + D x*2) + (A
+ C x) + (- B \sqrt{2} x + D \sqrt{2} x) + (B + D)

|

~ X X -~

Combine like terms:

\ [

x=(A+C) x*3 + [-A\sqgrt{2} + B + C \sqrt{2} + D] x*2 + (A+C) x + (- B
\sqrt{2} + D \sqrt{2}) x + (B + D)

\1

Since the original polynomial on the right is just \(x\), which is equivalent
to:

\ [

O X3 +0 x2+1x+20
\1]

we match coefficients:

- Coefficient of \(x"3\):

\ [
A+C=20
\1]

- Coefficient of \(x"2\):

\ [

- A \sqrt{2} + B + C \sqrt{2} + D =0
\1

- Coefficient of \(x\):

\ [
A+ C+ (- B\sqgrt{2} + D \sqrt{2}) =1



\]

- Constant term:

\ [
B+D=20
\1]

Step 4: Solve the system:

From \(A + C

\[

-n
=
(]
3
~
o
+
o
]

0\):

O\):

Substitute \(C\) and \(D\):

Second equation:

\ [

- A \sqrt{2} + B + (-A) \sqrt{2} + (-B)

\1]
Simplify:

\ [
- A \sqrt{2} +
\1]
\ [
(-A \sqrt{2} -
\1]
\ [
- 2 A \sqrt{2}
\1]

Thus:

\ [
- 2 A \sqrt{2}
\1]

Then:

B

A

+

- A\sqrt{2} - B=0

\sqrt{2}) + (B - B) =0

0=20

0 \Rightarrow A = 0

0



Third equation:

\ [

A+ C+ (- B\sqgrt{2} + D \sqrt{2}) =1
\1

Since \ (A = 0\), \(C=0\):

\ [

0+ 0 + (- B\sqrt{2} + D \sqrt{2}) =1
\1

Recall \(D = - B\):

\ [

- B \sqrt{2} + (- B) \sqrt{2} =1

\1

\ [

- B \sqrt{2} - B \sqrt{2} =1

\1

\ [

- 2 B \sgrt{2} =1

\
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