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Introduction

In the realm of algebra and functional analysis, understanding how to construct functions \( F \) and \( G \)
such that their composition results in a specific function \( F = fg \) is fundamental. This problem becomes
particularly interesting when the functions involved are non-identity functions—that is, functions that do
not simply return their input unchanged. In this guide, we will explore how to find such functions \( F \)
and \( G \) where \( F(x) = (3x + x) \), and how to ensure that \( F \) can be expressed as the composition of
two non-identity functions \( f \) and \( g \). We will delve into the mathematical principles involved,
provide step-by-step methods, and present illustrative examples to clarify the process.

---

Understanding the Problem

Before jumping into solutions, it is crucial to understand the core components of the problem:

- Given function \( F(x) = 3x + x \): Simplifies to \( F(x) = 4x \).
- Objective: Find functions \( f \) and \( g \), both non-identity (meaning \( f(x) \neq x \) and \( g(x) \neq x
\)), such that \( F(x) = (f \circ g)(x) = f(g(x)) \).
- Additional constraint: Both \( f \) and \( g \) should be non-identity functions, implying they alter the
input in some meaningful way.

---

Section 1: Fundamental Concepts

1.1 Composition of Functions

The composition of two functions \( f \) and \( g \), denoted as \( f \circ g \), is defined as:

\[



(f \circ g)(x) = f(g(x))
\]

This operation applies \( g \) to \( x \), and then applies \( f \) to the result.

1.2 Non-identity Functions

A non-identity function is any function different from the identity function \( id(x) = x \). For example:

- \( f(x) = 2x \)
- \( g(x) = x + 3 \)
- \( f(x) = x^2 \)

are all non-identity functions because they do not satisfy \( f(x) = x \).

1.3 Goal Clarification

Given \( F(x) = 4x \), find \( f \) and \( g \) such that:

\[
f(g(x)) = 4x
\]

with the restriction that both \( f \) and \( g \) are non-identity functions.

---

Section 2: Strategy for Finding \( f \) and \( g \)

2.1 Decomposition Approach

To find \( f \) and \( g \), consider the following:

- Since \( F(x) = 4x \), and \( F = f \circ g \),
- \( g \) should be a function that transforms \( x \) into an intermediate form \( y \),
- \( f \) then transforms \( y \) into \( 4x \).

This suggests choosing \( g(x) \) such that:

\[
g(x) = u(x)
\]



and then defining:

\[
f(y) = v(y)
\]

such that:

\[
f(g(x)) = v(g(x)) = 4x
\]

2.2 Key Insight

To satisfy the equation:

\[
f(g(x)) = 4x
\]

for all \( x \), it suffices to define \( g \) as a function that scales \( x \) by some factor, and \( f \) as a
corresponding inverse or linear function to produce the final \( 4x \).

---

Section 3: Constructing \( f \) and \( g \)

3.1 Example 1: Linear Functions

Suppose:

\[
g(x) = a x + b
\]
and

\[
f(y) = c y + d
\]

We want:

\[



f(g(x)) = c (a x + b) + d = 4x
\]

which simplifies to:

\[
c a x + c b + d = 4x
\]

Matching coefficients:

- For \( x \):

\[
c a = 4
\]

- For the constant term:

\[
c b + d = 0
\]

Since both \( f \) and \( g \) should be non-identity, choose parameters accordingly.

3.2 Parameter Selection

- To ensure \( g \) is non-identity:

\[
g(x) = a x + b, \quad \text{with} \quad a \neq 1 \quad \text{or} \quad b \neq 0
\]

- To ensure \( f \) is non-identity:

\[
f(x) = c x + d, \quad \text{with} \quad c \neq 1 \quad \text{or} \quad d \neq 0
\]

3.3 Example Solution

Choose:



- \( a = 2 \), \( b = 1 \)
- Since \( c a = 4 \), then:

\[
c = \frac{4}{a} = \frac{4}{2} = 2
\]

- To find \( d \), solve:

\[
c b + d = 0 \Rightarrow 2 \times 1 + d = 0 \Rightarrow d = -2
\]

Resulting functions:

\[
g(x) = 2x + 1
\]
\[
f(y) = 2 y - 2
\]

Both are non-identity functions because:

- \( g(x) \neq x \) (since \( 2x + 1 \neq x \))
- \( f(y) \neq y \) (since \( 2 y - 2 \neq y \) unless \( y = 2 \), but for all \( y \), it's not the identity)

Verification:

\[
f(g(x)) = 2 (2x + 1) - 2 = 4x + 2 - 2 = 4x
\]

which satisfies the requirement.

---

Section 4: Exploring Non-Linear Solutions

While linear functions are straightforward, exploring non-linear functions can provide a richer set of
solutions.

4.1 Example 2: Non-Linear \( g \)



Suppose:

\[
g(x) = x^2 + k
\]
and define \( f \) accordingly.

We want:

\[
f(g(x)) = 4x
\]

which gives:

\[
f(x^2 + k) = 4x
\]

Now, define:

\[
f(y) = m \sqrt{y - k}
\]

for \( y \geq k \), with:

\[
f(y) = m \sqrt{y - k}
\]

then,

\[
f(g(x)) = m \sqrt{(x^2 + k) - k} = m |x|
\]

To match \( 4x \), we need:

\[
m |x| = 4x
\]



which implies:

- For \( x \geq 0 \):

\[
m x = 4 x \Rightarrow m = 4
\]

- For \( x < 0 \):

\[
m (-x) = 4 x \Rightarrow -m x = 4 x \Rightarrow -m = 4 \Rightarrow m = -4
\]

The contradiction indicates the difficulty of using non-linear functions to create such a composition without
piecewise definitions.

4.2 Conclusion on Non-Linear Functions

While possible, constructing non-linear \( f \) and \( g \) that satisfy the composition \( F(x) = 4x \) can be
complex and often requires piecewise definitions or additional constraints.

---

Section 5: Summary and Key Takeaways

5.1 Main Points

- To find \( f \) and \( g \) such that \( F = f \circ g \), analyze the form of \( F \) and decompose it into
manageable parts.
- Linear functions provide straightforward solutions, especially using parameter matching.
- Both \( f \) and \( g \) can be non-identity, as shown in the example where \( g(x) = 2x + 1 \) and \( f(y) =
2 y - 2 \).
- Non-linear solutions are more complex but can be constructed with careful piecewise definitions.

5.2 Practical Steps

1. Identify \( F(x) \): Simplify to its basic form.
2. Propose a form for \( g(x) \): Linear or non-linear.
3. Express \( f \) based on \( g \): Ensure \( f(g(x)) = F(x) \).
4. Check non-identity condition: Confirm \( f \neq id \) and \( g \neq id \).
5. Verify the composition: Plug back into \( f(g(x)) \) to confirm.



---

Conclusion

Constructing functions \( F

Frequently Asked Questions

How can I find functions F and G such that F = f ∘ g, with both f and g
being non-identity functions?
To find such functions, choose a non-identity g(x), then define f(x) so that their composition F(x) = f(g(x))
matches your desired F. For example, if G(x) = x^2, then F(x) could be 3x + x, which simplifies to 4x, so
you might choose f(x) = 4x and g(x) = (x)/ (some function).

What are examples of non-identity functions for F and G such that their
composition results in F?
An example is G(x) = x^2 and F(x) = 3x + x = 4x. Then, define f(x) = 2x and g(x) = x^2, so that F(x) =
f(g(x)) = 2(x^2) = 2x^2. Since both are not identity functions, this satisfies the condition.

Can F(x) = (3x + x) be expressed as a composition of two non-identity
functions?
Yes. For example, F(x) = 4x can be written as F(x) = f(g(x)) with g(x) = x and f(x) = 4x. Alternatively,
choosing non-identity g(x) such as g(x) = x^2 and f(x) = 2x, then F(x) = f(g(x)) = 2x^2, which is different
but still valid.

How do I determine suitable functions f and g such that F = f ∘ g,
especially when F is linear like 4x?
For a linear F(x) = 4x, pick a non-identity g(x), such as g(x) = x^2, and then define f(x) = 4√x (for x ≥ 0), so
that F(x) = f(g(x)) = 4√(x^2) = 4|x|. Alternatively, set g(x) = x and f(x) = 4x to keep it simple.

Are there restrictions on choosing non-identity functions f and g to satisfy
F = f ∘ g?
Yes. Both f and g must be well-defined on the domain of interest, and their composition must match the
desired F(x). Additionally, neither f nor g should be the identity function (f(x) = x or g(x) = x).



What strategies can I use to find non-identity functions f and g for a
given F?
One approach is to select a non-identity g(x), then define f(x) = F(h(x)) / g(x) (if applicable), ensuring that
f(g(x)) = F(x). Alternatively, reverse-engineer by choosing g(x) and solving for f(x).

Can you give an example where F(x) = 3x + x, and find non-identity
functions f and g?
Yes. Simplify F(x) = 4x. Choose g(x) = x^2 (non-identity), then define f(x) = 2x so that F(x) = f(g(x)) =
2(x^2). Since F(x) = 4x, you might instead pick g(x) = x, and f(x) = 4x, both non-identity functions, and F =
f ∘ g.

Is it possible for both f and g to be non-linear functions in the
decomposition F = f ∘ g?
Yes. For example, if F(x) = 8x, you could choose g(x) = x^2 (non-linear) and define f(x) = 4√x, so that F(x)
= f(g(x)) = 4√(x^2) = 4|x|, which is non-linear and satisfies the conditions.

What is the significance of using non-identity functions in the
composition F = f ∘ g?
Using non-identity functions demonstrates that F can be composed from functions that transform the input
non-trivially, showcasing the richness of function composition and helping understand complex function
structures beyond simple identities.
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Introduction

In the realm of mathematical functions and their compositions, understanding how to construct functions F
and G such that their product, denoted as F = fg, holds true is both a foundational and intriguing challenge.
This problem becomes particularly interesting when the functions involved are non-identity
functions—meaning they do not simply return their input unchanged. The task at hand involves
deciphering such functions based on given conditions, especially when F(x) is specified as a linear



combination like 3x + x, and we need to find suitable functions f(x) and g(x) that satisfy this relationship.
This exploration not only deepens our comprehension of function compositions but also enhances problem-
solving skills in algebraic manipulation, functional analysis, and the conceptual understanding of how
functions interact.

---

Understanding the Problem Statement

Before we delve into constructing the functions, it is essential to clarify the problem's core components:

- Given: A function F(x) defined as a combination of x, specifically F(x) = 3x + x.
- Goal: Find functions f(x) and g(x), neither of which is the identity function (i.e., functions where f(x) ≠ x
and g(x) ≠ x), such that:
\[
F(x) = (f \circ g)(x) = f(g(x))
\]
- Additional Data: The problem hints at a set notation \(\{f(x), g(x)\} = {}\), possibly indicating the need to
determine explicit forms for f and g.

This setup prompts several questions:

1. How should we interpret the composition \(f(g(x))\) to match \(F(x) = 3x + x = 4x\)?
2. How can we choose non-identity functions f and g to satisfy this composition?
3. Are there constraints or specific forms these functions should take?

By dissecting these, we can approach the construction systematically.

---

Mathematical Foundations for Function Composition

The Nature of Function Composition

Function composition involves applying one function to the result of another. If \(f\) and \(g\) are functions
from real numbers to real numbers, then:

\[
(f \circ g)(x) = f(g(x))
\]

The composition's output depends heavily on the individual functions' form. To satisfy \(f(g(x)) = F(x)\),
the functions must be designed so that their combined effect yields the desired overall function.



Non-identity Functions

The requirement that \(f(x)\) and \(g(x)\) are not identity functions introduces constraints. The identity
function \(I(x) = x\) acts as a neutral element in composition—meaning \(f(x) = x\) would leave the input
unchanged. To explore non-identity functions, we need to consider functions that alter the input in some
way, such as linear functions with coefficients other than 1, polynomial functions, or other transformations.

---

Step-by-Step Approach to Constructing F and G

1. Express the Target Function

Given:

\[
F(x) = 4x
\]

since \(3x + x = 4x\). Our goal reduces to finding \(f\) and \(g\) such that:

\[
f(g(x)) = 4x
\]

2. Choose a Form for \(g(x)\)

To keep the functions non-identity, \(g(x)\) should be different from \(x\). A simple choice is a linear
function:

\[
g(x) = a x + b
\]

where \(a \neq 1\) or \(b \neq 0\).

3. Determine \(f(x)\) Based on \(g(x)\)

Since \(f(g(x)) = 4x\), substitute \(g(x)\):

\[
f(a x + b) = 4x
\]



To find \(f\), consider the inverse of \(g\). If \(g\) is invertible (which it is, for linear functions with \(a
\neq 0\)), then:

\[
x = \frac{g(x) - b}{a}
\]

Express \(x\) in terms of \(g(x)\):

\[
x = \frac{g(x) - b}{a}
\]

Now, rewrite \(f(g(x))\):

\[
f(g(x)) = 4x = 4 \left(\frac{g(x) - b}{a}\right)
\]

Thus,

\[
f(g(x)) = \frac{4}{a} (g(x) - b)
\]

Since this must hold for all \(g(x)\), define:

\[
f(y) = \frac{4}{a} (y - b)
\]

where \(y = g(x)\).

4. Summary of the Functions

- \(g(x) = a x + b\)
- \(f(y) = \frac{4}{a} (y - b)\)

with the constraint \(a \neq 0\) to maintain invertibility and the non-identity condition.

---

Concrete Examples with Specific Parameters



Let's instantiate the functions with specific choices of \(a\) and \(b\):

Example 1: \(a = 2, b = 1\)

- \(g(x) = 2x + 1\)
- \(f(y) = \frac{4}{2} (y - 1) = 2(y - 1) = 2y - 2\)

Verify:

\[
f(g(x)) = 2(2x + 1) - 2 = 4x + 2 - 2 = 4x
\]

which matches our target \(F(x) = 4x\).

Example 2: \(a = 3, b = -2\)

- \(g(x) = 3x - 2\)
- \(f(y) = \frac{4}{3} (y + 2) = \frac{4}{3} y + \frac{8}{3}\)

Verify:

\[
f(g(x)) = \frac{4}{3}(3x - 2 + 2) = \frac{4}{3} \times 3x = 4x
\]

Again, the composition yields \(4x\).

---

Visualizing the Functions and Their Composition

Understanding the nature of these functions helps clarify their roles:

- \(g(x)\): Transforms the input \(x\) via scaling and translation, with parameters \(a\) and \(b\).
- \(f(y)\): Performs a linear transformation on \(g(x)\) that compensates for the initial transformation,
ensuring the composition results in a simple linear function \(4x\).

This interplay demonstrates the importance of inverse functions and their properties in constructing
composite functions with desired outcomes.

---



Addressing the Non-identity Requirement

Both \(f\) and \(g\) are designed to differ from the identity:

- \(g(x) = a x + b\), with \(a \neq 1\) or \(b \neq 0\)
- \(f(y) = \frac{4}{a}(y - b)\), which reduces to the identity only if \(a = 4\) and \(b = 0\). But choosing \(a
\neq 4\) or \(b \neq 0\) ensures both functions are non-identity.

For example, choosing the earlier functions:

- \(g(x) = 2x + 1\)
- \(f(y) = 2 y - 2\)

both are clearly non-identity functions, satisfying the problem constraints.

---

Generalization and Broader Implications

The approach outlined illustrates a broader principle: any linear function \(g(x) = a x + b\) with \(a \neq 0\)
can be paired with a suitable \(f(y)\) to produce a specific linear composition. This technique can be
extended to more complex, nonlinear functions, provided invertibility and other properties are maintained.

Practical Applications:

- Function Design: Engineers and mathematicians can design functions with specific behaviors by choosing
appropriate transformations and their inverses.
- Signal Processing: Combining transformations to achieve desired outputs.
- Mathematical Modeling: Constructing models where composite functions represent layered processes.

---

Conclusion

Constructing functions \(F\) and \(G\) such that \(F = f \circ g\) involves understanding the mechanics of
function composition, invertibility, and algebraic manipulation. By choosing a linear form for \(g(x)\), such
as \(a x + b\), and deriving \(f\) accordingly, we can satisfy the conditions where \(F(x) = 4x\) while
ensuring both \(f\) and \(g\) are non-identity functions. This exercise not only reinforces core concepts in
algebra and functional analysis but also exemplifies the creative problem-solving essential in advanced
mathematics and applied sciences.

---



In essence, the key to solving such problems lies in leveraging invertibility, algebraic flexibility, and
strategic parameter selection—tools that empower mathematicians to craft functions that behave precisely as
desired in complex compositions.
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