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Introduction to Bezier Curves and Their Components

Bezier curves are fundamental in computer graphics, animation, and design for creating smooth,
scalable curves. These curves are defined using a set of control points that influence the shape of the
curve but are not necessarily on the curve itself (except for the first and last points). Understanding
how to extract the endpoint and control points from parametric equations is essential for designers
and developers working with vector graphics and curve modeling.

In this article, we focus on a specific one-piece Bezier curve defined parametrically as:

- \( x(t) = 3 + 4t t^2 + 2t^3 \)
- \( y(t) = 2t + t^2 + 3t^3 \)

Our goal is to identify:

- The First Endpoint (the starting point of the curve)
- The Two Control Points (points that influence the shape of the curve)
- The Last Endpoint (the ending point of the curve)

Understanding these components enables precise manipulation and rendering of the curve in digital
graphics applications.

---

Understanding the Parametric Equations

Before identifying the key points, let's analyze the given parametric equations.

The Equations:

\[
\begin{cases}
x(t) = 3 + 4t t^2 + 2t^3 \\
y(t) = 2t + t^2 + 3t^3
\end{cases}
\]



Note that the equation for \( x(t) \) can be simplified:

\[
x(t) = 3 + 4t t^2 + 2t^3 = 3 + 4t^3 + 2t^3 = 3 + (4t^3 + 2t^3) = 3 + 6t^3
\]

But wait, the original expression reads \( 4t t^2 \), which simplifies as:

\[
4t t^2 = 4 t^3
\]

So, the full expression:

\[
x(t) = 3 + 4t^3 + 2t^3 = 3 + 6t^3
\]

Similarly, the \( y(t) \) equation is:

\[
y(t) = 2t + t^2 + 3t^3
\]

---

Step 1: Simplify the Parametric Equations

Simplified equations:

\[
\boxed{
\begin{aligned}
x(t) &= 3 + 6t^3 \\
y(t) &= 2t + t^2 + 3t^3
\end{aligned}
}
\]

This simplification makes it easier to analyze the endpoints and control points.

---

Step 2: Determine the Endpoints of the Curve

In parametric curves, the endpoints are typically at \( t = 0 \) and \( t = 1 \).

Calculate the First Endpoint at \( t=0 \):

\[
\begin{aligned}



x(0) &= 3 + 6(0)^3 = 3 + 0 = 3 \\
y(0) &= 2(0) + (0)^2 + 3(0)^3 = 0 + 0 + 0 = 0
\end{aligned}
\]

First Endpoint: \(\boxed{(3, 0)}\)

Calculate the Last Endpoint at \( t=1 \):

\[
\begin{aligned}
x(1) &= 3 + 6(1)^3 = 3 + 6 = 9 \\
y(1) &= 2(1) + (1)^2 + 3(1)^3 = 2 + 1 + 3 = 6
\end{aligned}
\]

Last Endpoint: \(\boxed{(9, 6)}\)

---

Step 3: Extract the Control Points for the Bezier Curve

A cubic Bezier curve is defined by four points:

- \( P_0 \) (the first endpoint)
- \( P_1 \) (the first control point)
- \( P_2 \) (the second control point)
- \( P_3 \) (the last endpoint)

The curve starts at \( P_0 \) when \( t=0 \), and ends at \( P_3 \) when \( t=1 \). The control points \(
P_1 \) and \( P_2 \) influence the shape but are not necessarily on the curve.

Identifying the Control Points:

Given the parametric equations, and assuming the curve is a cubic Bezier curve with parameters \( t
\in [0, 1] \), the points \( P_0 \) and \( P_3 \) are known from the endpoints:

\[
\begin{cases}
P_0 = (x(0), y(0)) = (3, 0) \\
P_3 = (x(1), y(1)) = (9, 6)
\end{cases}
\]

The challenge is to find \( P_1 \) and \( P_2 \).

---

Step 4: Derive Control Points from the Parametric Equations

Bezier Curve Equations:



For a cubic Bezier curve:

\[
\begin{cases}
x(t) = (1 - t)^3 x_0 + 3(1 - t)^2 t x_1 + 3(1 - t) t^2 x_2 + t^3 x_3 \\
y(t) = (1 - t)^3 y_0 + 3(1 - t)^2 t y_1 + 3(1 - t) t^2 y_2 + t^3 y_3
\end{cases}
\]

Where:

- \( (x_0, y_0) = P_0 \): starting point
- \( (x_3, y_3) = P_3 \): ending point
- \( (x_1, y_1) \): first control point
- \( (x_2, y_2) \): second control point

Solving for \( P_1 \) and \( P_2 \):

Since the parametric equations are known, and the curve is defined over \( t \in [0, 1] \), the control
points are typically associated with the derivatives at the endpoints:

\[
\begin{aligned}
\text{At } t=0: & \quad \frac{d}{dt} \text{(curve)} = 3 (P_1 - P_0) \\
\text{At } t=1: & \quad \frac{d}{dt} \text{(curve)} = 3 (P_3 - P_2)
\end{aligned}
\]

Alternatively, we can find control points by matching the parametric equations at strategic points.

---

Step 5: Compute Derivatives at \( t=0 \) and \( t=1 \)

Derivatives of \( x(t) \) and \( y(t) \):

\[
\begin{aligned}
x(t) &= 3 + 6 t^3 \Rightarrow x'(t) = 18 t^2 \\
y(t) &= 2 t + t^2 + 3 t^3 \Rightarrow y'(t) = 2 + 2 t + 9 t^2
\end{aligned}
\]

At \( t=0 \):

\[
\begin{aligned}
x'(0) &= 0 \\
y'(0) &= 2 + 0 + 0 = 2
\end{aligned}
\]



At \( t=1 \):

\[
\begin{aligned}
x'(1) &= 18 \times 1^2 = 18 \\
y'(1) &= 2 + 2 \times 1 + 9 \times 1^2 = 2 + 2 + 9 = 13
\end{aligned}
\]

---

Step 6: Find Control Points \( P_1 \) and \( P_2 \)

Using the derivatives at the endpoints:

\[
\begin{cases}
P_1 = P_0 + \frac{x'(0)}{3} \quad \text{and} \quad P_2 = P_3 - \frac{x'(1)}{3} \\
P_1 = P_0 + \frac{(x'_{0}, y'_{0})}{3} \\
P_2 = P_3 - \frac{(x'_{1}, y'_{1})}{3}
\end{cases}
\]

Calculating:

\[
\begin{aligned}
P_1 &= (3, 0) + \frac{(0, 2)}{3} = (3, 0) + (0, \frac{2}{3}) = \left(3, \frac{2}{3}\right) \\
P_2 &= (9, 6) - \frac{(18, 13)}{3} = (9, 6) - (

Frequently Asked Questions

What is the first endpoint of the given one-piece Bézier curve?
The first endpoint corresponds to the value of the curve at t=0. Substituting t=0 into the parametric
equations: x(0)=3 + 40 + 20=3, y(0)=20 + 0 + 30=0. Therefore, the first endpoint is (3, 0).

How do you find the last endpoint of the Bézier curve?
The last endpoint is obtained by evaluating the curve at t=1. Plugging in t=1: x(1)=3 + 41 + 21=3 +
4 + 2=9; y(1)=21 + 1 + 31=2 + 1 + 3=6. So, the last endpoint is (9, 6).

What are the control points for the Bézier curve given the
parametric equations?
The control points are typically derived from the curve's parametric equations, often corresponding to
the endpoints and control points. For this cubic Bézier curve, the first control point is at the first
derivative's influence point, and the second control point influences the shape. Based on the



equations, the control points are approximately at (3, 0), (5, 2), and (7, 4), with the first and last
points being the endpoints.

How can I verify the control points for this cubic Bézier curve?
You can verify control points by expressing the parametric equations in Bernstein polynomial form or
by using de Casteljau's algorithm. Alternatively, compare the parametric equations at specific t-values
with the linear interpolations between endpoints and control points to identify the control points.

What is the significance of the control points in a Bézier
curve?
Control points influence the shape and curvature of the Bézier curve without necessarily lying on the
curve itself. The first and last control points are the endpoints, while intermediate control points
shape the path between them.

Are the control points for this curve unique or can they be
different?
For a given Bézier curve, the control points are unique if the curve is expressed in its standard form.
However, multiple parametric forms can represent the same curve, so the control points can vary
depending on the formulation.

How do I interpret the parametric equations to find control
points for the Bézier curve?
By expanding the parametric equations into Bernstein polynomial form, you can identify the control
points as the coefficients that define the influence of each control point on the curve at different t-
values.

Can the control points be used to reconstruct the entire
Bézier curve?
Yes, once the control points are known, the entire cubic Bézier curve can be reconstructed using the
Bernstein polynomial formula or de Casteljau's algorithm, which interpolates between control points
for any t in [0,1].

What steps should I follow to find the control points from the
given parametric equations?
First, express the parametric equations in Bernstein polynomial form to identify the control points.
Alternatively, compare the equations at key t-values and use the known properties of Bézier curves to
solve for the control points. For this specific curve, analyzing the equations' coefficients helps
determine the control points accordingly.
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---

Introduction to Bézier Curves and Their Components

Bézier curves are fundamental in computer graphics, vector graphic design, animation, and CAD
systems. They allow designers and programmers to craft smooth, scalable curves defined
mathematically by control points. A one-piece Bézier curve (also called a cubic Bézier curve when
degree is three) is characterized by its degree, control points, and endpoints.

Understanding how to extract key points such as the first endpoint, control points, and the last
endpoint from parametric equations is crucial for curve analysis, editing, and rendering. This review
will delve into the process of identifying these points from the given parametric functions:

\[
x(t) = 3 + 4t + 2t^2 + 2t^3
\]
\[
y(t) = 2t + t^2 + 3t^3
\]

---

Understanding the Parametric Equations

Before extracting specific points, it’s essential to understand the structure and behavior of the
parametric equations provided.

Parametric Equations Breakdown

- The equations define the x and y coordinates as functions of a parameter \( t \), typically in the
interval [0, 1] for Bézier curves.
- The equations are polynomial functions, with cubic terms indicating the curve's degree is three
(cubic Bézier).

\[
x(t) = 3 + 4t + 2t^2 + 2t^3
\]
\[
y(t) = 2t + t^2 + 3t^3
\]



- At \( t=0 \), the point on the curve is \(\mathbf{P}_0 = (x(0), y(0))\).
- At \( t=1 \), the point is \(\mathbf{P}_3 = (x(1), y(1))\).

In cubic Bézier curves, these two points are the endpoints, with the curve being "pulled" toward
control points that influence its shape but do not necessarily lie on the curve.

---

Finding the Endpoints

The first step involves calculating the endpoints: the start point at \( t=0 \), and the end point at \(
t=1 \).

Calculating the First Endpoint (\( t=0 \))

- Substitute \( t=0 \) into the parametric equations:

\[
x(0) = 3 + 4(0) + 2(0)^2 + 2(0)^3 = 3
\]
\[
y(0) = 2(0) + (0)^2 + 3(0)^3 = 0
\]

Result:

\[
\boxed{
\text{First Endpoint} = (3, 0)
}
\]

This point is the starting point of the Bézier curve.

Calculating the Last Endpoint (\( t=1 \))

- Substitute \( t=1 \):

\[
x(1) = 3 + 4(1) + 2(1)^2 + 2(1)^3 = 3 + 4 + 2 + 2 = 11
\]
\[
y(1) = 2(1) + (1)^2 + 3(1)^3 = 2 + 1 + 3 = 6
\]



Result:

\[
\boxed{
\text{Last Endpoint} = (11, 6)
}
\]

This point marks the end of the Bézier curve.

---

Identifying the Control Points

In a cubic Bézier curve, the control points influence the shape but are not necessarily on the curve
itself. Typically, for a cubic Bézier, the parametric equations are expressed as:

\[
\mathbf{B}(t) = (1 - t)^3 \mathbf{P}_0 + 3(1 - t)^2 t \mathbf{P}_1 + 3(1 - t) t^2 \mathbf{P}_2 +
t^3 \mathbf{P}_3
\]

where:

- \(\mathbf{P}_0\) = start point
- \(\mathbf{P}_1\) = first control point
- \(\mathbf{P}_2\) = second control point
- \(\mathbf{P}_3\) = endpoint

Our goal is to find \(\mathbf{P}_1\) and \(\mathbf{P}_2\) given the parametric equations.

---

Reformulating the Equations: From Bézier Form to
Polynomial Form

To identify control points, we need to express the parametric equations in the standard cubic Bézier
basis.

Recall that the cubic Bézier basis functions are:

\[
x(t) = (1 - t)^3 x_0 + 3(1 - t)^2 t x_1 + 3(1 - t) t^2 x_2 + t^3 x_3
\]

\[



y(t) = (1 - t)^3 y_0 + 3(1 - t)^2 t y_1 + 3(1 - t) t^2 y_2 + t^3 y_3
\]

where:

- \(x_0, y_0\) = first endpoints
- \(x_3, y_3\) = last endpoints (already identified)
- \(x_1, y_1\) = first control point
- \(x_2, y_2\) = second control point

Our task is to expand these basis functions and match coefficients with the given polynomial forms.

---

Matching Polynomial Coefficients to Find Control Points

First, expand the Bézier basis:

\[
x(t) = x_0 (1 - t)^3 + 3 x_1 (1 - t)^2 t + 3 x_2 (1 - t) t^2 + x_3 t^3
\]

Similarly for \( y(t) \).

Express \((1 - t)^n\) terms:

\[
(1 - t)^3 = 1 - 3t + 3t^2 - t^3
\]
\[
(1 - t)^2 = 1 - 2t + t^2
\]

Substituting into \( x(t) \):

\[
x(t) = x_0 (1 - 3t + 3t^2 - t^3) + 3 x_1 (1 - 2t + t^2) t + 3 x_2 (1 - t) t^2 + x_3 t^3
\]

Now expand each term:

1. \( x_0 (1 - 3t + 3t^2 - t^3) = x_0 - 3 x_0 t + 3 x_0 t^2 - x_0 t^3 \)

2. \( 3 x_1 (1 - 2t + t^2) t = 3 x_1 (t - 2 t^2 + t^3) = 3 x_1 t - 6 x_1 t^2 + 3 x_1 t^3 \)

3. \( 3 x_2 (1 - t) t^2 = 3 x_2 (t^2 - t^3) = 3 x_2 t^2 - 3 x_2 t^3 \)

4. \( x_3 t^3 \)



Adding all these:

\[
x(t) = x_0 - 3 x_0 t + 3 x_0 t^2 - x_0 t^3 + 3 x_1 t - 6 x_1 t^2 + 3 x_1 t^3 + 3 x_2 t^2 - 3 x_2 t^3 +
x_3 t^3
\]

Group by powers of \( t \):

- Constant term:

\[
x_0
\]

- Coefficient of \( t \):

\[
-3 x_0 + 3 x_1
\]

- Coefficient of \( t^2 \):

\[
3 x_0 - 6 x_1 + 3 x_2
\]

- Coefficient of \( t^3 \):

\[
- x_0 + 3 x_1 - 3 x_2 + x_3
\]

Compare with the polynomial form:

\[
x(t) = 3 + 4 t + 2 t^2 + 2 t^3
\]

Matching coefficients:

\[
x_0 = 3
\]
\[
-3 x_0 + 3 x_1 = 4
\]
\[
3 x_0 - 6 x_1 + 3 x_2 = 2
\]
\[



- x_0 + 3 x_1 - 3 x_2 + x_3 =
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