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Understanding the properties of matrices, especially their diagonalizability, is fundamental in linear
algebra. This article explores the concept that if a matrix A is diagonalizable and another matrix B is
similar to A, then B must also be diagonalizable. We'll delve into definitions, the proof of this
statement, and the implications in various applications.

Introduction to Diagonalizability and Similarity of
Matrices

Before examining the core theorem, it is essential to understand the fundamental concepts involved.

What Does It Mean for a Matrix to Be Diagonalizable?

A square matrix A of size N x N over a field (commonly real or complex numbers) is called
diagonalizable if there exists an invertible matrix P such that:

\[
P^{-1}AP = D
\]

where D is a diagonal matrix. This means that A can be expressed in a basis consisting of its
eigenvectors, simplifying many matrix computations.

Key points:

- Diagonalizability simplifies calculations involving powers and functions of matrices.
- Diagonal matrices are straightforward to manipulate, making diagonalizable matrices highly
desirable in applications.

Understanding Matrix Similarity

Two matrices A and B are called similar if there exists an invertible matrix P such that:

\[
B = P^{-1}AP



\]

This relation indicates that A and B represent the same linear transformation under different bases.
Similar matrices share many properties, including:

- The same eigenvalues (including algebraic and geometric multiplicities).
- The same characteristic polynomial.
- The same minimal polynomial.

Implication: Similar matrices are essentially the same linear operator, represented differently.

Statement of the Theorem: Diagonalizability Preserved
Under Similarity

The core statement we analyze is:

If A is diagonalizable and B is similar to A, then B is also diagonalizable.

This theorem highlights that diagonalizability is a property invariant under similarity transformations.

Why Is This Important?

Understanding this property allows mathematicians and engineers to:

- Simplify problems by changing bases without losing diagonalizability.
- Classify matrices based on their similarity classes.
- Use diagonal forms to analyze complex systems more easily, knowing the property is preserved
under similarity.

Proof of the Theorem

Let's walk through a detailed proof to establish that similarity preserves diagonalizability.

Prerequisites and Assumptions

- A is an N x N diagonalizable matrix over a field F.
- There exists an invertible matrix P such that:

\[
A = P D P^{-1}
\]



where D is a diagonal matrix.

- B is similar to A, meaning:

\[
B = Q^{-1} A Q
\]

for some invertible matrix Q.

Goal: Show that B is diagonalizable, i.e., there exists some invertible matrix M such that:

\[
B = M D' M^{-1}
\]

where D' is diagonal.

Step-by-Step Proof

Step 1: Express B in terms of D

\[
B = Q^{-1} A Q = Q^{-1} P D P^{-1} Q
\]

Step 2: Define a new invertible matrix M

Let:

\[
M = P^{-1} Q
\]

Since P and Q are invertible, M is invertible.

Step 3: Rewrite B

\[
B = Q^{-1} P D P^{-1} Q = (Q^{-1} P) D (P^{-1} Q) = M D M^{-1}
\]

Step 4: Recognize that B is similar to the diagonal matrix D

\[
B = M D M^{-1}
\]

Since D is diagonal, B is similar to a diagonal matrix, which implies B is diagonalizable.



Conclusion: Because B is similar to a diagonal matrix D, B itself is diagonalizable.

Implications of the Theorem in Linear Algebra

This property has broad implications across various areas of mathematics and engineering.

Eigenvalues and Eigenvectors Preservation

- Similar matrices share the same eigenvalues.
- The geometric multiplicity of eigenvalues is preserved under similarity.
- The eigenvectors of B can be obtained from those of A via the similarity transformation.

Diagonalization in Practice

- It enables change of basis techniques to simplify matrix computations.
- It allows for the classification of matrices into similarity classes based on their eigenvalues and
eigenvectors.
- It facilitates solving systems of differential equations, quantum mechanics problems, and stability
analyses.

Examples Demonstrating the Preservation of
Diagonalizability

Let's consider some concrete examples to illustrate the theorem.

Example 1: A Diagonalizable Matrix and Its Similar Matrix

Suppose:

\[
A = \begin{bmatrix}
2 & 0 \\
0 & 3
\end{bmatrix}
\]

which is diagonal and hence diagonalizable.

Choose an invertible matrix:



\[
Q = \begin{bmatrix}
1 & 1 \\
0 & 1
\end{bmatrix}
\]

Calculate B:

\[
B = Q^{-1} A Q
\]

Compute \(Q^{-1}\):

\[
Q^{-1} = \begin{bmatrix}
1 & -1 \\
0 & 1
\end{bmatrix}
\]

Calculate B:

\[
\begin{aligned}
B &= Q^{-1} A Q \\
&= \begin{bmatrix}
1 & -1 \\
0 & 1
\end{bmatrix}
\begin{bmatrix}
2 & 0 \\
0 & 3
\end{bmatrix}
\begin{bmatrix}
1 & 1 \\
0 & 1
\end{bmatrix} \\
&= \begin{bmatrix}
1 & -1 \\
0 & 1
\end{bmatrix}
\begin{bmatrix}
2 & 2 \\
0 & 3
\end{bmatrix} \\
&= \begin{bmatrix}
(1)(2) + (-1)(0) & (1)(2) + (-1)(3) \\
(0)(2) + (1)(0) & (0)(2) + (1)(3)
\end{bmatrix} \\



&= \begin{bmatrix}
2 & -1 \\
0 & 3
\end{bmatrix}
\end{aligned}
\]

Since B is similar to a diagonal matrix, it is diagonalizable, confirming the theorem.

Example 2: Non-Diagonalizable Matrix and Similarity

Suppose matrix A is not diagonalizable (e.g., a Jordan block). Then, any matrix similar to A will also be
non-diagonalizable, illustrating the contrapositive of the theorem.

Applications of the Theorem in Modern Mathematics
and Engineering

Understanding that diagonalizability is preserved under similarity transformations is vital in several
fields.

Quantum Mechanics

- Operators representing physical observables are often diagonalized to find their eigenstates.
- Similarity transformations correspond to changing the basis, which does not alter the essential
properties.

Control Theory

- State-space transformations involve similarity transformations.
- Diagonalization simplifies the analysis of system stability and controllability.

Computational Mathematics

- Algorithms for eigenvalue computation often rely on similarity transformations.
- Diagonalization reduces complex matrix functions to simple calculations.

Conclusion: The Significance of Similarity in Preserving



Diagonalizability

In summary, the invariance of diagonalizability under matrix similarity is a cornerstone in linear
algebra. It allows for the classification of matrices into similarity classes and facilitates computational
simplifications across disciplines. When a matrix A is diagonalizable, any matrix similar to A maintains
that property, enabling consistent analysis regardless of the basis chosen. This property underscores
the elegance and power of similarity transformations in understanding the structure of linear
operators.

Key Takeaways:

- Diagonalizability is preserved under similarity transformations.
- Similar matrices share eigenvalues and eigenvectors up to basis change.
- The property simplifies many practical computations and theoretical analyses.

By mastering this concept, students and practitioners can leverage the structural invariance of
matrices to solve complex problems efficiently and accurately in linear algebra and its applications.

Frequently Asked Questions

What does it mean for a matrix to be diagonalizable?
A matrix is diagonalizable if it can be expressed as PDP^{-1}, where D is a diagonal matrix and P is
an invertible matrix. This indicates the matrix has enough eigenvectors to form a basis.

What does it mean for two matrices to be similar?
Two matrices A and B are similar if there exists an invertible matrix P such that B = P^{-1}AP. Similar
matrices represent the same linear transformation under different bases.

Why does similarity preserve diagonalizability?
Because if A is diagonalizable, then B = P^{-1}AP can also be diagonalized by a similar process,
using the invertible matrix P, which ensures B shares the eigenvalues and eigenvectors structure,
making it diagonalizable.

How can we prove that B is diagonalizable if it is similar to a
diagonalizable matrix A?
Since A = QDQ^{-1} with D diagonal and Q invertible, then B = P^{-1}AQ = P^{-1}QDQ^{-1}Q.
Setting R = P^{-1}Q, we have B = RDR^{-1}, so B is diagonalizable.

Does the diagonalizability of A imply the diagonalizability of B



for all similar matrices?
Yes, because similarity transformations preserve the eigenstructure, so any matrix similar to a
diagonalizable matrix A is also diagonalizable.

Can you give an example where A is diagonalizable and B is
similar to A?
For example, if A is a diagonal matrix, say diag(1, 2, 3), and P is an invertible matrix, then B =
P^{-1}AP is similar to A and also diagonalizable, since it can be written as a similarity transformation
of a diagonal matrix.
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Introduction

In the realm of linear algebra, understanding the properties of matrices and their transformations is
fundamental. One such property is diagonalizability, which greatly simplifies many matrix
computations and applications. The question at hand—"Suppose that \(A\) is an \(N \times N\)
diagonalizable matrix. If \(B\) is similar to \(A\), then is \(B\) also diagonalizable?"—touches on the core
concepts of matrix similarity and eigenstructure. This article aims to provide a comprehensive, clear,
and rigorous explanation of why similarity preserves diagonalizability, exploring the underlying
mathematics and implications for broader applications.

---

Understanding Diagonalizability

Before delving into the proof, it is essential to clarify what it means for a matrix to be diagonalizable.

What Does It Mean for a Matrix to Be Diagonalizable?

A square matrix \(A\) of size \(N \times N\) over a field (usually \(\mathbb{R}\) or \(\mathbb{C}\)) is
said to be diagonalizable if there exists an invertible matrix \(P\) such that:

\[
A = P D P^{-1}
\]

where \(D\) is a diagonal matrix. In this form, the diagonal entries of \(D\) are the eigenvalues of \(A\),
and the columns of \(P\) are the corresponding eigenvectors.

Key points:



- Diagonalizability simplifies the matrix’s structure, making it easier to compute powers, exponentials,
and solve systems.
- Not all matrices are diagonalizable; some may require Jordan canonical form, which is more
complex.
- Diagonalizability is often associated with matrices having enough linearly independent eigenvectors.

Eigenvalues and Eigenvectors

Recall that for a matrix \(A\), an eigenvalue \(\lambda\) and eigenvector \(\mathbf{v}\) satisfy:

\[
A \mathbf{v} = \lambda \mathbf{v}
\]

The collection of eigenvalues and eigenvectors provides critical insight into a matrix's structure and
behavior.

---

The Concept of Similarity

What Is Matrix Similarity?

Two matrices \(A\) and \(B\) are similar if there exists an invertible matrix \(P\) such that:

\[
B = P^{-1} A P
\]

This relation indicates that \(A\) and \(B\) represent the same linear transformation with respect to
different bases.

Implications of similarity:

- Similar matrices have identical eigenvalues, including algebraic and geometric multiplicities.
- They have the same characteristic polynomial and minimal polynomial.
- Similarity preserves many spectral properties, making it a powerful concept in linear algebra.

---

The Core Theorem: Similarity Preserves Diagonalizability

Statement of the Theorem

Theorem: If \(A\) is diagonalizable and \(B\) is similar to \(A\), then \(B\) is also diagonalizable.

In formal terms:

If \(A = P D P^{-1}\), with \(D\) diagonal, and \(B = Q^{-1} A Q\) for some invertible \(Q\), then \(B\) is
diagonalizable.



Significance

This theorem is crucial because it indicates that the property of diagonalizability is invariant under
similarity transformations. It means that once a matrix is diagonalizable, all matrices similar to it
share this property, enabling us to analyze complex matrices through their simpler, diagonal forms.

---

Proof of the Theorem

Let’s systematically prove the theorem step-by-step.

Step 1: Express \(A\) in its diagonal form

By assumption, \(A\) is diagonalizable, so:

\[
A = P D P^{-1}
\]

where:

- \(P\) is an invertible matrix of eigenvectors.
- \(D\) is a diagonal matrix with eigenvalues \(\lambda_1, \lambda_2, \ldots, \lambda_N\).

Step 2: Express \(B\) as similar to \(A\)

Given \(B\) is similar to \(A\):

\[
B = Q^{-1} A Q
\]

where \(Q\) is invertible.

Step 3: Substitute \(A\) into the expression for \(B\)

Replacing \(A\) with its diagonal form:

\[
B = Q^{-1} (P D P^{-1}) Q
\]

Rearranged as:

\[
B = (Q^{-1} P) D (P^{-1} Q)
\]

Define:



\[
R = P^{-1} Q
\]

which is invertible because both \(P\) and \(Q\) are invertible.

Expressing \(B\):

\[
B = R^{-1} D R
\]

---

Step 4: Show that \(B\) is diagonalizable

The expression:

\[
B = R^{-1} D R
\]

represents \(B\) as similar to a diagonal matrix \(D\). Since \(R\) is invertible, \(B\) admits a
diagonalization:

\[
B = (R^{-1}) D R
\]

which implies:

\[
B = S D S^{-1}
\]

where \(S = R^{-1}\). Therefore, \(B\) is diagonalizable.

---

Key Takeaways from the Proof:

- The similarity transformation preserves eigenvalues and eigenvector structure.
- The process of diagonalization for \(A\) can be transferred to \(B\) through the similarity
transformation.
- The core idea hinges on the fact that conjugation by an invertible matrix transforms a diagonal
matrix into another diagonalizable matrix.

---

Implications and Broader Context



Why Is This Result Important?

This proof confirms that the property of diagonalizability is not just a feature of a specific matrix but is
intrinsic to the similarity class of that matrix. It has several implications:

- Eigenstructure Preservation: Similar matrices share the same eigenvalues, and the diagonalizability
of one ensures the diagonalizability of all matrices in its similarity class.
- Simplification of Complex Problems: When dealing with complex matrices, transforming them into
similar matrices that are diagonal simplifies computations such as matrix functions, powers, and
exponentials.
- Application in Differential Equations: Diagonalizable matrices are central in solving systems of linear
differential equations, where similarity transformations can be used to decouple systems.
- Spectral Theory: In functional analysis and operator theory, similar properties extend to operators,
emphasizing the importance of similarity in spectral analysis.

Limitations and Exceptions

While the theorem holds for matrices over algebraically closed fields like \(\mathbb{C}\), certain
nuances appear over \(\mathbb{R}\), such as matrices with complex eigenvalues appearing in
conjugate pairs. Nonetheless, the fundamental principle remains valid in the context of algebraic
closures.

---

Practical Examples

Example 1: Diagonalizable Matrices and Similarity

Suppose:

\[
A = \begin{bmatrix}
2 & 0 \\
0 & 3
\end{bmatrix}
\]

which is already diagonal and hence diagonalizable.

Let:

\[
Q = \begin{bmatrix}
1 & 1 \\
0 & 1
\end{bmatrix}
\]

which is invertible.

Compute:



\[
B = Q^{-1} A Q
\]

Since \(A\) is diagonal, the similarity transformation yields:

\[
B = Q^{-1} A Q
\]

which is similar to \(A\). As shown, \(B\) is diagonalizable because it is similar to a diagonal matrix.

---

Example 2: Non-Diagonalizable Matrices

Conversely, if \(A\) is not diagonalizable, then any matrix similar to \(A\) will also not be
diagonalizable, emphasizing the importance of the initial property.

---

Conclusion

The invariance of diagonalizability under similarity transformations is a cornerstone of linear algebra,
enabling mathematicians and engineers to analyze complex matrices through their simpler, diagonal
forms. The proof outlined demonstrates that if \(A\) is diagonalizable, then any matrix \(B\) similar to
\(A\) must also be diagonalizable. This result underscores the power of similarity transformations in
understanding the structure of linear transformations and their eigenproperties.

By understanding these foundational principles, practitioners can confidently manipulate matrices in
fields ranging from quantum mechanics to data science, knowing that the property of diagonalizability
is preserved through similarity. This insight not only simplifies theoretical analysis but also enhances
computational efficiency, making it a vital concept in the toolkit of modern linear algebra.
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