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Understanding the relationship between the algebraic multiplicity and geometric
multiplicity of eigenvalues is fundamental in linear algebra, especially when analyzing
symmetric matrices. While symmetric matrices possess many desirable properties, such as
real eigenvalues and orthogonal eigenvectors, there exists a nuanced aspect regarding the
dimension of their eigenspaces. Specifically, the dimension of an eigenspace can
sometimes be less than the multiplicity of the corresponding eigenvalue. This article
delves into this phenomenon, clarifies why it occurs, and explores its implications in
mathematical theory and applications.

Eigenvalues, Algebraic Multiplicity, and
Geometric Multiplicity: A Primer

Before exploring the core topic, it’s essential to understand key concepts related to
eigenvalues and eigenspaces.

Eigenvalues and Eigenvectors

An eigenvalue λ of a matrix A is a scalar such that there exists a non-zero vector v
satisfying:

\[ A v = \lambda v \]

The vector v is called an eigenvector associated with λ.

Algebraic Multiplicity

The algebraic multiplicity of an eigenvalue λ is the number of times λ appears as a root of
the characteristic polynomial of A:

\[ p_A(\lambda) = \det(A - \lambda I) \]

This multiplicity indicates how many times λ is counted in the characteristic polynomial.



Geometric Multiplicity

The geometric multiplicity of λ is the dimension of the eigenspace associated with λ, i.e.,

\[ \dim(\operatorname{Null}(A - \lambda I)) \]

It represents the number of linearly independent eigenvectors corresponding to λ.

Symmetric Matrices and Their Spectral Properties

Symmetric matrices (real matrices satisfying \(A = A^T\)) are a special class with well-
understood spectral characteristics.

Key Properties

- Real Eigenvalues: All eigenvalues are real numbers.
- Orthogonal Diagonalization: A symmetric matrix can be diagonalized by an orthogonal
matrix:

\[ A = Q D Q^T \]

where D is a diagonal matrix containing eigenvalues, and Q is an orthogonal matrix whose
columns are eigenvectors.

- Eigenvectors Form an Orthonormal Basis: The set of eigenvectors can be chosen to be
orthonormal.

Implication of These Properties

For symmetric matrices, the algebraic multiplicity and geometric multiplicity of each
eigenvalue are always equal:

\[ \text{For all eigenvalues } \lambda, \quad \text{algebraic multiplicity} =
\text{geometric multiplicity} \]

This guarantees that eigenspaces are as large as the multiplicities suggest and that the
matrix is diagonalizable with a complete set of orthonormal eigenvectors.

When Does The Dimension Of An Eigenspace Fall
Short of Its Multiplicity?



Despite the canonical properties of symmetric matrices, certain subtleties in their
eigenstructure can lead to the eigenspace dimension being less than the algebraic
multiplicity in some contexts, especially when considering generalized eigenvectors or
complex eigenvalues in non-symmetric matrices.

Clarifying the Context

- In Real Symmetric Matrices: The algebraic and geometric multiplicities are always equal,
so the eigenspace dimension matches the eigenvalue’s multiplicity.
- In Complex or Non-Symmetric Matrices: The algebraic multiplicity may exceed the
geometric multiplicity, leading to a deficient eigenspace dimension.

However, the focus here is on symmetric matrices—so how can this discrepancy occur?

Possible Causes in Practice

Although pure symmetric matrices over the real numbers do not exhibit this phenomenon,
some scenarios may appear to suggest it:

1. Numerical Approximation Errors: In computational applications, floating-point errors
can cause eigenvalues to appear with higher multiplicity than the eigenspaces suggest,
leading to misinterpretations.

2. Degenerate Eigenvalues with Multiple Eigenvectors: Sometimes, a symmetric matrix
may have eigenvalues of high algebraic multiplicity, but due to degeneracies or the
structure of the matrix, the eigenspace’s dimension could seem smaller if the eigenvectors
are not properly identified.

3. Extensions to Symmetric Operators in Infinite-Dimensional Spaces: In functional
analysis, symmetric operators on infinite-dimensional spaces may have spectral properties
where the eigenspaces are not as large as the multiplicities suggest, especially when
considering continuous spectra.

Deep Dive: The Spectral Theorem and Its
Guarantees

The spectral theorem states that every real symmetric matrix is orthogonally
diagonalizable, which implies:

- The characteristic polynomial factors completely over the reals into linear factors.
- The algebraic multiplicity equals the geometric multiplicity for each eigenvalue.
- The eigenspaces form an orthonormal basis for \(\mathbb{R}^n\).

Therefore, in standard finite-dimensional real symmetric matrices, the eigenspace



dimension always equals the eigenvalue’s multiplicity, and the phenomenon of the
eigenspace being "less than" the multiplicity does not occur.

Exceptions and Clarifications: When Might the
Discrepancy Occur?

Given the above, the statement that “the dimension of an eigenspace of a symmetric
matrix is sometimes less than the multiplicity” applies primarily in contexts outside the
idealized finite-dimensional real symmetric matrices. These include:

- Complex Eigenvalues in Non-Symmetric Matrices: For matrices that are not symmetric,
eigenvalues may have algebraic multiplicities greater than their geometric multiplicities.
- Numerical or Approximate Computations: The apparent discrepancy can be a result of
numerical errors or approximations.

In pure mathematics, symmetric matrices over \(\mathbb{R}\) behave predictably, and the
eigenspaces’ dimensions match multiplicities. However, understanding the nuance helps
in advanced applications, such as spectral theory in functional analysis or dealing with
approximate data.

Implications and Applications of Eigenspace
Multiplicity Discrepancies

Recognizing when the eigenspace dimension may fall short of the eigenvalue multiplicity
is crucial in various fields:

1. Stability Analysis in Differential Equations

Eigenvalues determine stability of equilibria. Knowing the size of the eigenspace affects
the nature of solutions and their multiplicity.

2. Quantum Mechanics and Spectral Theory

Operators with continuous spectra may have eigenspaces of smaller dimension than the
multiplicity suggests, impacting the analysis of quantum states.

3. Numerical Linear Algebra

Algorithms such as QR decomposition or eigenvalue solvers must account for potential



multiplicity issues to ensure accurate eigenvector computations.

4. Data Science and Machine Learning

Principal Component Analysis (PCA) relies on eigenspaces. Misidentifying eigenspaces can
affect dimensionality reduction and data interpretation.

Summary: Key Takeaways

- For real symmetric matrices, the algebraic multiplicity of an eigenvalue always equals
the geometric multiplicity, ensuring the eigenspace dimension matches the multiplicity.
- Discrepancies between eigenspace dimension and eigenvalue multiplicity predominantly
occur in non-symmetric matrices, complex matrices, or due to computational limitations.
- Understanding these concepts aids in accurate spectral analysis across mathematics,
physics, engineering, and data sciences.

Conclusion

While the assertion that “the dimension of an eigenspace of a symmetric matrix is
sometimes less than the multiplicity of the corresponding eigenvalue” holds true in
broader contexts, in the specific case of real symmetric matrices, these two quantities are
always equal. Recognizing the conditions under which discrepancies arise is vital for
mathematicians, physicists, and engineers working with eigenvalue problems. Accurate
interpretation of eigenstructure ensures better modeling, analysis, and solution strategies
across various scientific disciplines.

---
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Frequently Asked Questions

What does it mean when the dimension of an eigenspace
of a symmetric matrix is less than the algebraic
multiplicity of its eigenvalue?
It indicates that the geometric multiplicity (dimension of the eigenspace) is less than the
algebraic multiplicity, which can occur only if the matrix is not diagonalizable; however,
for symmetric matrices, this situation does not occur because they are always



diagonalizable with equal algebraic and geometric multiplicities.

Why do symmetric matrices always have eigenspaces
whose dimension equals the algebraic multiplicity of the
eigenvalues?
Because symmetric matrices are orthogonally diagonalizable, their eigenvalues have
geometric multiplicities equal to their algebraic multiplicities, ensuring the eigenspaces'
dimensions match the multiplicities.

Can the dimension of an eigenspace of a symmetric
matrix be less than the eigenvalue's algebraic
multiplicity?
No, for real symmetric matrices, the geometric and algebraic multiplicities of each
eigenvalue are always equal, so the eigenspace dimension cannot be less than the
algebraic multiplicity.

What is the significance of the eigenspace dimension
being less than the eigenvalue multiplicity in non-
symmetric matrices?
It indicates the matrix is not diagonalizable and has defective eigenvalues, leading to
fewer linearly independent eigenvectors than the algebraic multiplicity suggests, unlike
symmetric matrices which are always diagonalizable.

How does the spectral theorem relate to the
eigenspaces of symmetric matrices?
The spectral theorem states that every real symmetric matrix can be diagonalized by an
orthogonal transformation, ensuring that each eigenvalue's eigenspace has a dimension
equal to its algebraic multiplicity.

What consequences does the inequality between
eigenspace dimension and eigenvalue multiplicity have
in applications?
It can affect the stability and diagonalization of the matrix in applications such as principal
component analysis, where symmetric matrices' eigenspaces must be fully understood; for
symmetric matrices, this inequality does not occur, simplifying analysis.

Are there situations where the eigenspace of a



symmetric matrix could be smaller than the multiplicity
of the eigenvalue?
No, because symmetric matrices are always diagonalizable with a complete set of
orthogonal eigenvectors, ensuring the eigenspace dimension equals the algebraic
multiplicity.

What is the difference between algebraic and geometric
multiplicity in the context of eigenvalues?
Algebraic multiplicity is the number of times an eigenvalue appears as a root of the
characteristic polynomial, while geometric multiplicity is the dimension of the
corresponding eigenspace; for symmetric matrices, these are always equal.

Why is it important to understand the relationship
between eigenspace dimension and eigenvalue
multiplicity?
Because it informs us about the diagonalizability of the matrix and the structure of its
eigenvectors, which are critical in many areas like differential equations, quantum
mechanics, and data analysis; for symmetric matrices, this relationship is straightforward
due to their properties.

Additional Resources
The Dimension Of An Eigenspace Of A Symmetric Matrix Is Sometimes Less Than The
Multiplicity Of The Corresponding Eigenvalue: An In-Depth Investigation

---

Introduction

In the rich landscape of linear algebra, eigenvalues and eigenvectors serve as foundational
concepts with a multitude of applications spanning physics, engineering, computer
science, and more. Among the many properties that govern these entities, the relationship
between the multiplicity of an eigenvalue and the dimension of its associated eigenspace
(also known as the geometric multiplicity) is a fundamental topic with nuanced
implications.

A particularly intriguing aspect of this relationship is that, for symmetric matrices, the
algebraic multiplicity of an eigenvalue—the number of times the eigenvalue appears as a
root of the characteristic polynomial—may sometimes exceed the dimension of the
eigenspace associated with that eigenvalue. This observation, while seemingly at odds
with the well-behaved nature of symmetric matrices, warrants a detailed exploration to
clarify its meaning, circumstances, and implications.

This article aims to provide a comprehensive, rigorous examination of this phenomenon,



dissecting the underlying linear algebra principles, illustrating with concrete examples,
and clarifying common misconceptions.

---

The Fundamental Concepts: Eigenvalues, Eigenvectors, and Multiplicities

Before delving into the core issue, it is crucial to establish the key concepts and
terminology involved.

Eigenvalues and Eigenvectors

Given an \(n \times n\) matrix \(A\), an eigenvalue \(\lambda\) and an eigenvector \(v \neq
0\) satisfy:

\[
A v = \lambda v
\]

The set of all eigenvectors corresponding to \(\lambda\), combined with the zero vector,
forms the eigenspace \(E_\lambda\):

\[
E_\lambda = \{ v \in \mathbb{R}^n : A v = \lambda v \}
\]

The dimension of \(E_\lambda\) is called the geometric multiplicity of \(\lambda\).

Algebraic vs. Geometric Multiplicity

- Algebraic multiplicity of an eigenvalue \(\lambda\): The multiplicity of \(\lambda\) as a
root of the characteristic polynomial:

\[
\chi_A(\lambda) = \det(A - \lambda I)
\]

- Geometric multiplicity of \(\lambda\): The dimension of \(E_\lambda\).

It is a fundamental theorem in linear algebra that:

\[
\text{Geometric multiplicity} \leq \text{Algebraic multiplicity}
\]

for any eigenvalue \(\lambda\). In other words, the eigenspace cannot be "larger" than the
multiplicity of the eigenvalue as a root of the characteristic polynomial.

---

Symmetric Matrices and Their Spectral Properties



Symmetric matrices (\(A = A^T\)) are well-known for their elegant spectral properties:

- All eigenvalues are real.
- Eigenvectors corresponding to distinct eigenvalues are orthogonal.
- The matrix is diagonalizable over \(\mathbb{R}\), meaning it can be expressed as:

\[
A = Q D Q^T
\]

where \(Q\) is orthogonal, and \(D\) is a diagonal matrix of eigenvalues.

Implication for Eigenvalue Multiplicities

A key consequence of these properties is that, for symmetric matrices:

\[
\text{Algebraic multiplicity} = \text{Geometric multiplicity}
\]

This equality is a cornerstone of the spectral theorem for symmetric matrices, ensuring
their diagonalizability with an orthonormal basis of eigenvectors.

---

The Paradox: When the Dimension of an Eigenspace Is Less Than the Eigenvalue's
Multiplicity

Given the above, one might expect that, for symmetric matrices, the geometric and
algebraic multiplicities are always equal. Yet, the core assertion under investigation states
that:

> The dimension of an eigenspace of a symmetric matrix is sometimes less than the
multiplicity of the corresponding eigenvalue.

At first glance, this seems to contradict the spectral theorem. However, this discrepancy
arises from subtleties in terminology and the specific context, especially considering the
possibility of complex eigenvalues, multiplicities in algebraic structures, or
misinterpretations.

---

Clarifying the Confusion: Real Symmetric Matrices and Eigenvalue Multiplicities

To resolve this apparent contradiction, we must clarify the scope:

1. Symmetric matrices over \(\mathbb{R}\):

- All eigenvalues are real.
- The algebraic and geometric multiplicities of each eigenvalue are equal.



2. Complex symmetric matrices or matrices over \(\mathbb{C}\):

- Eigenvalues may be complex.
- The spectral theorem in the real case does not extend directly; over \(\mathbb{C}\),
matrices are diagonalizable, but the eigenvalues may have multiplicities greater than the
eigenspace dimension.

3. Misidentification of multiplicities:

- The term "multiplicity" can refer to algebraic or geometric multiplicity.
- Sometimes, the multiplicity of an eigenvalue as a root of the characteristic polynomial
(algebraic multiplicity) exceeds the dimension of its eigenspace (geometric multiplicity)—a
common scenario in defective matrices.

However, for real symmetric matrices, the key property is:

\[
\boxed{
\text{Algebraic multiplicity} = \text{Geometric multiplicity}
}
\]

Therefore, the situation where the eigenspace dimension is less than the multiplicity
cannot occur for symmetric matrices over \(\mathbb{R}\). The core of the confusion lies in
extending the concept to more general matrices or misapplying properties.

---

When Does The Discrepancy Occur? A Broader Perspective

The phenomenon where the dimension of the eigenspace is less than the multiplicity of the
eigenvalue generally occurs in non-symmetric matrices or matrices over algebraically
closed fields where the matrix may not be diagonalizable.

Non-symmetric Matrices

In the case of non-symmetric matrices, the algebraic multiplicity can exceed the geometric
multiplicity, leading to:

- Defective matrices with Jordan blocks.
- Eigenspaces with dimensions smaller than the algebraic multiplicity.

For example, consider the matrix:

\[
A = \begin{bmatrix}
2 & 1 \\
0 & 2
\end{bmatrix}
\]



- The eigenvalue \(\lambda=2\) has algebraic multiplicity 2.
- The eigenspace \(E_2\) is spanned by \(\{ (1, 0)^T \}\), which has dimension 1.

Here, the algebraic multiplicity exceeds the geometric multiplicity, illustrating that the
eigenspace's dimension can be strictly less than the multiplicity.

The Role of Symmetry

In the realm of symmetric matrices, such a discrepancy does not occur. Their spectral
decomposition guarantees that the algebraic and geometric multiplicities coincide,
ensuring the eigenspaces are as large as possible relative to algebraic multiplicity.

Therefore, the statement "The dimension of an eigenspace of a symmetric matrix is
sometimes less than the multiplicity of the corresponding eigenvalue" is generally false in
the context of real symmetric matrices.

---

The Underlying Nuance: Complex Eigenvalues and Real Symmetric Matrices

One subtlety involves the nature of eigenvalues over \(\mathbb{C}\) versus
\(\mathbb{R}\):

- Over \(\mathbb{C}\): All matrices are similar to a Jordan canonical form, and eigenvalues
may have algebraic multiplicities exceeding their geometric multiplicities.
- Over \(\mathbb{R}\): Symmetric matrices have only real eigenvalues, and the spectral
theorem guarantees diagonalization with orthogonal eigenbasis.

Hence, the discrepancy cannot occur for real symmetric matrices but might appear in
complex matrices or matrices with particular structures.

---

Summarizing the Main Points

| Aspect | Explanation |
|---------|--------------|
| Symmetric matrices over \(\mathbb{R}\) | Eigenvalues are real; algebraic and geometric
multiplicities are equal; eigenspaces have dimension equal to eigenvalue multiplicity. |
| Non-symmetric matrices | Algebraic multiplicity can be greater than geometric
multiplicity; eigenspaces may be strictly smaller. |
| Complex eigenvalues | Can have algebraic multiplicity exceeding geometric multiplicity;
eigenvectors may be incomplete for defective eigenvalues. |
| Common misconception | The statement applies broadly; in the symmetric real case, it is
false. |

---

Practical Implications and Applications

Understanding this nuanced distinction is not merely academic; it has tangible



consequences in computational mathematics, physics, and engineering:

- Diagonalization and Spectral Decomposition: For symmetric matrices, the guarantee of
equal multiplicities simplifies diagonalization and spectral analysis.
- Numerical Stability: Defective matrices (with algebraic multiplicity greater than
geometric multiplicity) pose challenges for numerical algorithms; symmetric matrices
sidestep these issues.
- Quantum Mechanics and Vibrational Analysis: The symmetry properties influence the
degeneracy of energy levels or vibrational modes, which depend on the multiplicity and
eigenspace dimensions.

---

Conclusion

The assertion that "The dimension of an eigenspace of a symmetric matrix is sometimes
less than the multiplicity of the corresponding eigenvalue" is generally not true within the
context of real symmetric matrices, owing to the spectral theorem's guarantee that
algebraic and geometric multiplic
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