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Understanding how light intensity varies across different regions is
essential in fields such as physics, engineering, and environmental science.
In particular, analyzing the mathematical representation of light intensity
helps us predict how brightness diminishes or intensifies in specific areas.
Consider the function \( I(x, y) = a - 2x^2 - y^2 \), which models the
intensity of light in a neighborhood around the point \((-2, 1)\). This
article explores this function in detail, examining its properties, behavior,
and implications for real-world applications.

Understanding the Mathematical Model of Light
Intensity

What Does the Function Represent?

The function \( I(x, y) = a - 2x^2 - y^2 \) is a quadratic form, representing
how light intensity varies in the two-dimensional plane around a certain
point. Here:

- \( a \) is a constant representing the maximum intensity at the origin or
the reference point.
- The terms \( 2x^2 \) and \( y^2 \) indicate how intensity decreases as we
move away from the point \((-2, 1)\).

This quadratic form models a surface where the highest light intensity occurs
at a specific location, tapering off as one moves away.

Significance of the Parameters

- Parameter \( a \): Sets the baseline or maximum intensity value. Its
magnitude influences the overall brightness in the neighborhood.
- Quadratic Terms: The coefficients \( 2 \) for \( x^2 \) and \( 1 \) for \(
y^2 \) determine how quickly the intensity diminishes along each axis.



Understanding how these parameters influence the shape of the intensity
surface is crucial for interpreting real-world lighting scenarios.

Analyzing the Shape and Nature of the Intensity
Surface

Graphical Representation

The function \( I(x, y) = a - 2x^2 - y^2 \) describes a downward opening
paraboloid in three-dimensional space. The surface reaches its maximum at the
point where the quadratic terms are minimized, which is at \((x, y) = (0,
0)\) if centered at the origin. However, since the point of interest is
\((-2, 1)\), the maximum intensity in the neighborhood occurs there,
depending on the value of \( a \).

Location of the Maximum Intensity

- Maximum point: The critical point where the gradient of the function is
zero.
- Gradient calculation:

\[
\nabla I(x, y) = \left( \frac{\partial I}{\partial x}, \frac{\partial
I}{\partial y} \right) = (-4x, -2y)
\]

- Setting to zero:

\[
-4x = 0 \Rightarrow x=0
\]
\[
-2y=0 \Rightarrow y=0
\]

This indicates the maximum intensity occurs at \((0, 0)\). However, in the
context of the neighborhood around \((-2, 1)\), the function's value varies
depending on this point's location relative to the maximum.

Evaluating Light Intensity Near the Point (-2,



1)

Calculating the Intensity at (-2, 1)

Plugging \((x, y) = (-2, 1)\) into the function:

\[
I(-2, 1) = a - 2(-2)^2 - (1)^2 = a - 2(4) - 1 = a - 8 - 1 = a - 9
\]

This indicates the intensity at \((-2, 1)\) depends directly on the constant
\( a \).

Interpreting the Result

- If \( a > 9 \), then \( I(-2, 1) > 0 \), meaning the neighborhood around
\((-2, 1)\) has positive light intensity.
- If \( a = 9 \), the intensity at that point is zero.
- If \( a < 9 \), the intensity becomes negative, which may imply a model
limitation or the need for physical interpretation (e.g., darkness or
attenuation).

Analyzing the Rate of Change of Light Intensity

Gradient and Directional Derivatives

The gradient vector indicates the direction of the steepest increase in light
intensity:

\[
\nabla I(x, y) = (-4x, -2y)
\]

- At \((-2, 1)\), the gradient is:

\[
\nabla I(-2, 1) = (-4 \times -2, -2 \times 1) = (8, -2)
\]

- The magnitude of the gradient:

\[



|\nabla I| = \sqrt{8^2 + (-2)^2} = \sqrt{64 + 4} = \sqrt{68} \approx 8.25
\]

This indicates a relatively steep increase in intensity in the direction of
the gradient vector.

Implications for Light Distribution

- The intensity increases most rapidly in the direction of the gradient
vector \((8, -2)\).
- Moving in the opposite direction will decrease the light intensity.

Identifying Critical Points and Nature of the
Surface

Finding Critical Points

Set the gradient equal to zero:

\[
-4x = 0 \Rightarrow x=0
\]
\[
-2y=0 \Rightarrow y=0
\]

The only critical point is at \((0, 0)\).

Hessian Matrix and Second Derivatives

Compute the second derivatives:

\[
\frac{\partial^2 I}{\partial x^2} = -4
\]
\[
\frac{\partial^2 I}{\partial y^2} = -2
\]
\[
\frac{\partial^2 I}{\partial x \partial y} = 0
\]



The Hessian matrix:

\[
H = \begin{bmatrix}
-4 & 0 \\
0 & -2
\end{bmatrix}
\]

Since both second derivatives are negative, the critical point at \((0, 0)\)
is a local maximum.

Physical Interpretation and Real-World
Applications

Modeling Light Sources and Brightness Distribution

This mathematical model is applicable in scenarios such as:

- Illumination design: Estimating how light diminishes from a source.
- Environmental studies: Understanding how artificial or natural light
disperses in a given area.
- Optics and photonics: Designing light fixtures and understanding their
neighborhood effects.

Practical Considerations

- The constant \( a \) can be adjusted based on the maximum brightness
observed.
- The quadratic decay terms model the natural decrease in intensity with
distance.
- The model assumes symmetry and smooth decay, which may need adjustments for
real-world irregularities.

Visualizing the Intensity Surface

Contour Plots and Level Curves

- Level curves of \( I(x, y) \) are ellipses centered at \((0, 0)\),
indicating regions of equal intensity.



- These contours help visualize how brightness diminishes in different
directions.

3D Surface Plots

- The paraboloid surface shows a peak at \((0, 0)\), with intensity
decreasing outward.
- The neighborhood around \((-2, 1)\) can be visualized to understand
localized brightness levels.

Conclusion: Significance of the Intensity
Function in Practical Scenarios

The function \( I(x, y) = a - 2x^2 - y^2 \) offers a powerful mathematical
framework to understand and analyze light intensity distribution in a
neighborhood around a specific point. Its quadratic form reflects real-world
phenomena where brightness diminishes with distance from a source, with the
parameters controlling the rate of decay and maximum intensity. By examining
critical points, gradients, and the shape of the surface, scientists and
engineers can optimize lighting setups, predict illumination patterns, and
design more effective lighting solutions.

Understanding this function's properties allows for precise modeling of light
behavior, which is invaluable in various fields—from architectural lighting
to environmental monitoring. As technology advances, refining these models to
incorporate additional factors such as obstacles, atmospheric conditions, or
multiple sources will further enhance their accuracy and applicability.

In summary:

- The intensity function models how light brightness varies spatially.
- Its maximum occurs at the critical point \((0, 0)\), with the neighborhood
around \((-2, 1)\) offering insights into localized brightness.
- The quadratic nature signifies smooth, symmetrical decay in intensity.
- Practical applications include lighting design, environmental assessments,
and optical engineering.

By leveraging the mathematical insights provided by this quadratic intensity
model, professionals can better understand and manipulate light distribution
in diverse real-world contexts, leading to more efficient and effective
lighting solutions.



Frequently Asked Questions

What is the general form of the light intensity
function in the neighborhood of the point (-2, 1)?
The light intensity function is given by I(x, y) = a - 2x^2 - y^2, where a is
a constant.

How does the intensity I(x, y) vary with respect to
x and y near the point (-2, 1)?
The intensity decreases quadratically as x and y move away from the point,
with a steeper decrease along the x-direction due to the coefficient 2 in
front of x^2.

What is the significance of the constant 'a' in the
intensity function I(x, y) = a - 2x^2 - y^2?
'a' represents the maximum possible intensity at the origin (or the point
where x and y are zero), serving as a baseline value before the quadratic
decrease.

At the point (-2, 1), what is the value of the light
intensity I(x, y)?
Substituting x = -2 and y = 1 into the function: I(-2, 1) = a - 2(-2)^2 -
(1)^2 = a - 2(4) - 1 = a - 8 - 1 = a - 9.

How can we interpret the shape of the light
intensity surface described by I(x, y)?
The surface is a downward-opening paraboloid centered at the origin, with
intensity decreasing as we move away from the center.

Is the point (-2, 1) a maximum, minimum, or saddle
point for the intensity function?
Since the intensity function decreases quadratically away from the origin,
(-2, 1) is not a maximum or minimum; it is a point on the surface, but the
maximum occurs at the origin (0,0).

How does the rate of change of light intensity
differ along the x and y axes near (-2, 1)?
The intensity decreases more rapidly along the x-axis due to the coefficient



2 in front of x^2 compared to the y-axis, where the coefficient is 1.

Can the value of 'a' be determined from the given
information about the point (-2, 1)?
No, 'a' cannot be determined unless additional information about the
intensity at a specific point or the maximum intensity is provided.

What is the gradient of the intensity function at
the point (-2, 1)?
The gradient vector is ∇I(x, y) = (-4x, -2y). At (-2, 1), it is (-4 -2, -2 1)
= (8, -2).

How can understanding the intensity function help in
optimizing lighting in the neighborhood?
By analyzing the function, we can identify points of maximum and minimum
intensity, allowing for better placement of light sources to achieve desired
lighting conditions and energy efficiency.

Additional Resources
The Intensity Of Light In A Neighborhood Of The Point (-2, 1) Is Given By A
Function Of The Form I(x, y) = a - 2x² - y²

Understanding how light intensity varies across a specific region in a plane
is fundamental in fields like physics, engineering, and environmental
sciences. When the intensity of light in a neighborhood of the point (-2, 1)
is given by a function of the form I(x, y) = a - 2x² - y², it provides a
mathematical framework to analyze how light diminishes or concentrates around
that point. This article explores the nature of this function, how it models
the intensity distribution, and what insights can be gained regarding the
behavior of light in such a system.

---

Introduction to Light Intensity Functions

Light intensity functions are mathematical expressions that describe how
brightness varies over a region. Typically, these functions depend on spatial
coordinates (x and y), representing positions in a two-dimensional plane. The
specific form:

\[ I(x, y) = a - 2x^2 - y^2 \]

encodes several important features:



- a: a constant that sets the maximum intensity at a reference point.
- Quadratic terms: indicating how intensity decreases as one moves away from
certain points or regions.

Understanding the form and properties of this function allows us to analyze
the behavior of the light source, identify regions of maximum and minimum
intensity, and model physical phenomena such as light decay or concentration.

---

Analyzing the Function I(x, y) = a - 2x² - y²

1. The General Shape and Nature

This function is a quadratic form in two variables, with negative
coefficients for the squared terms. Specifically:

- The coefficient of \( x^2 \) is \(-2\).
- The coefficient of \( y^2 \) is \(-1\).

Because these are negative, the function describes a downward-opening
paraboloid in 3D space, meaning it reaches a maximum at a certain point and
decreases away from it.

2. Location of the Maximum Intensity

Since the quadratic terms are negative, the maximum of \( I(x, y) \) occurs
where the quadratic terms are minimized, i.e., at the vertex of the
paraboloid.

The vertex of the paraboloid defined by:

\[ I(x, y) = a - 2x^2 - y^2 \]

is at the point where:

\[ \frac{\partial I}{\partial x} = 0 \quad \text{and} \quad \frac{\partial
I}{\partial y} = 0 \]

Calculating the partial derivatives:

\[
\frac{\partial I}{\partial x} = -4x, \quad
\frac{\partial I}{\partial y} = -2y
\]

Setting derivatives to zero:

\[
-4x = 0 \Rightarrow x = 0 \\
-2y = 0 \Rightarrow y = 0



\]

So, the maximum intensity occurs at the point (0, 0) with value:

\[
I(0, 0) = a - 2(0)^2 - (0)^2 = a
\]

3. Intensity at the Point (-2, 1)

Given the specific point of interest, \(-2, 1\):

\[
I(-2, 1) = a - 2(-2)^2 - (1)^2 = a - 2(4) - 1 = a - 8 - 1 = a - 9
\]

This value indicates the light intensity at that particular point relative to
the maximum \(a\).

---

Visualizing the Intensity Distribution

1. Contour Plots

The level curves or contours of the function:

\[
I(x, y) = c
\]

are given by the equation:

\[
a - 2x^2 - y^2 = c
\]
or equivalently,

\[
2x^2 + y^2 = a - c
\]

which describes ellipses centered at (0, 0).

Key points:

- The maximum intensity occurs at the center: \( (0, 0) \).
- As \( c \) decreases, the level curves expand outward, forming larger
ellipses.
- The point \((-2, 1)\) lies on an ellipse where:



\[
2x^2 + y^2 = a - c
\]

with \( c = a - 9 \), so:

\[
2(-2)^2 + (1)^2 = 8 + 1 = 9
\]

which confirms the earlier calculation.

2. Graphical Interpretation

Imagine a three-dimensional surface that peaks at (0, 0) with height \( a \),
gradually descending in all directions. The rate of decline is steeper along
the x-axis (due to the coefficient 2) than along the y-axis, suggesting an
elliptical "dome" shape.

---

Physical Interpretation and Applications

1. Modeling Light Sources

Suppose the function models the intensity distribution of a light source
centered at the origin, with intensity decreasing quadratically as one moves
away. The maximum intensity \(a\) is at the origin, and the intensity
diminishes in all directions, more rapidly along x than y.

2. Influence of the Constant \(a\)

- If \( a \) is large, the overall intensity is higher, and the region
illuminated is brighter.
- If \( a \) is small, the maximum brightness is lower, possibly representing
a weaker or more diffuse source.

3. Practical Scenarios

- Designing lighting in a neighborhood: Understanding how light diminishes
allows for optimal placement of lamps to ensure uniform coverage.
- Environmental studies: Modeling how artificial light affects areas around a
source.
- Optical engineering: Designing lenses or reflectors to shape light
distribution.

---

Critical Points and Their Significance

1. Maximum Intensity Point



- Located at \( (0, 0) \), with intensity \( a \).
- Represents the brightest point in the neighborhood.

2. Points of Equal Intensity

- Given by the ellipse:

\[
2x^2 + y^2 = a - c
\]

- For a fixed intensity \( c \), the shape of the level curve is an ellipse
centered at (0, 0), with semi-axes:

\[
x = \pm \sqrt{\frac{a - c}{2}}, \quad y = \pm \sqrt{a - c}
\]

3. Behavior Near the Point (-2, 1)

- The intensity at this point is \( a - 9 \).
- If \( a \) is less than 9, the intensity at \((-2, 1)\) is negative, which
may be non-physical in some contexts.
- For physically meaningful models, \( a \) should be at least 9 to ensure
non-negative intensity everywhere.

---

Practical Calculations and Applications

1. Determining the Constant \(a\)

Suppose you know the intensity at some specific point, say at the origin, and
want to find \(a\):

\[
I(0, 0) = a
\]

If, for example, the maximum observed intensity is 100 units, then:

\[
a = 100
\]

2. Finding Intensity at a Given Location

Given \( a \), compute \( I(x, y) \):

- For \( (x, y) = (-2, 1) \):



\[
I(-2, 1) = a - 8 - 1 = a - 9
\]

- If \( a = 100 \), then:

\[
I(-2, 1) = 100 - 9 = 91
\]

indicating high intensity even at the neighborhood's periphery.

3. Evaluating the Effect of Changing \(a\)

- Increasing \(a\) raises the entire intensity distribution uniformly.
- Decreasing \(a\) lowers the intensity, potentially leading to regions with
negative or zero intensity, which may not be physically meaningful.

---

Summary and Key Takeaways

- The function \( I(x, y) = a - 2x^2 - y^2 \) models a light intensity
distribution with a maximum at the origin.
- The maximum intensity at \( (0, 0) \) is \( a \).
- The intensity decreases quadratically as one moves away from the origin,
with the decline governed by the quadratic terms.
- The level curves are ellipses centered at \( (0, 0) \), with axes
determined by the constant \( a \) and the specific intensity value.
- The point \((-2, 1)\) has an intensity of \( a - 9 \), which is useful for
analyzing neighborhoods or regions of interest.
- Understanding this function helps in designing lighting systems,
environmental planning, and mathematical modeling of physical phenomena.

---

Final Remarks

Mathematical models like \( I(x, y) = a - 2x^2 - y^2 \) provide crucial
insights into how physical quantities like light intensity behave across
space. By analyzing the properties of such quadratic functions, we can
predict, optimize, and control real-world systems involving light, heat, or
other diffusive phenomena. Whether you're an engineer designing a lighting
layout or a scientist
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