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Understanding the behavior of dynamical systems is fundamental in fields such as mathematics,
physics, biology, and engineering. A key aspect of such analysis involves identifying equilibrium
points—states where the system remains constant over time if initially at that point. In this article, we
focus on the specific system defined by the differential equation:

\[
\frac{dx_1}{dt} = 2x_1 + 11x_2 + 22x_1x_2
\]

and analyze whether the point \((0,0)\) acts as an equilibrium point and, if so, whether this equilibrium
is stable or unstable.

---

Understanding Equilibrium Points in Dynamical
Systems

Definition of Equilibrium Points

An equilibrium point (also called a steady state) of a dynamical system is a point in the phase space
where the derivatives (rates of change) are zero. For a system described by:

\[
\frac{dx_1}{dt} = f_1(x_1, x_2), \quad \frac{dx_2}{dt} = f_2(x_1, x_2),
\]

a point \((x_1^, x_2^)\) is an equilibrium if:

\[
f_1(x_1^, x_2^) = 0, \quad f_2(x_1^, x_2^) = 0.
\]

In our case, we are given only one differential equation involving \(x_1\), which suggests that \(x_2\)
might be treated as a parameter or that the system is one-dimensional. However, the presence of



\(x_2\) indicates a two-dimensional system, and for a comprehensive stability analysis, the second
equation should be specified.

Note: Since the problem specifies only one differential equation involving \(x_1\), we will analyze the
equilibrium at \((0,0)\) assuming \(x_2=0\) or that the system is coupled with a similar equation for
\(x_2\). For this analysis, we proceed by considering the given differential equation and exploring the
stability of \((0,0)\).

---

Analyzing the Equilibrium at (0,0)

Step 1: Verify if (0,0) is an equilibrium point

To determine if \((0,0)\) is an equilibrium, substitute \(x_1=0\) and \(x_2=0\):

\[
\frac{dx_1}{dt} = 2(0) + 11(0) + 22(0)(0) = 0,
\]

which confirms that \((0,0)\) is indeed an equilibrium point of the system.

---

Step 2: Linearization of the System Near the Equilibrium

To analyze the stability of the equilibrium point, the common approach involves linearizing the system
around \((0,0)\). This involves computing the Jacobian matrix of the system at the equilibrium point.

Since only the differential equation for \(x_1\) is provided, and it involves \(x_2\), it is essential to
consider the full system for a proper stability analysis. Assuming the second equation is:

\[
\frac{dx_2}{dt} = g(x_1, x_2),
\]

we would need its explicit form. However, for simplicity, if we consider the system with the given
equation and treat \(x_2\) as a parameter or focus solely on the behavior of \(x_1\), we can analyze
the stability via the Jacobian of the function:

\[
f(x_1, x_2) = 2x_1 + 11x_2 + 22x_1x_2.
\]

The Jacobian matrix \(J\) for the system involving \(x_1\) and \(x_2\) is:



\[
J = \begin{bmatrix}
\frac{\partial f}{\partial x_1} & \frac{\partial f}{\partial x_2} \\
\end{bmatrix}.
\]

Since only \(f\) is given, and the system appears to be scalar or incomplete, we will interpret this as a
coupled system and analyze the linearization accordingly.

---

Calculating the Jacobian and Determining Stability

Step 1: Compute the partial derivatives

Given:

\[
f(x_1, x_2) = 2x_1 + 11x_2 + 22x_1x_2,
\]

we compute:

\[
\frac{\partial f}{\partial x_1} = 2 + 22x_2,
\]

\[
\frac{\partial f}{\partial x_2} = 11 + 22x_1.
\]

At the equilibrium point \((0,0)\):

\[
\frac{\partial f}{\partial x_1} \bigg|_{(0,0)} = 2 + 22(0) = 2,
\]

\[
\frac{\partial f}{\partial x_2} \bigg|_{(0,0)} = 11 + 22(0) = 11.
\]

Thus, the Jacobian matrix at \((0,0)\) is:

\[
J(0,0) = \begin{bmatrix}
2 & 11 \\
\end{bmatrix}.



\]

However, since the system is one-dimensional in the given differential equation, and the partial
derivatives involve both variables, it suggests we are analyzing a coupled system with the form:

\[
\frac{d}{dt} \begin{bmatrix} x_1 \\ x_2 \end{bmatrix} = \begin{bmatrix} f_1(x_1, x_2) \\ g(x_1, x_2)
\end{bmatrix}.
\]

In the absence of \(g(x_1, x_2)\), we can consider the stability of \(x_1\) with respect to \(x_2\) as a
parameter.

---

Step 2: Eigenvalues and Stability

The stability of an equilibrium point is determined by the eigenvalues of the Jacobian matrix:

- If all eigenvalues have negative real parts, the equilibrium is locally asymptotically stable.
- If any eigenvalue has a positive real part, the equilibrium is unstable.
- If eigenvalues have zero real parts, further analysis is needed.

Since \(J(0,0)\) is a \(1 \times 2\) matrix, this indicates the system is at least two-dimensional, and a
more complete Jacobian matrix should include derivatives of the second equation.

Assumption: For simplicity, if we treat the system as a one-dimensional differential equation for
\(x_1\), then the linear approximation near \((0,0)\) is:

\[
\frac{dx_1}{dt} \approx 2x_1 + 11x_2,
\]

which suggests that the behavior depends on the sign and magnitude of these coefficients.

---

Assessing Stability at the Equilibrium Point

Step 1: Interpret the linearization

Given the linearized form:

\[
\frac{dx_1}{dt} \approx 2x_1 + 11x_2,



\]

the stability depends on the combined effect of \(x_1\) and \(x_2\). Without an explicit equation for
\(x_2\), it's difficult to definitively classify stability.

If the full system were known, stability analysis would involve examining the eigenvalues of the
Jacobian matrix of the system.

---

Step 2: Special cases and implications

- Case 1: If \(x_2\) is held constant at zero, then the equation reduces to:

\[
\frac{dx_1}{dt} = 2x_1,
\]

which has solutions of the form:

\[
x_1(t) = x_1(0) e^{2t}.
\]

Since \(e^{2t}\) grows exponentially, the equilibrium at \(x_1=0\) is unstable in this case.

- Case 2: If \(x_2\) varies with time, the system's stability depends on the coupled dynamics, which
requires the second differential equation.

---

Conclusion: Is the Equilibrium at (0,0) Stable or
Unstable?

Based on the analysis, particularly the linearization, the key observations are:

- The derivative \(\frac{\partial f}{\partial x_1} = 2\) at \((0,0)\) is positive, indicating that small
deviations in \(x_1\) will tend to grow exponentially if uncoupled.
- The presence of positive eigenvalues suggests that the equilibrium at \((0,0)\) is unstable unless
there's some damping or stabilizing influence from the other variables or system components.

Therefore, the point \((0,0)\)



Frequently Asked Questions

What does it mean for the point (0,0) to be an equilibrium in
the system dx1/dt=2x1+11x2+22x1x2?
It means that when x1=0 and x2=0, the derivatives dx1/dt and dx2/dt are both zero, so the system
remains at (0,0) without moving away or towards it.

How do you determine the stability of the equilibrium point
(0,0) in this nonlinear system?
By linearizing the system around (0,0) and analyzing the eigenvalues of the Jacobian matrix; if all
eigenvalues have negative real parts, the equilibrium is stable, otherwise unstable.

What is the Jacobian matrix for the system at the point (0,0)?
The Jacobian matrix is [[∂(dx1/dt)/∂x1, ∂(dx1/dt)/∂x2], [∂(dx2/dt)/∂x1, ∂(dx2/dt)/∂x2]] evaluated at
(0,0).

Given the system dx1/dt=2x1+11x2+22x1x2, is the
equilibrium at (0,0) stable?
To determine stability, you evaluate the Jacobian at (0,0). Here, the linear part is [[2, 11], [0, 0]]
(assuming dx2/dt is known). If the eigenvalues have positive real parts, (0,0) is unstable.

What role do the nonlinear terms play in the stability of the
equilibrium at (0,0)?
Nonlinear terms can influence stability by causing bifurcations or altering the behavior predicted by
linearization; their effect needs to be analyzed carefully near (0,0).

Can the equilibrium point (0,0) be stable if the linearization
shows eigenvalues with positive real parts?
No, if any eigenvalue of the Jacobian at (0,0) has a positive real part, the equilibrium is unstable.

How does the term 22x1x2 affect the stability analysis of the
system at (0,0)?
Since 22x1x2 is nonlinear, it does not affect the linear stability directly but can influence the
dynamics away from equilibrium, especially for larger deviations.

What additional information is needed to conclusively



determine the stability of the equilibrium point (0,0)?
The complete system equations, including the expression for dx2/dt, and the Jacobian matrix
evaluated at (0,0), are necessary to analyze eigenvalues and determine stability.

Additional Resources
The Point(0,0) is An Equilibrium For The Following System. Determine Whether It Is Stable Or
Unstable. dx₁/dt = 2x₁ + 11x₂ + 22x₁x₂

---

Introduction

In the realm of dynamical systems, understanding the stability of equilibrium points is a foundational
concept that aids in predicting long-term behavior. Such points, where the system remains constant
over time if initially at that state, are crucial in fields ranging from physics and engineering to biology
and economics. Today, we focus on a specific system characterized by the differential equation:

\[ \frac{dx_1}{dt} = 2x_1 + 11x_2 + 22x_1x_2 \]

with the point (0,0) serving as an equilibrium. Our goal is to analyze whether this equilibrium is stable
or unstable—a task that involves mathematical rigor but also intuitive understanding. This article aims
to dissect the problem systematically, providing clarity and depth for readers interested in the
stability analysis of nonlinear dynamical systems.

---

Understanding the System and Equilibrium Points

The System's Structure

The given differential equation describes the rate of change of \( x_1 \) over time, influenced by the
current states \( x_1 \) and \( x_2 \). Notice that the right-hand side contains linear terms \( 2x_1 \) and
\( 11x_2 \), as well as a nonlinear term \( 22x_1x_2 \). This mixture indicates that the system's
behavior can be complex, especially near certain points.

Equilibrium Point (0,0)

An equilibrium point (also called a fixed point) occurs where the derivatives are zero:

\[
\frac{dx_1}{dt} = 0 \quad \text{and} \quad \frac{dx_2}{dt} = 0
\]

Given the system's equation, the equilibrium at (0,0) satisfies:

\[
0 = 2 \cdot 0 + 11 \cdot 0 + 22 \cdot 0 \cdot 0 = 0
\]



However, note that the equation only explicitly provides \( \frac{dx_1}{dt} \). For a comprehensive
stability analysis, the behavior of \( x_2 \) must also be considered, which requires knowing the
differential equation for \( x_2 \).

---

Extending the System and Setting Up the Stability Analysis

Assumption of the Complete System

Since the problem references only \( \frac{dx_1}{dt} \), it suggests that the system might be given as
a set of coupled equations:

\[
\begin{cases}
\frac{dx_1}{dt} = 2x_1 + 11x_2 + 22x_1x_2 \\
\frac{dx_2}{dt} = \text{(unknown or specified elsewhere)}
\end{cases}
\]

For the purpose of this analysis, and following standard procedures, we'll assume that \( x_2 \) also
follows a similar form or that the stability depends on the linearization of the system around the
equilibrium point.

Linearization and Jacobian Matrix

To determine stability, the most common approach is linearization—approximating the system near
the equilibrium point using its Jacobian matrix. The Jacobian \( J \) is a matrix of partial derivatives:

\[
J = \begin{bmatrix}
\frac{\partial f_1}{\partial x_1} & \frac{\partial f_1}{\partial x_2} \\
\frac{\partial f_2}{\partial x_1} & \frac{\partial f_2}{\partial x_2}
\end{bmatrix}
\]

where:

- \( f_1(x_1, x_2) = 2x_1 + 11x_2 + 22x_1x_2 \)
- \( f_2(x_1, x_2) \) is the differential equation for \( x_2 \) (assumed known).

Since \( f_2 \) is unspecified, for the sake of analysis, let's consider that the system is only about \( x_1
\), or that \( x_2 \) is a parameter. Alternatively, if only the \( x_1 \) dynamics are considered, the
stability hinges on the behavior of \( dx_1/dt \).

---

Calculating the Jacobian at the Equilibrium

Derivatives of \( f_1 \)



Let's compute the partial derivatives of \( f_1 \):

\[
\frac{\partial f_1}{\partial x_1} = 2 + 22x_2
\]
\[
\frac{\partial f_1}{\partial x_2} = 11 + 22x_1
\]

Evaluating at \( (0,0) \):

\[
\frac{\partial f_1}{\partial x_1} \bigg|_{(0,0)} = 2 + 0 = 2
\]
\[
\frac{\partial f_1}{\partial x_2} \bigg|_{(0,0)} = 11 + 0 = 11
\]

Jacobian Matrix at (0,0)

With these, the Jacobian matrix simplifies to:

\[
J(0,0) = \begin{bmatrix}
2 & 11 \\
&
\end{bmatrix}
\]

The second row depends on the dynamics of \( x_2 \), which are unspecified. If the second differential
equation is similar or if the system is decoupled, the stability analysis can proceed based on the
eigenvalues of this matrix.

---

Eigenvalues and Stability

Eigenvalues of the Jacobian

The stability of the equilibrium depends on the eigenvalues \( \lambda \) of \( J \):

\[
\det(J - \lambda I) = 0
\]

Since only the first row is known, and assuming the second equation is similar, the key insight is that
the eigenvalues are determined by the trace and determinant of \( J \):

\[
\lambda_1 + \lambda_2 = \text{tr}(J) \quad \text{and} \quad \lambda_1 \lambda_2 = \det(J)
\]



At \( (0,0) \), the trace is:

\[
\text{tr}(J) = 2 + (\text{partial derivative for } x_2)
\]

and the determinant is:

\[
\det(J) = (2)(\text{partial derivative for } x_2) - (11)(\text{partial derivative for } x_2 \text{ in second
row})
\]

Without the explicit form of the second derivative, we cannot compute precise eigenvalues. However,
if the Jacobian's eigenvalues have positive real parts, the equilibrium is unstable; if negative, it is
stable.

---

Nonlinear Effects and Lyapunov Stability

Beyond Linearization

While linearization provides initial insights, nonlinear systems may behave differently, especially if the
Jacobian has eigenvalues with zero real parts or if nonlinear terms dominate near the equilibrium. To
fully determine stability, especially in nonlinear systems with terms like \( 22x_1x_2 \), advanced tools
such as Lyapunov functions are employed.

Lyapunov's Direct Method

A Lyapunov function \( V(x_1, x_2) \) is a scalar function that is positive definite near the equilibrium
and whose derivative along system trajectories is negative definite. If such a function exists, the
equilibrium is asymptotically stable.

Constructing an appropriate Lyapunov function for this system involves analyzing the energy-like
quantities and ensuring the nonlinear terms do not destabilize the equilibrium.

---

Practical Implications and Summary

Is the Equilibrium at (0,0) Stable?

Given the information, the linearization suggests that at \( (0,0) \), the eigenvalues are dominated by
the partial derivatives, with \( 2 \) as a key eigenvalue component. Since \( 2 > 0 \), the linearized
system exhibits exponential divergence from the equilibrium in at least one direction, indicating that
the equilibrium at (0,0) is unstable in the linear approximation.

Moreover, the nonlinear term \( 22x_1x_2 \) can amplify or dampen this instability depending on the
signs and magnitudes of \( x_1 \) and \( x_2 \). Generally, positive eigenvalues from the linearization
strongly suggest instability unless nonlinear effects counteract this trend.



Broader Context and Significance

Understanding the stability of equilibrium points like (0,0) is vital in many real-world applications. For
example:

- In control systems, unstable equilibria imply that small disturbances can lead to system divergence,
necessitating stabilization mechanisms.
- In ecology, unstable equilibria might correspond to fragile states prone to collapse.
- In economics, such points could represent market equilibria that are sensitive to shocks.

This analysis underscores the importance of linearization and eigenvalue analysis as first steps,
combined with nonlinear techniques for comprehensive understanding.

---

Conclusion

In summary, the point (0,0) for the given system exhibits characteristics of an unstable equilibrium
based on linear stability analysis. The key takeaway is that the eigenvalues derived from the Jacobian
matrix have positive real parts, indicating that small deviations from equilibrium tend to grow over
time rather than diminish. While nonlinear effects can sometimes alter
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