
Using K-Map, Find The Minimum Sum-of-
products Expression For The Next Function:
F(a,b,c,d)=m(0,1,2,3,4,5,7,8,12)+d(10,11)
Using K-Map, Find The Minimum Sum-of-products Expression For The Next Function:
F(a,b,c,d)=m(0,1,2,3,4,5,7,8,12)+d(10,11)

In digital logic design, simplifying Boolean functions is essential for creating efficient and cost-
effective circuits. One powerful tool for achieving this simplification is the Karnaugh Map (K-Map).
This article provides a comprehensive guide on how to use K-Maps to find the minimum Sum-of-
Products (SOP) expression for a given Boolean function, specifically for the function
F(a,b,c,d)=m(0,1,2,3,4,5,7,8,12)+d(10,11). We will explore the step-by-step process, including
understanding minterms and don't care conditions, creating the K-Map, grouping, and deriving the
simplified Boolean expression. Whether you're a student or a professional, mastering K-Map
simplification techniques is crucial for designing optimized digital circuits.

---

Understanding the Boolean Function and Its Minterms

What is a Boolean Function?
A Boolean function is a logical expression involving binary variables (0 or 1). These functions are
fundamental in digital electronics for representing the operation of logic circuits.

Deciphering the Given Function
The function provided is:

F(a, b, c, d) = m(0,1,2,3,4,5,7,8,12) + d(10,11)

- m(0,1,2,3,4,5,7,8,12): These are the minterms where the function F outputs 1.
- d(10,11): These are "don't care" conditions, meaning the function can be either 0 or 1 for these
minterms, and we can choose the value that simplifies the overall expression.

Minterms are specific combinations of variable states where the function is true (outputs 1). Each
minterm corresponds to a binary representation of the variables.

---



Converting Minterm Indices to Binary Values

To utilize a K-Map effectively, we need to convert each minterm index into its 4-bit binary form:

| Minterm Index | Binary Representation (a b c d) | Decimal | Explanation |
|----------------|---------------------------------|---------|----------------------------|
| 0 | 0000 | 0 | a=0, b=0, c=0, d=0 |
| 1 | 0001 | 1 | a=0, b=0, c=0, d=1 |
| 2 | 0010 | 2 | a=0, b=0, c=1, d=0 |
| 3 | 0011 | 3 | a=0, b=0, c=1, d=1 |
| 4 | 0100 | 4 | a=0, b=1, c=0, d=0 |
| 5 | 0101 | 5 | a=0, b=1, c=0, d=1 |
| 7 | 0111 | 7 | a=0, b=1, c=1, d=1 |
| 8 | 1000 | 8 | a=1, b=0, c=0, d=0 |
| 12 | 1100 | 12 | a=1, b=1, c=0, d=0 |

Similarly, for don't care minterms:

| Minterm Index | Binary Representation | Explanation |
|----------------|-------------------------|------------------------------|
| 10 | 1010 | a=1, b=0, c=1, d=0 |
| 11 | 1011 | a=1, b=0, c=1, d=1 |

---

Constructing the K-Map for the Function F(a,b,c,d)

Understanding the 4-Variable K-Map Layout
A 4-variable K-Map is a 4x4 grid, with rows and columns labeled by combinations of variables,
usually using Gray code for adjacency:

- Rows represent variables a and b.
- Columns represent variables c and d.

Row labels (a,b): 00, 01, 11, 10
Column labels (c,d): 00, 01, 11, 10

This arrangement ensures only one bit changes between adjacent cells, facilitating the grouping
process.

Populating the K-Map
Fill in the K-Map with 1s, 0s, and don't cares (X), based on the minterms:

- Mark minterms with 1s.



- Mark don't cares with X.
- Leave other cells as 0.

Step-by-step:

1. Identify the cell for each minterm using the binary values.
2. Place a '1' in cells corresponding to minterms 0,1,2,3,4,5,7,8,12.
3. Place 'X' in cells for minterms 10 and 11.
4. Fill remaining cells with 0.

---

Creating the K-Map Table

| a\b | 00 (c,d) | 01 (c,d) | 11 (c,d) | 10 (c,d) |
|-------|----------|----------|----------|----------|
| 00 (a=0,b=0) | 1 (m0) | 1 (m1) | 1 (m3) | 1 (m2) |
| 01 (a=0,b=1) | 1 (m4) | 1 (m5) | X (m11) | X (m10) |
| 11 (a=1,b=1) | 1 (m12) | 0 | 0 | 0 |
| 10 (a=1,b=0) | 0 | 0 | 0 | 1 (m8) |

Note: The exact placement depends on the Gray code sequence, but the above layout aligns with
standard conventions.

---

Grouping the 1s and Don't Cares for Simplification

Principles of Grouping in K-Map
- Form groups of 1s and Xs (don't cares) to create the largest possible groups.
- Groups can be of size 1, 2, 4, 8, etc., typically powers of two.
- Overlapping groups are allowed to minimize the expression.
- Aim to cover all 1s with the fewest and largest groups to simplify the expression.

Possible Groups in the Map
- Group A: Cover minterms 0,1,2,3 (top row)
- Group B: Cover minterms 4,5,7 (middle row, columns 00 and 01, plus 11)
- Group C: Cover minterms 8,12 (bottom row, first column)
- Include don't cares (10,11) to expand groups when beneficial.

---



Deriving the Minimal Sum-of-Products Expression

Writing Prime Implicants from Groups
For each group, identify the common variable states:

- Group A (minterms 0,1,2,3):
Binary forms: 0000, 0001, 0010, 0011
- a=0, b=0, c varies, d varies
- Simplified term: a' b' (since a=0, b=0, c and d change)

- Group B (minterms 4,5,7):
Binary forms: 0100, 0101, 0111
- a=0, b=1, c varies, d varies
- Simplified term: a' b

- Group C (minterms 8,12):
Binary forms: 1000, 1100
- a varies, b=0, c=0, d=0
- Simplified term: b' c' d' (since b=0, c=0, d=0)

- Using don't cares to form larger groups:
Including don't cares (10,11) allows larger groups, further simplifying the expression.

Final minimized expression combines all prime implicants:

F = a' b' + a' b + b' c' d'

---

Final Simplified Expression and Summary

The minimized Sum-of-Products expression for the function F(a,b,c,d) is:

F = a' b' + a' b + b' c' d'

This expression is optimized for minimal logic gate implementation, reducing cost, power
consumption, and circuit complexity.

---

Conclusion: Mastering K-Map for Boolean Function



Simplification

Using K-Maps to simplify Boolean functions is an indispensable skill in digital circuit design. It
allows engineers and students to systematically

Frequently Asked Questions

How do you start simplifying the Boolean function F(a,b,c,d)
using a Karnaugh Map (K-Map)?
Begin by plotting the minterms and don't-care conditions onto the K-Map grid, then group adjacent
1s and don't-cares to identify the largest possible prime implicants for minimal expression.

What is the significance of including don’t-care conditions in
the K-Map for simplifying F(a,b,c,d)?
Including don’t-care conditions allows for larger groupings of 1s, which helps in forming simpler,
more optimal product terms in the minimal Sum-of-Products (SOP) expression.

How do you identify the prime implicants when solving for
F(a,b,c,d) with the given minterms and don't-cares on the K-
Map?
Prime implicants are identified by grouping all adjacent 1s and don’t-cares into the largest possible
rectangles (groups of 1, 2, 4, or 8), covering all minterms with minimal groups.

What steps are involved in deriving the minimum SOP
expression from the K-Map for the function F(a,b,c,d)?
First, plot all specified minterms and don’t-cares, then create the largest possible groups to form
prime implicants, select essential prime implicants to cover all minterms, and finally combine these
to write the minimal SOP expression.

What is the minimal Sum-of-Products expression for F(a,b,c,d)
based on the given minterms and don't-cares?
The minimal SOP expression is F = a'c' + b'd + acd', which results from optimal grouping and
simplification of the K-Map covering all specified minterms.

Additional Resources
K-Map Optimization: A Deep Dive into Simplifying Boolean Functions



---

Introduction

In the world of digital logic design, efficiency and minimalism are paramount. The fewer the logic
gates and the simpler the Boolean expression, the faster and more cost-effective the resulting
circuit. One of the most powerful tools in achieving this goal is the Karnaugh Map (K-Map) — a
visual method that simplifies Boolean functions by organizing minterms and don’t-care conditions
into easily recognizable groups.

Today, we will explore the process of finding the minimum Sum-of-Products (SOP) expression for the
Boolean function:

\[
F(a, b, c, d) = \sum m(0, 1, 2, 3, 4, 5, 7, 8, 12) + d(10, 11)
\]

using K-Map techniques. This case study not only demonstrates the step-by-step methodology but
also offers insights into strategic grouping and simplification — essential skills for digital logic
engineers.

---

Understanding the Function and Its Components

Before diving into the K-Map, it's crucial to interpret the given function comprehensively.

Minterms and Don’t Cares

- Minterms (\(\sum m\)): These are the input combinations where the function \(F\) outputs 1.

\[
m(0, 1, 2, 3, 4, 5, 7, 8, 12)
\]

In binary (with \(a, b, c, d\)), these correspond to:

| Decimal | a | b | c | d | Binary |
|---------|---|---|---|---|----------------|
| 0 | 0 | 0 | 0 | 0 | 0000 |
| 1 | 0 | 0 | 0 | 1 | 0001 |
| 2 | 0 | 0 | 1 | 0 | 0010 |
| 3 | 0 | 0 | 1 | 1 | 0011 |
| 4 | 0 | 1 | 0 | 0 | 0100 |
| 5 | 0 | 1 | 0 | 1 | 0101 |
| 7 | 0 | 1 | 1 | 1 | 0111 |
| 8 | 1 | 0 | 0 | 0 | 1000 |
| 12 | 1 | 1 | 0 | 0 | 1100 |

- Don’t Cares (\(d\)): These are input combinations where the function can be either 0 or 1 without
affecting the circuit's correctness, used to simplify the expression.



\[
d(10, 11)
\]

Corresponding binary:

| Decimal | a | b | c | d | Binary |
|---------|---|---|---|---|---------|
| 10 | 1 | 0 | 1 | 0 | 1010 |
| 11 | 1 | 0 | 1 | 1 | 1011 |

---

Setting Up the K-Map

The K-Map for four variables is a 4x4 grid, with rows and columns representing different
combinations of two variables each, typically:

- Rows: Combinations of \(a\) and \(b\)
- Columns: Combinations of \(c\) and \(d\)

Organizing Variables

A common approach is:

| | cd = 00 | cd = 01 | cd = 11 | cd = 10 |
|-------|--------------|--------------|--------------|--------------|
| ab=00 | m0 | m1 | m3 | m2 |
| ab=01 | m4 | m5 | m7 | m6 |
| ab=11 | m12 | m13 | m15 | m14 |
| ab=10 | m8 | m9 | m11 | m10 |

Note: The Gray code sequence ensures minimal bit changes between adjacent cells, which is
fundamental for the grouping process.

---

Populating the K-Map

Using the minterms and don’t cares:

| Cell (ab, cd) | Minterm / Don’t Care | Value |
|--------------|---------------------|---------|
| (00,00) | m0 | 1 |
| (00,01) | m1 | 1 |
| (00,11) | m3 | 1 |
| (00,10) | m2 | 1 |
| (01,00) | m4 | 1 |
| (01,01) | m5 | 1 |
| (01,11) | m7 | 1 |
| (01,10) | m6 | 0 |



| (11,00) | m12 | 1 |
| (11,01) | m13 | 0 |
| (11,11) | m15 | 0 |
| (11,10) | m14 | 0 |
| (10,00) | m8 | 1 |
| (10,01) | m9 | 0 |
| (10,11) | m11 (don’t care) | d |
| (10,10) | m10 | 1 |

---

Grouping the 1’s and Don’t Cares for Simplification

The core strength of the K-Map method lies in maximal grouping. The goal is to form the largest
possible groups of 1s and don’t cares, with sizes being powers of 2 (1, 2, 4, 8, etc.).

Step-by-Step Grouping Strategy

1. Identify all singleton 1’s (if no larger groups are possible).
2. Form groups of 4 or 8 wherever possible, prioritizing larger groups to minimize the number of
product terms.
3. Include don’t cares to potentially create larger groups, thereby simplifying the expression further.

---

Executing the Grouping

Largest Possible Groups

- Group 1 (8 cells): Cover cells at the top-left corner, incorporating minterms \(m0, m1, m4, m5, m12,
m13, m8, m9\). However, note that \(m13\) is 0, so it cannot be grouped with 1’s. Instead, focus on
the largest valid groups.

- Group A (4 cells): Cover minterms \(m0, m1, m4, m5\).

- Group B (4 cells): Cover minterms \(m2, m3, m6, m7\). Although \(m6\) is 0, it can be combined
with don’t cares \(m10, m11\).

- Group C (4 cells): Cover minterms \(m12, m8, m10, m0\). Since \(m10\) is 1, and \(m12\), \(m8\) are
1, these can form a group with \(m0\).

- Additional groups can be formed with the don’t cares at \(m10\) and \(m11\).

Final Groupings

| Group | Cells Included | Notes |
|---------|----------------------------------------------|-----------------------------------------------------|
| G1 | (00,00), (00,01), (01,00), (01,01) | Minterms 0,1,4,5 (a=0, b=0 or 1; c=0, d=0 or 1) |
| G2 | (00,11), (00,10), (01,11), (01,10) | Minterms 3,2,7,6 (note 6 is 0, but included using don’t
cares) |
| G3 | (11,00), (10,00), (11,10), (10,10) | Minterms 12,8,10, m10 (1s and don’t cares) |



---

Deriving the Simplified Boolean Expression

From each group, extract the common literals that remain unchanged across all cells.

Group G1: (m0, m1, m4, m5)

- Binary representations:

- m0: 0 0 0 0
- m1: 0 0 0 1
- m4: 0 1 0 0
- m5: 0 1 0 1

- Common literals:

- \(a=0\) (since all have 0 in the first bit)
- \(b\) varies (0 and 1)
- \(c=0\) (third bit)
-
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